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PREFACE 


In prevaring this work the aim has been to furnish just so much 
of Trigonometry as is actually taught in our best schools and 
colleges. Consequently, all investigations that are important only 
for the special student have been omitted, except the development 
of functions in series. The principles have been unfolded with 
the utmost brevity consistent with simplicity and clearness, and 
interesting problems have been selected with a view to awaken a 
real love for the study. Much time and labor have been spent in 
devising the simplest proofs for the propositions, and in exhibiting 
the best methods of arranging the logarithmic work. 

The author is under obligation to G. A. Hill, A.M., of Cambridge, 
Mass.; to Dr. F. N. Cole, of New York, N.Y.; and to Professor 

S. F. Norris, of Baltimore, Md. 
G. A. WENTWORTH. 


Exeter, N.H., July, 1895. 


Nore To Second RevisED EpITION 


Tue author desires to acknowledge his indebtedness to Professor 
B. F. Yanney, of Alliance, Ohio, who has read the proofs; and to 
Miss M. Gertrude Cross, Boston, Mass., who has furnished the 
drawings for this edition. 


G. A. WENTWORTH. 
Exeter, N.H., 1908. 
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PLANE TRIGONOMETRY 


CHAPTER I 
TRIGONOMETRIC FUNCTIONS OF ACUTE ANGLES 
SECTION I 
ANGULAR MEASURE 


As lengths are measured in terms of various conventional 
units, the foot, the meter, etc., so different units for measur- 
ing angles are employed, or have been proposed. 

In the common or sexagesimal system the circumference of 
a circle is divided into 360 equal parts. The angle at the 
centre subtended by each of these parts is taken as the unit 
angle and is called a degree. The degree is subdivided into 
60 minutes, and the minute into 60 seconds. Degrees, minutes, 
and seconds are denoted by symbols. Thus, 6 degrees 5 
minutes 7 seconds is written 6° 5' 7". 


Notr. The sexagesimal system was employed by the early Babylonian 
astronomers to conform with their year of 360 days. 


In the circular system an arc of a circle is laid off equal in 
length to the radius. The angle at the centre subtended by 
this are is taken as the unit angle and is called a radian. 

The number of radians in 360° is equal to the number of 
times the length of the radius is contained in the length of the 
circumference. It is proved in Geometry that this number is 

1 
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27 for all circles, 7 being equal to 3.1416, nearly. Therefore 
the radian is the same angle in all circles. 
The circumference of a circle is 27 times the radius. 


Hence, 27 radians = 360°, and 7 radians = 180°. 
Therefore, 1 radian = = = 67° 1745 
and 1 degree = 738 radian = 0.017453 radian. 


By the last two equations the measure of an angle can be 
changed from radians to degrees or from degrees to radians. 


180° 
1 


Thus, 2 radians = 2 x =2 x (67° 17' 45") =114" 35" 30". 

Nore. The circular system came into use early in the eightgenth 
century. It is found more convenient in the higher mathematics, where 
the radians are expressed simply as numbers. Thus, the angle 7 means 
a radians, and the angle 3 means 3 radians. 

On the introduction of the metric system of weights and measures at 
the close of the eighteenth century, it was proposed to divide the right angle 
into 100 equal parts.called grades, which were to be taken as units. The 
grade was subdivided into 100 minutes and the minute into 100 seconds. ~ 
This French or centesimal system, however, never came into actual use. 


EXERCISE I 


[Assume wz = 3.1416. ] 


1. Reduce the following angles to circular measure, express- 
ing the results as fractions of 7: 


60°, 45°, 150°, 195°, 11° 15’, 123° 45’, 37° 30’. 
2. How many degrees are there in 2 7 radians? 3 7 radians? 
§a radians? 15a radians? 4% 1 radians? 
3. What decimal part of a radian is 1°? 1'? 
4. How many seconds in a radian? 
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5. Express in radians one of the interior angles of a regular 
octagon ; of a regular dodecagon. 

6. On the circumference of a circle of 50 feet radius an 
are of 10 feet is laid off. How many degrees in the angle at 
the centre subtended by this arc ? 

7. The earth’s equatorial radius is approximately 3963 
miles. If two points on the equator are 1000 miles apart, 
what is their difference in longitude ? 

8. If the difference in longitude of two points on the 
equator is 1°, what is the distance between them in miles ? 

9. What is the radius of a circie, if an are of 1 foot sub- 
tends an angle of 1° at the centre? 

10. In how many hours is a point on the equator carried 
by the rotation of the earth on its axis through a distance 
equal to the earth’s radius ? 

11. The minute hand of a clock is 34 feet long. How far 
does its extremity move in 25 minutes? (Take 7 = 32.) 

12. A wheel makes 15 revolutions a second. How long does 
it take to turn through 4 radians? (Take 7 = 22.) 


SECTION II 
THE TRIGONOMETRIC FUNCTIONS 


The sides and angles of a plane triangle are so related that 
any three given parts, provided at least one of them is a side, 
determine the shape and the size of the triangle. 

Geometry shows how, from three such parts, to construct 
the triangle. 

Trigonometry shows how to compute the unknown parts of a 
triangle from the numerical values of the given parts. 

Geometry shows in a general way that the sides and angles 
of a triangle are mutually dependent. Trigonometry begins 
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by showing the exact nature of this dependence in the right 
. triangle, and for this purpose employs the ratios of the sides. 
Let MAN (Fig. 1) be an acute 
angle. If from any points B, 2, 
Fin one of its sides perpendicu- 
D lars BC, DE, FG are let fall to 
B the other side, then the right tri- 
angles ACB, AED, AGF thus 
formed have the angle A com- 
mon, and are therefore mutually 
equiangular and similar. Hence, 
the ratios of their corresponding 
sides, pair by pair, are equal. That is, 
LO AEP aC AC AT TGs BO oe arr 
AB AGO APES RO™ DE FO Ae «ap ae 
These ratios, therefore, remain unchanged so long as the 
angle A remains unchanged. 


M 


A Cc E G N 
Fig. 1 


Hence, for every value of an acute angle A'there are certain 
numbers that express the values of the ratios of the sides in 
all right triangles that have this acute angle 4. 

There are all together six different ratios : 

I. The ratio of the opposite leg to the hypotenuse is called 
the Sine of A, and is written sin A. 

II. The ratio of the adjacent leg to the hypotenuse is 
called the Cosine of A, and is written cos A. 

III. The ratio of the opposite leg to the adjacent leg is 
called the Tangent of A, and is written tan A. 

IV. The ratio of the adjacent leg to the opposite leg is 
called the Cotangent of A, and is written cot A. 

V. The ratio of the hypotenuse to the adjacent leg is called 
the Secant of A, and is written sec A. 

VI. The ratio of the hypotenuse to the opposite leg is called 
the Cosecant of A, and is written csc A. 


a 
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- These six. ratios are called the Trigonometric Functions of 
the angle A. 
To these six ratios are often seat the two following func- 
tions, which also depend only on the angle A: . 
VII. The Versed Sine of A is 1 — cos A, and is written vers A. 


“VIII. The Coversed Sine of A is 1 — sin 4, and is written 
covers A. 


In the phe triangle A CB (Fig. 2) 
let a, 6, ec denote the lengths of the 
sides opposite the acute angles A, B, 
and the right angle C, respectively, 
these lengths being all expressedin 


A A i 
terms of a common unit. Then, : b é Bd 
IG. 
] pees 
sin A= ie Opposite = cos.A4 = pee _ adjacent leg 
j ~ 6 hypotenuse’ hypotenuse ’ 
b d 
‘tan’ AS = Eppenite 198 na? cot A === adjacent leg 
b~ adjacent leg’ a Opposite leg’ 
goon seat _ hypotenuse | payee hypotenuse, 
db adjacent leg’ a opposite leg’ 
veces ele SS a 
vers A =1—-=“—, ppveranaees (oe 
c c Ce C 
EXERCISE II 


1. What are the functions of the other acute angle B of 
the triangle ACB (Fig. 2) ? 
2. Compare the functions of A and B, and show that 


sin A = cos B, 
cos A = sin B, 
tan A = cot B, 
cot A = tan B, 


sec-A==, ese By 
ese =4i= sec B; 


vers:Ai=ieovers B, 


_eovers A = vers B. : 
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3. Find the values of the functions of A, if a, 4, ¢, respec- 
tively, have the following values : 

(i) 3, 4, 5. (iii) 815, 17. © Cv) SPB Se: 

(ii) 5, 12,13. (iv) 9, 40, 44. (vi) 1.19, 1.20; 1.69. 

4, What condition must be fulfilled by the lengths of the 


three lines a, 6, ¢ (Fig. 2) in order to make them the sides of 
a right triangle? Is this condition fulfilled in Example 3? 


5. Find the values of the functions of A, if a, b, c¢, respec- 
tively, have the following values: 


(i) 2mn, m? — n?, m? + n*. (ill) par, grs, rsp. 
2 2 : 
Gr egy ee ivy —, =, =. 
then k) ae ae PL + sf ps 


6. Prove that the values of a, b, c, in (i) and (ii), 
Example 5, satisfy the condition necessary to make them 
the sides of a right triangle. 

7. What equations of condition must be satisfied by the 
values of a, 6, ¢ in (iii) and (iv), Example 5, in order that 
the values may represent the sides of a right triangle ? 


Given a? + )?=c?; find the functions of A and B when: 


8. a= 24, b = 143. ll. a =Vp? + 9%, b = V2 py. 
9: a = 0,264, ¢-= 0-260" = 12: a=Vp? + pq, ec=pt+g. 
10. b= 9.5, c= 19.3. 13. b=2Vpq,c=p +4. 
Given a? + b? = c?; find the functions of A when: 

14, w= 2d. 16. a+b=8$e. 

16, a= Ze. 17,.a—b=1e. 


18. Find a if sin A = 3, and ¢c = 20.5. 

19. Find 6 if cos A = 0.44, and ¢ = 3.5. 

20. Find a if tan A = 4), and 6 = 2,4. 
21, Find 6 if cot A =4, and a =17. 
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22. Find ¢ if sec A = 2, and db = 20. 

23. Find ¢ if esc A = 6.45, and a = 35.6. 

Construct a right triangle, given : 

24. ¢=—6, tan A = 8. 26... == 251m Ai 0,6, 
25. a = 3.5, cos A = }. 21. b= 4, ese A= 4. 


28. In aright triangle c= 2.5 miles, sin A = 0.6, cosA = 0.8; 
compute the legs. 


29. Construct with a protractor the angles 20°, 40°, and 
70°; determine their functions by measuring the necessary 
lines, and compare the values obtained in this way with the 
more nearly correct values given in the following table: 


sec csc 


1.064 | 2.924 
1.305 | 1.556 
0.940 | 0.342 | 2.747 | 0.364 | 2.924 | 1.064 


30. Find, by means of the above table, the legs of a right 
triangle if A =20°,¢=1; also if 4=20°%,¢= 4. 

31. By dividing the length of a vertical rod by the length 
of its horizontal shadow, the tangent of the angle of elevation 
of the sun at the time of observation was found to be 0.82. 
How high is a tower, if the length ot its horizontal shadow at 
the same time is 174.5 yards ? 


SECTION III 
REPRESENTATION OF THE FUNCTIONS BY LINES 


The functions of an angle, being ratios, are numbers ; but 
we may represent them by dines if we first choose a unit of 
length, and then construct right triangles, such that the 
denominators of the ratios shall be equal to this unit. 
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The most convenient way is the following: 

About a point O (Fig. 3) a as 
a centre, with a radius equal to 
one unit of length, describe a 
circle, and draw the horizontal 
diameter 4 4' and the diameter 
BB' perpendicular to 4A’. 

A circle with radius equal to 
1 is called a wnit circle. 

Let AOP be an acute angle, 
and let its value (in degrees, 
etc.) be denoted by x We may 
regard the angle « as generated by a line OP that revolves 
‘about O from the initial position OA to the terminal position OP. 

Draw PM 1 to OA, PN L to OB. 

In the rt. A OMP the hypotenuse OP = 1. 

MP 


ists, OM 
Therefore, sin « = pps NPS Cosi 75 as OM. 


B S 


Through A and B draw tangents to the circle meeting OP 
produced in T and 8S, respectively; then, in the rt. A OAT 
and OBS, OA =1, the leg OB =1, and the 7 OSB =the Zz 
Therefore, 


tan ales 17; t ee BS; 

Oh 00S 2 co oe : 
OT OSs 

Seca == ee (YN == Sie 

x 7 ; csc x OB OS ; 


verse =1—OM=MA; coversx=1—ON= NB. 


These eight dine values of the functions are all expressed in 
terms of the radius of the circle as a unit; and it is clear that 
as the angle varies in value the line values of the functions 
will always remain equal numerically to the ratio values. 
Hence, in studying the changes in the functions as the angle 
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is supposed to vary in value, we may employ the simpler line 
_ values instead of the ratio values. 


EXERCISE II 


1. Represent by lines the functions of an acute angle 
larger than that shown in Fig. 3. 
If x is an acute angle, show that: 
2. sin a is less than tan a. 
3. seca is greater than tan a. 
4. esc xis greater than cot a. 
Construct the angle a, if: 
/ 5. tana = 3. Te CO8 2 = 4s x 9, ;sin 2 = 2°c08.2. 
\ 6. csc x = 2, 8. sma=cosz.} 10. 4 sing = tana. 
11. Show that the sine of an angle is equal to one-half the ° 
chord of twice the angle. 
12. Find z if sin x is equal to one-half the side of a regular 
inscribed decagon. 
' Given « and y, x + y being less than 90°; construct: 
13. The value of sin (# + y) — sin a. 
14. The value of tan (# + y) — sin(# + y) + tan # — sin a. 
Given an angle x; construct an angle y such that: 
15. siny = 2 sina. 17. tan y =.3 tana, 
16. cos y = } cos a. 18. sec y = csc a. 
19. Show by construction that 2 sin A >sin 2 A. 
20. Given two angles A and B, A + B being less than 90°; 
show that sin(A + B)<sin A + sin B. 
21. Given sin z in a unit circle; find the length of a line 
corresponding in position to sin # in a circle whose radius is r. 


22. In a right triangle, given the hypotenuse ¢, and also 
sin A = m, cos A = n; find the legs. 
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SECTION IV 
CHANGES IN THE FUNCTIONS AS THE ANGLE CHANGES 


If we suppose the Z AOP, or x (Fig. 4), to increase gradu- 
ally to 90° by the revolution of the moving radius OP about 
O, the point P moves along the are 
AB towards B, T moves along the 
tangent AT away from A, S moves 
- along the tangent BS towards B, 
and M moves along the radius OA 
towards 0. 

Hence, the lines MP, AT, OT 
gradually increase in length, and 
the lines OM, BS, OS gradually 
decrease. That is, 

As an acute angle increases to 
90°, its sine, tangent, and secant 
also increase, while its cosine, co- 
tangent, and cosecant decrease. 


On the other hand, if we suppose a to decrease gradually, 
the reverse changes in its functions occur. 

If we suppose x to decrease to 0°, OP coincides with OA 
and is parallel to BS. Therefore, WP and AT vanish, OM 
becomes equal to OA, while 7g are each infinitely 
long and are represented in y 4@ Symbol oo. 

And if we suppose x to incre™ -0°, OP coincides with 
OB and is parallel to AT. Therefore, MP and OS are each 
equal to OB, OM and BS vanish, while AT and OT are each 
infinite in length. 

Hence, as the angle x increases from 0° to 90°, 


sin x increases from 0 to 1, 
cos « decreases from 1 to 0, 
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tan « increases from 0 to a, 
cot x decreases from o to 0, 
sec x increases from 1 to a, 
ese « decreases from o to 1. 


The values of the functions of 0° and of 90° are the limiting 
values of the functions of an acute angle. It is evident that 
for acute angles, 


Sines and cosines are always less than 1; 
Secants and cosecants are always greater than 1; 
Tangents and cotangents have all values between 0 and oo. 


Remark. We are now able to understand why the sine, cosine, etc., 
of an angle are called functions of the angle. By a function of any mag- 
nitude is meant another magnitude which remains constant so long as the 
first magnitude remains constant, but changes in value for every change 
in the value of the first magnitude. This, as we now see, is the relation 
in which the sine, cosine, etc., of an angle stand to the angle. 


SECTION V 
FUNCTIONS OF COMPLEMENTARY ANGLES 


The general form of two complementary angles is A and 
90° — A. 
In the rt. A ACB (Fig. 5), 


A+B= ice B= 90° — A. 

Hence, putting 90° in the formulas on p. 5, 
sin A = cos B = cos (90° — A), 2 
cos A = sin B = sin(90° — A), 
tan A = cot B = cot (90° — A), g a 
cot A = tan B = tan(90° — A), 
sec A= csc B=csc(90°— A), 4d C 


b- 
csc A = sec B = sec (90° — A). Fig. 5 


bi 
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Therefore, 


Each function of an acute angle is equal to the co-named 
function of the complementary angle. 


‘Norr. Cosine, cotangent, and cosecant are sometimes called co- 
functions ; the words are simply abbreviated forms of complement’s 
sine, complement’s tangent, and complement’s secant. 

Hence, also, 


Any function of an angle between 45° and 90° may be found 
by taking the co-named function of the complementary angle 
between 0° and 45°. 


EXERCISE IV 


1. Express as functions of the complementary angle: 


sin 30°. tan 89°. ese 18° 10'. cot 82° 19! 
cos 45°. cot 15°. cos 87° 24'. ese 54° 46! 
2. Express as functions of an angle less than 45°: 
sin 60°. * tan 57°. esc 69° 2'. cot 89° 59’. 
cos 75°. cot 84°. cos 85° 39!. ese 45° 1’. 


3. Given tan 30°=4-V3; find cot 60°. 
4. Given tan 4 =cot 4; find A. 
5. Given cos A = sin 2 Ajjmfind A. 4 
_< 6. Given sin A = cos 2 As find ae Rie ( 

7. Given cos A = sin (45°—44A); find A. ,—~ gh 
8. Given cot} A =tan A; find A. | 
9. Given tan (45° + A) = cot A; find A, 

10. Find A if sin A = cos 4 A. 

11. Find 4 if cot A =tan 8 A. 

12. Find A if cot A = tan nA. 
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SECTION VI 
RELATIONS OF THE FUNCTIONS OF AN ANGLE 


Since (Fig. 6) a? + b?=c’, therefore, 


a’ 38 2 b\2 B 
a aig or (2) Yen 
et te c c 
; b g 
But <= sin A, and == cos 4; is 
therefore, (sin 4)?+ (cos A)?=1; a - C 
or, as it is usually written for con- RGayie 
venience, 
sin?A + cos?A = 1. [1] 


That is: The swum of the squares of the sine and the cosine 
of an angle is equal to unity. 


Formula [1] enables us to find the cosine of an angle when 
the sine is known, and the sine when the cosine is known. 
The values of sin A and of cos A deduced from [1] are: 


sin A = V1 — cos?A, cos A = V1 — sin? A. 


Si awh © yee 
ince ; cj : => , b = b ] 
, a : b a 
and since —=sin 4, 5 = 608 A, and gat tan A, 
sin A 
therefore tan A = : 2 
¢ cos A [ J 


That is: The tangent of an angle is equal to the sine 
divided by the cosine. 

Formula [2] enables us to find the tangent of an angle when 
the sine and the cosine are known. 
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Now 


x 


23 lp 


C 
a 


ess b ; 
=sinA, == cos 4, 7 = tan A, 


b c 
— == COlA, ——— sec A, © = esc A. 
a b a 
b 
Fic, 7 


Therefore, cos A x BbecA=1 


sinA x csccA=1 
tan A x wea =| 


[3] 


That is: The sine and the cosecant of an angle, the cosine 
and the secant, and the tangent and the cotangent, pair by 
pair, are reciprocals. 


The equations in [3] enable us to find an unknown fune- 
sion contained in any pair of these reciprocals when the other 
function in this pair is known. 


sf 
% i EXERCISE V 


1. Prove Formulas [1], [2], [8], using for the functions 
the line values in the unit circle given in Sect. III, page 8. 


Prove that : 
2. 1+ tan? A = sec? A. 3. 1-+ cot? A = csc? A. 


Nort. The equations in Examples 2 and 3 should be remembered. 


Se Sl ee ee 


? A 
4. cot A = hes 


sin A 


7. cos A csc A = cot A. 


5. sin A sec A = tan A. 8. tan A cos A = sin A. A 
6. sin A cot A = cos A. 9. sin A sec A cot A = les 
& 


pa. Cth qs hal Ut AR | 
; he: ji 2 sees eS 2 E.G 2 | 
a ee tam aa 
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10. cos A csc A tan A = 1. 3 
cay 5 
> 11. (1 — sin’ 4) tan? A = sin? A. Gate. aaah) jg 


12. V1 — cos? A cot A = cos A. aciix CoP Gos ar£-&- Coo A 
be Pte fos ben 2h 
~ 


°7 ~=6-13. (1 + tan? A) sin? A = tan? A. ae0e%enu*s ca Sarr 
; ee See 
14, (1 — sin? A) esc? A = cot? A. cacy aen= ert = wit bir Br 


th 


15. tan? A cos? A + cos? 4 = 1. 
16. (sin? A — cos? A)? = 1 — 4sin? A cos? A. 
17. (1 — tan? A)? = —4tan? A. 


sin A cos Ae 
— apse A csc A. 
cosA ‘sin A 


18. 


19. sft A — cost A = sin? A — cos? A. 
~O> 20. sec A — cos A = sin A tan A. 


+ 21. esc A — sin A = cos A cot A. 


= cosA  1+sinA 
il - {sind “cos A 


SECTION VII 
APPLICATION OF FORMULAS [1], [2], [3] 


Formulas [1], [2], and [3] enable us, when any one func. 
tion of an angle is given, to find all the others. A given value 
of any one function, therefore, determines all the others. 


ExAmpieE 1. Given sin A = 3; find the other functions. 


{ 
By [1], p. 13, cosa = V1 —¢ = V8 =1 V5. 
2 
By [2], p. 18, tan A= 4 $-VB=4x—2= =2V5 
5 


By [3], p-14, cotA=} 5, sec. A = 2 V5, esc A = 3. 
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EXAMPLE 2. Given tan A = 3; find the other functions. 


By [2], p. 13, Benes 


cos A 
ype. Dy fii. py ts, ; 
: sin? A + cos?.A = 1. 


If we solve these equations (regarding sin A and cos A as 
two unknown quantities), we find 


sin A = 8, V.10, cos A = y, V10. 
Then, by [3], p. 14, cot A=4, sec A=V10, esc A=4-V10. 
ExampiE 3. Given sec A =m; find the other functions. - 


By [3], p.14, cos4= i, 


mm 
By [1], p. 13, sn A=/1 a wt == Vita i. 
By [2], p. 18, tan A= Vm? —1. 
By [3], p. 14, 
cot A = 


m —— 
ViF—1; cscA=—, Vm? — 1. 
m? — 1 


1 
m*— 1 
EXERCISE VI 


Find the values of the other functions, when: 
1. sind = 42. 5. tan A = ¢. 9. esc A = V2. 
2. sin A = 0.8. 6. cot A=1. 10. sinA =™m. 


, 2m 
3200S) Al go. 7. cot A=0.5. 11. sn A= ine 
4. cosA=0.28. 8. sec A =2. 12. cos A = hi . 
: m* + n? 


13. Given'tan 45° = 1; find the other functions of 45°. 
14. Given sin 30° =4; find the other functions of 30°. 
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15. Given esc 60° = 3-V3; find the other functions of 60°. 
16. Given tan 15° = 2—-V3; find the other functions of 15°. 
e = 17. Given cot 22° 30!'=-V2+1; find the other functions 
fae 8 “of 22° 30’. 
18. Given sin 0°=0; find the other functions of 0°. 
{ 19. Given sin 90°=1; find the other functions of 90°. 
20. Given tan 90° = o; find the other functions of 90°. 


Express the values of all the other functions in terms of: 
21. sin A. 22. cos A. 23. tan A. 24. cot A. 


, 25. Given 2sin A =cos A; find sin A and cos A. 
26. Given 4sin A = tan 4A; find sin A and tan A. 
27. If sin A: cos A = 9: 40, find sin A and cos A. 
{ 28. Transform the quantity tan*A + cot?A — sin?A — cos?A 
into a form containing only cos A. 
| 29. Prove that sin A + cos A =(1 + tan A) cos A. 
30. Prove that tan A + cot dA = sec A x esc A. 


SECTION VIII 
FUNCTIONS OF 45° 


Let ACB (Fig. 8) be an isosceles right triangle, in which 
the length of the hypotenuse AB is B 
equal to 1; then AC is equal to BC, . 
and the angle A is equal to 45°. 

Since AC’ + BC’ =1, therefore ‘a 
Pig ad ond AC =i St VQ; ; e 
Therefore, by Sect. IT, p. 5, 
sin 45° = cos 45° = $-V2; 
tan 45° = cot 45° = 1; %V2 
sec 45° = ese 45° = V2. FiG, 8 
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SECTION IX 
FUNCTIONS OF 30° AND 60° 


Let ABC (Fig. 9) be an equilateral triangle, in which the 
length of each side is equal to 1; and let CD bisect the angle C. 
Then CD is perpendicular to 4B and bisects AB. 

Hence, AD=4, and CD=v1 —jpave=4v3. 

In the right triangle ADC, the angle ACD = 30°, and the 
angle CAD = 60°. Whence, by Sect. II, p. 5, 

C sin 30° = cos 60° = 4; 
cos 30° = sin 60° =4-V3; 


tan 30° = cot 60° = : =$N35; 


cot 30° = tan60° = V3; 
9 
sec 30° = ese 60° = —= 
A . B V2 
“a 2 a ese 380° = sec 60° = 2. 
Fie. 9 


The results for sine and cosine of 30°, 45°, and 60° may be 
easily remembered by arranging them in the following form: 


Angle 


$'V3° || ¢-V¥2 0.70711 
4-V1 || 4-V3 =0.86603 


Sine 


Cosine 


EXERCISE VII 


Solve the following equations : 


v 1. 2cos a2 = seca. 3. tan « = 2 sin a. 


2. 4: sin’ = cse a. « 4, seca = V2 tana. 
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+ 5. sin?a = 3 cos? a. 9. sin?a — cosa = 1 

4 6. 2sin?a + cos*zx = 3. 10. tan?x — seca = 1. 
7. 3tan?x2 — sec?2 = 1. Tae sin z + V3 cos a = 2. 
8. tan xz + cota = 2. 12. tan?x + ese?a = 3. 


# 13. 2cosx+ secu = 3. 7 


4 4 14. cos?a — sin?a = sina. t 
c | t6 2 sina + cota =1+ 2 cosa. 
16. gin4a = tan*27 = 3 cos? 


17. tana + 2 cota = § cse x. 


Notre. Wentworth & Hill’s Five-place Logarithmic and Trigonometric 
Tables have full explanations, and directions for using them. Before pro- 
ceeding to Chapter II the student should learn how to use these tables. 

Table VI is to be used in solutions without logarithms. This four- 
place table contains the natural functions of angles at intervals of 1’. 
The decimal point must be inserted before each value given, except when 
it appears in the values of the table. 


ras 


« 


CHAPTER II 
THE RIGHT TRIANGLE 


SECTION X 


THE GIVEN PARTS 


In order to solve a right triangle, two parts besides the 
right angle must be given, one of them at least being a side. 

The two given parts may be: 

I. An acute angle and the hypotenuse. 

II. An acute angle and the opposite leg. 
III. An acute angle and the adjacent leg. 

IV. The hypotenuse and a leg. 

V. The two legs. 


SECTION XI 
SOLUTION WITHOUT LOGARITHMS 


The following examples illustrate the process of solution 
when logarithms are not employed. 


Case I 
B Given A = 48° 17', c= 26; find B, a, d. 
1. B=90°— A = 46° 43". 


=sin A; ..a=08sin A. 


=cos A; ...b=ccosA. 
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21 
sind = 0.6856 cos A= 0.7280 
c= 26 c= 26 
41136 43680 
13712 14560 
@ = 17.8256 6 = 18.9280 
CasE II 
Given A = 13°58', a =15.2; find B, 6, e¢. 
1, B=90°— A =7§?'2" 
Ba 
c 2 
2. BT AS b=a cot A. s aL 
b 0] 
a < a 
3. 5 asm A; : eek Fig. 11 
cot A = 4.0207 a = 15.2, sin A = 0.2414. 
a= 15.2 0.2414) 15.200 (62.9 
80414 14 484 
201035 7160 
40207 4828 
b = 61,11464 c = 62.9 2332 
Case III 
Given A = 27° 12'b=31; find B, a, «: 
1. B=90° — A = 62° 48’. 4 
a 
2. 5 A; a otan A. a - 
b Aol soe eat “gos “ck 6] 
3. peat) +f = Coes, A- oe 
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tandA = 0.5139 b = 31, cos A = 0.8894. 
a sess 0.8894) 31.000 (34.9 
5139 26 682 
16 417 43180, 
a = 15.9309 3 BBT6 
C= 349 7604 
B Casre LV 


Given a = 47, c= 638; find A, B, 6. 
& i 5 oad 
y 1 1. sn 4d = a 


2. B= 90° — A. 
a b oe b = Ve?— a? = V(c + a)(c—a). 


Fig. 13 
a= 47, c= 63. ¢+a= 110 
63) 47.0 (0.7460 c—a= 16 
441 660 
“290 110 
2 52 b? = 1760 _ 
sin A = 0.7460 380 b= V1760 
| A= A8° 15! ~ 378 = 41.95 


B=41°45' 2 


Casz V 
B 
Given a = 40, 6 = 27; find A, B, «. 
1) a 
Cc l ie Stee Rs 
2. B00. ae 
A (0) 


Fig. 14 3. ¢=Vai +62 
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r 


a=40, b= 27. a® = 1600 

$9 = 1.4815 bs 729 

tan A = 1.4815 o? = 2329 
A = 55° 59! 26 = V2329 


B= 34° 1' = 48.26 


SECTION XII 
GENERAL METHOD OF SOLVING THE RIGHT TRIANGLE 


From these five cases it appears that the general method of 
finding an unknown part in a right triangle is as follows: 


Choose from the equation A+ B= 90°, and the equations 
that define the functions of the angles, an equation in which 
the required part only is unknown; solve this equation, if 
necessary, to find the value of the unknown eee then com- 
pute the value. 

Nore. In Case IV, if the given sides (here a and c) are nearly alike 
in value, then A is near 90°, and its value cannot be accurately found 
from the tables, because the sines of large angles differ little in value 


(as is evident from Fig. 4). In this case it is better to find B first, by 
means of the formula given on page 59, namely, 


c—a 
tang B= f= 4. 


Exampte. Given a = 49, c= 50; find A, B, b. 


e—a=—1,c+a=99. c—a=1 
ee c+a=99 
“ = 0.01010 ce — a2 = 99 


ce+a 
Bars b2 = 99 
‘ = 0.1005 b= V99 
ete ='9.95 
tan 4 B = 0.1005 9 
FE B=5° 44’ 
B= 11°28 
A = 78° 32’ 
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EXERCISE VII 


1. In Case II give another way of finding c¢, after 6 has 
been found. 

2. In Case III give another way of finding ec, after a has 
been found. 

3. In Case IV give another way of finding 4, after the 
angles have been found. 

4. In Case V give another way of finding ¢, after the 
angles have been found. 

5. Given B and ¢; find A, a, b. 

6. Given B and db; find A, a, e. 

7. Given B and a; find 4, 4, c. 

8. Given 6 and c; find A, B, a. 


. 


Solve the following right triangles : 


GIVEN 


REQUIRED 


9 = 13) b=4. Ave SG3 02) 5 pb Oon nue me 

10 (hese Ve NaS A= 32° 505,28 —100- 20. 0 =) 100054, 
11 Q1).3, 2Ay= 12° eB St 48%, b= 2458495 c= 247018. 
12 a=10.4, B= 43° 18’.| A = 46°42’, 6= 9.800, c= 14.290. 
13 l= 26 Ana 1427, |B = 52° 187 a = 15.9005 > = 20.572. 
14 c= 140, B= 24°12’. | A = 65°48’, a = 127.694, b = 57.386. 
15 O=S=19,. Te 128. Al= 84° 18%, (B= 55°42" a 12,0615 
16 b= 98, | c= 185.2. | A= 48°33", B= 46°97, a= 98130: 
i) == 42.4, A= '32° 147. | B= 67° 467) a = 26 788.0 ¢ = 50124. 
18 b= 200, B= 46°11’. | A = 48°49’, a = 191.900, c = 277.160. 
19 @=/95, 10 = 87: A= 68°43" B= 21°17", “c= 101.961; 
20 Qa 6; C= 1038 A = 3°21%, B= '86°39% <6 = 102.825. 
21 = 3.125 B= 6° 87 A= 84°52" b=10.28000 ec 18.188) 
22 iru nee Comal os A = 10° 487, B= 197197) b= 16-016: 
23). *. c= 57, ~.4 = '88° 20" | B= bISS a= Sb.4 11, 0) = 440620: 
24\/a+c=18, b=12. A 22 Sia b= Ole 28 6s — bcm oe 


Bia Oe tA tae A = 82°18’, B= 7°42, ica 
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SECTION XIII 


SOLUTION BY LOGARITHMS 


CasE I 
Given A = 34° 28',c = 18.75; find B, a, b. 


1, B=90°— A = 55° 32! a 
2. 5 =sm A; ..a =esin A. bs 
3. * = cos A; 7. O92 cos A. sce C 
Fie. 15 
log a = log ec + log sin A log 6 = loge + log cos A 
log ¢ = 1.27300 log e = 1.27300 
log sin A = 9.75276 — 10 log cos A = 9.91617 — 10 
log a = 1.02576 — log 6 = 1.18917 
@-= 10.611 b = 15.459 
Case II 
Given A = 62° 10',a = 78; find B, 6, ¢. B 
1. B=90° — A = 27° 50’. 
2. ced econ: € | 
a 3 
a : . 
3. > = sin A. Aes ‘ 
; b 
".@ =csin A, and ¢ = —— ie a8 
log 6 = log a + log cot A log ¢ =loga+cologsin A 
log a = 1.89209 log a =1.89209 
log cot A = 9.72262 — 10 colog sin A = 0.05340 
log 6 = 1.61471 log ¢ =1.94549 


b = 41.182 ce =88.204 
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Case III 
B Given A = 50° 2', 6 = 88; find B, a, « 
1. B= 90° — A.=39° 58" 


2. <= tan A; “.a@=btan A. 
a eather 8 
b 
A 3. on Vo A 
A—_ C 
b=83 b 
..6=¢cos A, and ¢= 5 
Fia. 17 cos A 
log a = logd + log tan A log e = logd+colog cos A 
logd = 1.94448 log 6 = 1.94448 
log tan A = 10.07670 — 10 cologcos A = 0.19223 
loga= 2.02118 log ¢ = 2.13671 
a = 105.00 e=137.00 
Casz IV 
B Given c= 58.40, a= 47.55; find A, 
B, b. 
3 
i 1. sn A=-— 
3 
2. B=90°—A 
b 
oO 3. - = Cotds ... d= a.cobA, 
Fig. 18 ¥ 
log sin A = log a + colog ¢ log 6 = log a + log cot A 
log a = 1.67715 log a = 1.67715 
colog c = 8.23359 — 10 log cot A = 9.85300 — 10 
log sin A = 9.91074 — 10 log 6 = 1.53015 
A = 54° 31! 5 = 33.896 


B= 35° 29! 
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CasE V 
Given a = 40, b = 27; find A, B, c. 
B 
a 
iy Vent Abs 3 5 
2. B=90°— A. ¢ l 
3. = = sin A. 
é : a = bare” 
..@=csin A, and Dagon oi Hie. 19° 
log tan A = log a + colog d * log ¢e =loga+colog sinA 
loga= 1.60206 log a = 1.60206 
colog= 8.56864 — 10 colog sin A = 0.08151 
log tan A = 10.17070 — 10 log ¢ = 1.68357 
A = 55° 59! e = 48.258 


B= 341! 


Nore. In Cases IV and V the unknown side may also be found from 

the equations 
(for Case IV) b=Vct—a?#=V(c+a)(c—a); 
(for Case V) c= Vai + 0. 

These equations express the values of 6 and c directly in terms of the 
two given sides ; and if the values of the sides are simple numbers (e.g., 5, 
12, 13), it is often easier to find b or cin this way. But this value of c is 
not adapted to logarithms, and this value of 6 is not so readily found by 
logarithms as the value of 6 given under Case IV. See also p. 23, 


SECTION XIV 


AREA OF THE RIGHT TRIANGLE 


The area of a triangle is equal to one-half the product of 
the base by the altitude; therefore, if a and 6 denote the legs 
of a right triangle, and F' the area, F = } ab. 

Hence, the area may be found when a and #0 are known. 
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For example: 


CasE I (Sect. XIII, p. 25). 
A = 34° 28', c = 18.75. 
First find (as in Sect. XITI, 
p. 25) log a and log 8. 
log F = log a + log 6 + colog 2 
log a = 1.02576 
log 6 = 1.18917 
colog 2 = 9.69897 — 10 
log F = 1.91390 
F = 82.016 
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Find the area, having given: 


CasE IV (Sect. XIII, p. 26). 
a = 47.55, ¢ = 58.40. 
First find (as in Sect. XIII, 
p- 26) log a and log 6. 
log F = log a + log 6 + colog 2 
log a = 1.67715 
log 6 = 1.53015 
colog 2 = 9.69897 — 10 
log F = 290697 a 
F = 805.88 


EXERCISE IX 


Solve the following triangles by logarithms, finding the 
angles to the nearest minute: 


SCOAOnNaQa ah wwe 


a=0.0008, 
b=50.987, 
b=2, 


A=23° 380’. 
A =28°'6%, 
A =89° 34’, 
A= 30S! 
B=21° 47’. 
B=76° 25’, 
A= 4° 35’, 
A=86° 44’, 
A=86°. 
B=48° 48’. 
B= 82 38% 


pe > ee eee ; 
| REQUIRED 


A=80°, 
B=80°, 
iB = 602; 
A= B45", 


a= B= 40>, 


B=66° 30’, 
B=61° 55’, 
B=50° 26’, 
B=54°, 
A=68° 13’, 
A=18° 35’, 
B=85° 26’, 
B=58° 16’, 
B=4, 
A=46° 12’, 
A=86° 22’, 


B=60°, 


is} 


Heo tl il 


- 


6568. 


oo 98 
bo or SD 


a=250.02, 
a=1073.3, 
a=465.958, 
a=0.58779, 
a=185.72, 
a=21.9386, 
b=7946, 
b= 65.081, 


b= 10.392. 
a=6.9282. 
b=5.1961. . 


b=575.0. 
6=2011.5. 
b=55.620. 
b=0.80902. 
b=74,22. 
b=90.788. 
c=7971.5. 
c=81.144. 


b=0.0000559, c=0.000802. 
a=53.116, 
a=81.496, 


c=73.59. 
c=31.559. 
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GIVEN REQUIRED 


a=992,  B=76°19. |A=18°41’, 0=4074.5, c=4193.5. 
a="3, B=68° 62’. | A—21° 8’, b=188.86, c—202.47. 
a=2.189, B=45° 25’. |A=44°35’, b=2.2211, c=3.1185. 
b=4, A=87° 56’. | B=52° 4’, a=8.1176,  c=5.0714. 
c=8590, a=4476. |A=31°24, B=58°36’, b=7332.8. 
c=86.538, a=71.78. | A=56°3’, B=83° 57’, 0=48.824, 
c=9.35, a=849. |A—65°14, B=24°46, 0=3.917. 
c=2194,  0=1312.7. | A=—58°15’, B=86°45’, a@=1758. 
c=30.69, b=18.256. |.4—53°30’,  B=86°30’, a=24.67. 
a=88.318, b=19.522. |. A—63°, B=27°, c= 43. 
a=1.2291, b=14.950. | A= 4°42, B=85°18’, c=15. 
a=415.38, b—62.080. |A—81°30’, B= 8°30, c=420. 
a=13.690, b=16.926. | A—38°58’, B=61°2’,  c=21.769. 
c=91.92, a=—2.19. |A= 1°22, B=88°38’, b=91.894, 


Compute the unknown parts and also the area, having given: 


a1. a= 0, i= "6: 36.. ¢ = 68, A = 69° 54’. 
{ 32. a= 0.615, ¢=70. 37. c= 27, B=44°4!, 

$300 b= V2, 2 oe Vo 38. a= 47) B= 48°49" 

Set Fe AAR Al So:n bea) B= 34° 44! 


35. 6=12, A= 29° 8' 40. c= 8.462, B= 86° 4’. 
41. Find the value of F in terms of ¢ and A. 

42. Find the value of F in terms of a and A. 

43. Find the value of F in terms of 6 and A. 

44. Find the value of F in terms of a and e. 

45. Given F = 58, a =10; solve the triangle. 

46. Given F=18, 6 =5; solve the triangle. 

47. Given F=12, A = 29°; solve the triangle. 

48. Given F = 100, c = 22; solve the triangle. 


49. Find the angles of a right triangle if the hypotenuse is 
equal to three times one of the legs. 
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50. Find the legs of a right triangle if the hypotenuse is 6, 
and one angle is twice the other. 

51. In aright triangle given c, and A = mB; find a and 6. 

52. In a right triangle the difference between the hypote- 
nuse and the greater leg is equal to the difference between 
the two legs. Find the angles. 


The angle of elevation of an object, or the angle of depres- 
sion, is the angle which a line from the eye to the object makes 
with a horizontal line in the same vertical plane. 

Thus, if the observer is at O (Fig. 20), a is the angle of 
elevation of B, and y is the angle of depression of C. 

53. Ata horizontal distance of 120 feet from the foot of a 
steeple, the angle of elevation of the top was found to be 
60° 30'. Find the height of the steeple. 

54, From the top of a rock that rises vertically 326 feet out 
of the water, the angle of depression of a boat was found to be 
24°. Find the distance of the boat from the foot of the rock. 

55. How far is a monument, in a level plain, from the eye, 
if the height of the monument is 200 feet and the angle of 
elevation of the top 3° 30'? 

56. A distance AB is measured 96 feet along the bank of a 
river from a point A opposite a tree C on the other bank. 
The angle ABC is 21° 14. Find the breadth of the river. 
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57. What is the angle of elevation of an inclined plane if it 
rises 1 foot in a horizontal distance of 40 feet ? 


58. Find the angle of elevation of the sun when a tower 
120 feet high casts a horizontal shadow 70 feet long. 


59. How high is a tree that casts a horizontal shadow 80 feet 
in length when the angle of elevation of the sun is 50°? 


60. A ship is sailing due northeast at a rate of 10 miles 
an hour. Find the rate at which she is moving due north, 
and also due east. 

61. In front of a window 20 feet high is a flower-bed 6 feet 
wide. How long is a ladder that will just reach from the 
edge of the bed to the window ? . 

62. <A ladder 40 feet long may be so placed that it will reach 
a window 33 feet high on one side of the street, and by turn- 
ing it over without moving its foot it will reach a window 21 
feet high on the other side. Find the breadth of the street. 

63. From the top of a hill the angles of depression of two 
successive milestones, on a straight level road leading to the 
hill, are observed to be 5° and 15°. Find the height of the hill. 

64. A fort stands on a horizontal plain. The angle of 
elevation at a certain point on the plain is 30°, and at a point 
100 feet nearer the fort it is 45°. How high is the fort ? 

65. From a certain point on the ground the angles of eleva- 
tion of the belfry of a church and of the top of the steeple 
were found to be 40° and 51°, respectively. From a point 300 
feet farther off, on a horizontal line, the angle of elevation of 
the top of the steeple is found to be 33° 45'. Find the distance 
from the belfry to the top of the steeple. 

66. The angle of elevation of the top C of an inaccessible 
fort observed from a point A is 12°. At a point B, 219 feet 
from A and ona line AB perpendicular to AC, the angle ABC 
is 61° 45’, Find the height of the fort. 


32 PLANE TRIGONOMETRY 


SECTION XV 
THE ISOSCELES TRIANGLE 


An isosceles triangle is divided by the perpendicular from 
the vertex to the base into two equal right triangles. 
Therefore, an isosceles triangle is determined by any two 
parts that determine one of these right triangles. 
Let the parts of an isosceles tri- 


rs angle CAB (Fig. 21), among which 
the altitude CD is to be included, 
be denoted as follows: 
a a a = one of the equal sides, 
c = the base, 
S ts h = the altitude, 
ci ae ah he A = one of:the equal angles, 
he C = the angle at the vertex. 


For example: Given a and c; required A, C, h. 


2 C+2A=180°; ..C =180°—2.4 = 2(90° — A). 
3. h may be found by any one of the equations: 


2 
Heo = a | 
whence h=V(a+}c)(a—}e). 
Ser 
Also, —=sinA, and se aT 
a ke 
whence h=asinA, and h=tctanA. 


When c and / are known, the area can be found by the 


formula 
F= 4 ch. 
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EXERCISE X 


Solve the following isosceles triangles, finding the angles 
to the nearest second : 


1. Given a and A; find C,«¢, h. 

2. Given a and C; find 4, ¢, h. 

3. Given c and 4; find C, a, h. 

4. Given ¢ and C; find 4A, a, h. 

5. Given A and A; find C, a, ¢. 

6. Given f and C; find A, a, ¢. 

7. Givena and h; find A, C,c. 

8. Given e and hi; find 4, C, a. 

9. Given a = 14.3, ¢=11; find A,.C, h. 
10. Given a = 0.295, A = 68° 10'; finde, h, F. 
11; Given-c=— 2.352, C = 69° 49'; find 4, h,F. 
12. Given h = 7.4847, A = 76° 14’; find a,.¢, F. 
13. Givena=6.71, h=6.6; find A, C,c. 
14. Given ¢ = 9, h= 20; find A; Cya. 
15. Given ¢= 147, F = 2572.5; find A, C, a, h. 
16. Given 4 = 16.8, F = 43.68; find A, C, a, ¢. 
17. Find the value of F in terms of a and ce. 
18. Find the value of F in terms of a and C. 
19. Find the value of F in terms of a and A. 


20. Find the value of F' in terms of / and C. 


21. A barn is 40 x 80 feet, the pitch of the roof is 45°; 
find the length of the rafters and the area of the whole roof. 

22. Ina unit circle what is the length of the chord corre- 
sponding to the angle 45° at the centre ? 

23. If the radius of a circle is 30, and the length of a 
chord is 44, find the angle subtended at the centre. 
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24. Find the radius of a circle if a chord whose length 
is 5 subtends at the centre an angle of 133°. 


25. What is the angle at the centre of a circle if the corre- 
sponding chord is equal to 3 of the radius ? 


26. Find the area of a circular sector if the radius of the 
circle is 12, and the angle of the sector is 30°. 


SECTION XVI 
THE REGULAR POLYGON 


Lines drawn from the centre of a regular polygon (Fig. 22) 
to the vertices are radii of the circumscribed circle; and lines 
drawn from the centre to the middle points of the sides are 
radii of the inscribed circle. These lines divide the polygon 
into equal right triangles. Therefore, a regular polygon is 
determined by a right triangle whose sides are the radius of 
the circumscribed circle, the radius of the inscribed circle, and 
half of one side of the polygon. 

If the polygon has m sides, the angle of this right triangle 


at the centre of the polygon is equal to : ny, or 188 : 
“ a 2 


and the triangle may be solved when a side of the polygon or 
one of the radii is given. 
Let 


n = number of sides, 
. ¢ = length of one side, 
y = radius of circumscribed circle, 
h = radius of inscribed circle, 
p = the perimeter, 
F = the area. 


Then, by Geometry, 
Bie. 2 Tao hp. 
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EXERCISE XI 


Find the remaining parts of a regular polygon, given: 
1. m=10,c=1. 3. n=20, r=20. 5. n=11, F = 20. 
2 #=18,r=1. 4. 0=8/' hal. 6 n=—7,.F = 7. 
Find the side of : 
7. A regular decagon inscribed in a unit circle. 
8. A regular decagon circumscribed about a unit circle. 
9. If the side of an inscribed regular hexagon is 1, find the 
side of an inscribed regular dodecagon. 
10. Given x and ¢, and let 4 denote the side of the inscribed 
regular polygon having 2 sides; find 6 in terms of n and e. 
11. Compute the difference between the areas of a regular 
octagon and a regular nonagon if the perimeter of each is 16. 
12. Compute the difference between the perimeters of a regu- 
lar pentagon and a regular hexagon if the area of each is 12. 
Fina the area of: 
13. The regular octagon formed by cutting away the corners 
of a square whose side is 1. 
14. A regular pentagon if its diagonals are each equal to 12. 
15. A regular polygon of 11 sides inscribed in a circle, if 
the area of an inscribed regular pentagon is 331.8. 
16. A circle inscribed in an equilateral triangle whose perim- 
eter is 20. 
17. A regular polygon of 15 sides inscribed in a circle, if 
the area of a regular inscribed polygon of 16 sides is 100. 
18. Find the perimeter of a regular dodecagon circum- 
scribed about a circle the circumference of which is 1. 
19. The area of a regular polygon of 25 sides is 40; find 
the area of the ring comprised between the circumferences of 
the inscribed and circumscribed circles. 


CHAPTER III 
GONIOMETRY 


SECTION XVII 
DEFINITION OF GONIOMETRY 


To prepare the way for the solution of the oblique triangle, 
we now proceed to extend the definitions of the trigonometric 
functions to angles of all magnitudes, and to deduce certain 
useful relations of the functions of different angles. 

That branch of Trigonometry which treats of trigono- 
metric functions in general, and of their relations, is called 
Goniometry, 


SECTION XVIII 
POSITIVE AND NEGATIVE QUANTITIES 


In measurements it is convenient to mark the distinction 


y between two magnitudes that are measured in 
opposite directions, by calling one of them posi- 
, tive and the other negative. 
O Thus, if OX (Fig. 23) is considered to be 
positive, then OX' is considered to be negative; 
4é and if OY is considered to be positive, then 
Fie, 23 


OY' is considered to be negative. 

When this distinction is applied to angles, an angle is 
considered to be positive, if the rotating line that describes 
it moves counter-clockwise, that is, in the direction opposite 
36 
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to the hands of a clock, and ‘to be negative, if the rotating 
line moves clockwise, that is, in the same direction as the 


hands of a clock. B 
Arcs corresponding to positive angles are 

considered positive, and arcs corresponding to La et 

negative angles are considered negative. Ps) ‘ 
Thus, the angle AOB (Fig. 24) described by B 


a line rotating about 0 from OA to OB is pos- 
itive, and the arc AB is positive; ‘the angle 
AOB' described by the line rotating about O from OA to OB! is 
negative, and the arc AB’ is negative. 


Fig. 24 


SECTION XIX 
CO-ORDINATES OF A POINT IN A PLANE 


Let XX' (Fig. 25) be a horizontal line and let YY' be a line 
perpendicular to XX' at the point 0. 
Then the plane determined by the 
lines XX' and YY' is divided into 
four quadrants which are numbered 
1 ATi Ly. 

Any point in the plane is deter- 
mined by its distance and direction 
from each of the perpendiculars XX! 
and YY'. Its distance from YY', meas- 

oor ured on XX’, is called the abscissa of 
the point; its distance from XX', measured on YY', is called 
the ordinate of the point. 

The abscissa and the ordinate of a point are called the 
co-ordinates of the point; and the lines XX'and YY' are called 
the axes of co-ordinates. XX' is called the axis of abscissas or 
the axis of x; YY’ is called the axis of ordinates or the axis of y; 
and the point O is called the origin. 
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In Fig. 26 the co-ordinates P,, Pa, 
P;, P, are as follows: 


The abscissa of P, is OB,, 

and the ordinate of -P, is OA,; 
the abscissa of P, 1s OB, 

and the ordinate of P, is OA,; 
the abscissa of P; 1s OB;, 

and the ordinate of P; is OA3;; 
the abscissa of P, is OB,, 

and the ordinate of P, is OA,. 


Abscissas to the right of YY' are positive. 
Abscissas to the /eft of YY' are negative. 
Ordinates above XX' are positive. 
Ordinates below XX' are negative. 


Therefore, 
in Quadrant I, 
the abscissa is positive, the ordinate is positive; 
in Quadrant IT, . 
the abscissa is negative, the ordinate is positive ; 
in Quadrant ITI, 
the abscissa is negative, the ordinate is negative; 


in Quadrant IV, 
the abscissa is positive, the ordinate is negative. 


SECTION XX 
ANGLES OF ANY MAGNITUDE 


If the line OP (Figs. 27-30) is revolved about O from OX 
as its initial position counter-clockwise, as shown. by the curved 
arrows, the line during one revolution will form with OX all 
angles from 0° to 360°. 


GONIOMETRY 39 


_ Any particular angle is said to be an angle of that quadrant 
in which its terminal side lies. 


Fic. 27 


Angles between 0° and 90° are angles of Quadrant I. 
Angles between 90° and 180° are angles of Quadrant IT. 
Angles between 180° and 270° are angles of Quadrant III. 
Angles between 270° and 360° are angles of Quadrant IV. 


Fie. 31 


Tf the revolving line makes another revolution (Figs. 31-34), 
it will describe all angles from 360° to 720°; and so on. 


Fie. 35 Fia. 36 Fie. 37 Fie. 38 - 


- If the line OP is revolved from OX clockwise (Figs. 35-38), 


it will describe all negative angles. 
Thus we arrive at the conception of an angle of any magni- 


tude, positive or negative. 
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SECTION XXI 
FUNCTIONS OF ANY ANGLE 


Figs. 39-42 show the functions in a unit circle drawn for 
an angle AOP in each quadrant, taken in order. The tangents 
to the circle are always drawn through A and B. 

Let the angle AOP formed with OA by the moving radius 
OP be denoted by «x; then, in each quadrant, 


sin z = MP, tan 2 = AT, sec. 1 = OT, 
cos # = OM, COU I= ES; ese = 0S. 
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_ If the terminal line of any angle x extends through the 

vertex indefinitely both ways, and if the circumference of a 
unit circle cuts the terminal line at P, the axis of abscissas at 
A, and the axis of ordinates at B, then 


sin x = the ordinate of P; 

cos X = the abscissa of P; 

tan x = the tangent from A to meet the terminal line ; 

cot x = the tangent from B to meet the terminal line ; 

sec x =the segment of the terminal line between the vertex 
and the tangent ; 

ese x =the segment of the terminal line between the vertex 
and the cotangent. 


Sines and tangents extending from the axis of abscissas 
upwards are positive; downwards, negative. 

Cosines and cotangents extending from the axis of ordinates 
towards the right are positive; towards the left, negative. 

The signs of the secant and cosecant are determined by 
the signs of the cosine and sine, respectively. Therefore, 
secants and cosecants extending from the centre, in the direc- 
tion of the terminal line, are considered positive; in the oppo- 
site direction, negative. Hence, 


QUADRANT 


sin and cse 


cos and sec 


tan and cot 


In Quadrant I ail the functions are positive. 

In Quadrant II the sine and cosecant only are positive. 

In Quadrant III the tangent and cotangent only are positive. 
In Quadrant IV the cosine and secant only are positive. 
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The signs of all the functions of any quadrant are known 
when the signs of the sine and cosine are known. 

If the sine and cosine have like signs, the tangent and cotan- 
gent are positive; if unlike signs, negative. The sine and 
cosecant have like signs ; the cosine and secant have like signs. 


SECTION XXII 
FUNCTIONS OF A VARIABLE ANGLE 


Let the angle AOP (Fig. 43) increase continuously from 0° 
to 860°. The values of its functions change as follows: 


r 1. The Sine. Inthe first quad- 
rant the sine MP increases from 
0 to 1; in the second it remains 
positive, and decreases from 1 to 
0; in the third it is negative, and 
increases in absolute value from 
0 to 1; in the fourth it is nega- 

A tive, and decreases in absolute 

value from 1 to 0. 

2. The Cosine. In the first 
quadrant the cosme OM decreases 
from 1 to 0; in the second it be- 
comes negative, and increases in 
absolute value from 0 to 1; in 
T’ the third it is negative, and de- 

creases in absolute value from 1 
to 0; in the fourth it is positive, and increases from 0 to 1. 

3. The Tangent. In the first quadrant the tangent A7’ 
increases from 0 to o; in the second it becomes negative, 
and decreases in absolute value from o to 0; in the third it 
is positive, and increases from 0 too; in the fourth it is 
negative, and decreases in absolute value from oto 0. 


Fie. 43 
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4. The Cotangent. In the first quadrant, the cotangent 
BS decreases from o to 0; in the second it is negative, and 
increases in absolute value from 0 to o; in the third and 
fourth quadrants, it has the same sign, and undergoes the 
same changes as in the first and second quadrants, respectively. 

5. The Secant. In the first quadrant, the secant OT 
increases from 1 to «; in the second it is negative, and 
decreases in absolute value from o to 1; in the third it is 
negative, and increases in absolute value from 1 to 0; in the 
fourth it is positive, and decreases from o to 1. 

6. The Cosecant. In the first quadrant, the cosecant OS 
decreases from o to 1; in the second it is positive, and 
increases from 1 to #; in the third it is negative, and 
decreases in absolute value from o to 1; in the fourth it is 
negative, and increases in absolute value from 1 to o. 

The limiting values of the functions are as follows: 


0° 90° 180° azo | 360° 


Sine SA tai tee Ste POM YN eeeeey Gam ape oxy 
Cosine SP EO hah ee De wed 
Tangent +0 fe os.) 0 2B o9- |) et 
Cotangent | to EO | bor] tO | to 
Secant Be | Eco afen||y a | to }| +1 
Cosecant | to }:+1 Se (ee || = il FEX6O 


Sines and cosines vary in value from + 1 to —1; tangents 
and cotangents, from + « to — »; secants and cosecants, from 
+ oto +1, and from — 1 to — ow. 

In the table given above the double sign + is placed before 0 and m, 
From the preceding investigation it appears that the functions always 


change sign in passing through 0 and »; and the sign + or — prefixed 
to 0 or o simply shows the direction from which the value is reached. ° 


Sa 


44 PLANE TRIGONOMETRY 


SECTION XXIII 


FUNCTIONS OF ANGLES LARGER THAN 360° 


The functions of 360°+ a are the same in sign and in 
absolute value as those of «; for the moving radius has the 
same position in both cases. If m is a positive integer, 


The functions of (n X 360° + x) are the same as those of x. 
For example: The functions of 2200°(6 x 360° + 40°) are 


equal to the functions of 40°. 
SECTION XXIV 
EXTENSION OF FORMULAS 


The Formulas [1], [2], [8] established for acute angles on 
pp. 13, 14 hold true for a// angles. Thus, in each quadrant 


Tr MP + OM" = OP’. 
Therefore, 
sin’x + cos*x=1. [1] 
We havé"in each quadrant from 


the similar triangles OMP, OAT, 


OBS the proportions 


A 
AT: OA = MP 0M, 


or. tan 2:1 = sin @.:/cop. 2; 
MP JOP OBI S0S. 
or sin @ : dice Liease.as 
OM: OP = OA: OT, 
or “cos @ tl == 2 Recs 
A AT: 0A = OB: BS, 
or tangsd = 1): cot a. 
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That is, tan x = S10, [2] 
cos x 


sin x <=} 


[3] 


cos X X secx = 1 
tan x xX cotx=1 


Formulas [1]-[5] enable us, from a given value of one 
function, to find the absolute values of the other five func- 
tions, and also the sign of the reciprocal function. But in 
order to determine the proper signs to be placed before the 
other four functions, we must know the quadrant to which 
the angle in question belongs, or the sign of any one of these 
four functions; for, by Sect. X XI, p. 40, it will be seen that the 
signs of any two functions that are not reciprocals determine 
the quadrant to which the angle belongs. 


ExampiLe. Given sina = + #, and tan x negative; find 
the values of the other functions. 

Since sin x is positive, x is an angle in Quadrant I or II; 
but, since tan x is negative, Quadrant I is inadmissible. 


By ikt ; cos a =+-V1 — 48 =+3. 


Since the angle is in Quadrant IJ, the minus sign must be 


taken, and we have 
cos x =— §. 


By [2] and [3], 


tanzx=— 4%, cotx=—}, secr=— #8, cscu = 3. 


EXERCISE XII 


1. Construct the functions of an angle in Quadrant II. 
What are their signs ? 

2. Construct the functions of an angle in Quadrant ITI. 
What are their signs ? 


4?) 


ei 
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3. Construct the functions of an angle in Quadrant IV. 
What are their signs ? 

4. What are the signs of the functions of the following 
angles: 340°, 239°, 145°, 400°, 700°, 1200°, 3800°?. 

5. How many angles less than 360° have the value of the 
sine equal to + $, and in what quadrants do they le? 

6. How many values less than 720° can the angle have 
if cos =+ 2, and in what quadrants do they lie? 

7. If we take into account only angles less than 180°, how 
many values can x have if sina = $? ifcosx=}? if cosx# = 
—4? iftane=2? feotec=—T? 


8. Within what limits must the angle « lie if cosa =— 2? 


if cota=—4? ifseca = 80? ifescx=—3? (If x< 360°) 

9. In what quadrant does an angle lie if sine and cosine 
are both negative? if cosine and tangent are both negative ? 
if cotangent is positive and sine negative ? 

10. Between 0° and 3600° how many angles are there whose 
sines have the absolute value 3? Of these sines how many 
are positive and how many negative ? 

11. In finding cose by means of the equation cos # = 
+-V1 —sin’x, when must we choose the positive sign and 
when the negative sign ? 

12. Given cos x =— v4; find the other functions when x 
is an angle in Quadrant II. 

13. Given tan 2 =-V3; find the other functions when z is 
an angle in Quadrant ITT. 

14, Given sec «x =+ 7, and tana negative; find the other 
functions of x. 

15. Given cot « =— 3; find all the possible. values of. the 
other functions. * 

16. What functions of an angle of a triangle may be nega 
tive? In what case are they negative ? . 


eB 


> 


GONIOMETRY 47 


17. Why may cot 360° be considered equal either to + o 
or to — @? 
18. Obtain by means of Formulas [1]—[3] the other func- 
tions of the angles, given: 
(2) tan 90° = oo. (ii) cot 270° = 0. 
(11) cos 180° =— 1. (iv) ese 360° =— ow. 
19. Find the values of sin 450°, tan 540°, cos 630°, cot 720°, 
sin 810°, ese 900°. é 
Compute the values of the following expressions : 
4 20. a sin 0° + d cos 90° — ¢ tan 180°. 
| 21. a cos 90° — d tan 180° + ¢ cot 90°. 
22. a sin 90° — b cos 360° + (a — bd) cos 180°. 
23. (a? — 6°) cos 360° — 4 ab sin 270°. 


SS 


SECTION XXV 
REDUCTION OF FUNCTIONS TO THE FIRST QUADRANT 


In a unit circle (Fig. 45) draw two diameters PR and QS 
equally inclined to the horizontal diameter AA', or so that 


the angles AOP, A'0Q, A'OR, and 


AOS shall be equal. From the 
hae ; 
Ly 


points P, Q, R, S let fall perpen- Q 
diculars to AA'; the four right 
triangles thus formed, with a yi 
common vertex at O, are equal; 
because they have equal hypote- \ 
R 


equal acute angles at 0. There- <i 


B 
nuses (radii of the circle) and BS. 


fore, the perpendiculars PM, QN, Be 
RN, SM are equal, and are the ie 
sines of the angles AOP, A0Q, AOR, AOS, respectively. 
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Therefore, in absolute value, 


sin AOP = sin AOQ = sin AOR = sin AOS. 


And from Sect. XXIV, p. 44, it follows that in absolute 
value the cosines of these angles are also equal ; and likewise 
the tangents, the cotangents, the 
secants, and the cosecants.* 


Hence, For every acute angle 
there is an angle in each of the 
higher quadrants whose functions, 
in absolute value, are equal to- 
those. of this acute angle. 


Let. ZAOP = 2%, 12 POB = ¥; 
then «+ y= 90°, and the func- 
tions of a are equal to the co- 
named functions of y (Sect. V, p. 11); and 


Z AOQ (in Quadrant IT) = 180°—x= 90°+¥y, 
Z AOR (in Quadrant IIT) = 180° + « = 270° — y, 
Z AOS (in Quadrant IV) = 360° — # = 270° + y. 


Hence, prefixing the proper sign (Sect. X XI, p. 40), we have: 


ANGLE IN QuADRANT II 


sin (180° —x)= __ sin x. sin(90°+y)= cosy. 
cos (180° — x)= — cos x. cos (90° + y)= — sin y. 
tan (180° — x)= — tan x. tan (90° + y) = — cot y. 
cot (180° — x)= — cot x. cot (90° + y)= — tany. 


* In future, secants, cosecants, versed sines, and coversed sines will be 
disregarded. Secants and cosecants may be found by Formula [8], 
versed sines and coversed sines by VII and VIII, p. 5, if wanted, but 
they are seldom used in computations. 


REMARK. 
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ANGLE IN QUADRANT III 


sin (180° + x) =— sina. 
cos (180° + x) =— cos z. 


tan (180° + a)= tana, tan (270°— y)= cot y. 
cot (180° + «) = cota. cot (270° —y)=  tany. 
ANGLE IN QuADRANT IV 


sin (360° — 2) =— sin z. 


cos (360° — a) = 


tan (360° — x) =— tana. 
cot (360° — x) =— cot z. 


COS &. 


sin (270° — y) =— cos y. 
cos (270° — y) =— sin y. 


sin (270° + vy) =— cos y. 


cos (270° + y) = 


sin ¥. 
tan (270° + y) =— cot y. 
cot (270° + y) =— tan y. 
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The tangents and cotangents may be found directly from 


the figure, or by Formula [2]. 


It is evident, from these formulas, 


1. The functions of all angles can be reduced to the functions 
of angles in the first quadrant, and therefore to functions of 
angles not greater than 45° (Sect. V, p. 11). 


2. If an acute angle is added to or subtracted from 180° or 
360°, the functions of the resulting angle are equal in absolute 
value to the like-named functions of the acute angle; but if an 
acute angle is added to or subtracted from 90° or 270°, the 
functions of the resulting angle are equal in absolute value to 
the co-named functions of the acute angle. 


3. A given value of a sine or cosecant determines two supple- 
mentary angles, one acute, the other obtuse ; a given value of 
any other function determines only one angle: acute if the 
value is positive, obtuse if the value is negative. [See func- 
tions of (180° — x). ] 
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SECTION XXVI 
FUNCTIONS OF ANGLES THAT DIFFER BY 90° 


The general form of two anglés whose difference ‘is 90° is x 
and 90° + a, and they must le in adjoining quadrants. The 
relations between their functions were found in Sect. XXV, 
p. 48, but only for the case when z is acute. These relations, 
however, may be shown to hold true for all values of «. 

In a unit circle (Fig. 47) draw 
two diameters PR and QS per- 
pendicular to each other, and let 
fall to AA’ the perpendiculars | 
PM, QH, RK, and SN. The 
right triangles OMP, QHO, OKR, 
and SNO are equal, because they 
have equal hypotenuses and equal 
acute angles POM, OQH, ROK, and 
OSN. 


Therefore, ~ OM=QH=O0OK=NS, 
and Vit 0) Eee. te Ke ON 
Hence, taking into account the algebraic sign, 
sin AOQ= cosAOP; sinAOS= cosAOR; 
cos AOQ = — sin AOP; cos AOS = — sin AOR; 
sin AOR= cos 40Q; sin (860°+ AOP)= cos AOS; 
cos AOR = — sin A0Q; cos (360° + AOP) = — sin AOS. 
In all these equations, if « denotes the angle on the right- 
hand side, the angle on the left-hand side is 90° + a. 
Therefore, if x is an angle in any one of the four quadrants, 
sin (90°+2)= cosa, tan (90° + x) = — cot a, 
cos (90° + x) = — sin a, cot (90° + a) = — tana. 
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In like manner, it can be shown that all the formulas of 
Sect. XXV, p. 48, hold true, whatever the values of x and y. 

Hence, Jn every case the algebraic sign of the function 
of the resulting angle is the same as when x and y are both 
acute. 


SECTION XXVII 


FUNCTIONS OF A NEGATIVE ANGLE 


If the angle x is generated by the radius moving from the 
initial position OA to the terminal position OS, it will have the 
sign —, and its terminal side will 


be identical with its position for = 

the angle 360°—z. Therefore, 

the functions of the angle —a . » ~ 
are the same as those of the angle be el B 


360° — a; or (Sect. XXV, p. 49), ee 
sin (— %) = — sin a, / 


a Ss 
cos(—“)= cosa, 
tan (— x) = — tana, 74 
cot (— x) = — cota. Fie. 48 . 


EXERCISE XIII 


1. Express sin 250° in terms of the functions of an acute 
angle less than 45°. 

Sotution. sin 250° = sin (270° — 20°) = — cos 20°. 

Express the following functions in terms of the functions 
of angles less than 45°: 

2. sin 172°. 5. cot. 91°. 8. sin 204°. 

3. cos 100°. 6. sec 110°. 9. cos 359°. 


kro 


4 ytan 1257 1. CScilor. 10. tan 300°. 
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11. cot 264°. V14. sin 163° 49’. 17. cot 139° 17’. 
12. sec 244°. ¥ 15. cos 195° 33’. 18. sec 299°'45!. 
PS Cse.2 ale ¥16. tan 269° 15’. 19. ese 92° 25’. 


Express all the functions of the following negative angles 
in terms of the functions of positive angles less than 45°: 


20. — 75°. 22. — 200°. 24. .— 52° 37!. 

21. — 127°. ~ 23. — 345°. 25. — 196° 54’. 

26. Find the functions of 120°. 

Hinr. 120° = 180° — 60°, or 90° + 30°; then apply Sect. XXV, p. 48. 

Find the functions of the following angles : 

27. 135°. 29. 210°. 31. 240°. 33. — 30°. 

28. 150°. 30. 225°. 32. 300°. 34, — 225°. 

35. Given sina =—1V 2, and cos x negative; find the other © 
functions of x, and the value of 2. 


36. Given cot2 =— V3, and a in Quadrant II; find the 
other functions of x, and the value of x. 


37. Find the functions of 3540°. © 


38. What angles less than 360° have a sine equal to — $? 
a tangent equal to — V3? 


39. Which of the angles mentioned in Examples 27-34 
have a cosine equal to — 4 V2? a cotangent equal to — V3? 


40. What values of x between 0° and 720° will satisfy the 
equation sina =+ 4? 


41. Find the other angle between 0° and 360° for which the 
corresponding function (sign included) has the same value as 
sin 12°, cos 26°, tan 45°, cot 72°, sin 191°, cos 120°, tan 244°, 
cot 357°. 
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42. Given tan 238° = 1.6; find sin 122°. ; 
43. Given cos 333° = 0.89; find tan 117°. i 
Simplify the following expressions: 
44. a cos(90° — x) + b cos(90° + 2). 
{ 45. m cos (90° — a) sin (90° — a). 
46. (a — b) tan (90° — x) + (a + bd) cot (90° + x). 
47. a? + 6? — 2 ab cos (180° — 2). 
+ 48. sin (90° + x) sin (180° + 2) + cos (90° + x) cos (180° — z). 
« 49. cos (180°+ x) cos (270°— y) — sin (180°+ x) sin (270°— y). 
, 50. tanaz + tan (— y) — tan (180° — y). 
51. For what values of x is the expression sin a + cos x 
positive, and for what values negative ? 
52. Answer the questions of Example 51 for sin x — cos 2. 
53. Find the functions of x — 90° in functions of a. 
54. Find the functions of « — 180° in functions of a. 


SECTION XXVIII 
FUNCTIONS OF THE SUM OF TWO ANGLES 


In a unit circle (Fig. 49) let the angle AOB =z, the angle 
BOC =y; then the angle AOC = 
c+ Y. 

In order to express sin (# + y) 
and cos(«+y) in terms of the 
sines and cosines of # and y, draw 
CF 1 04, CD 1 OB, DE 1 OA, 
DG LCF; then CD=siny, OD= 
cos y, and the angle DCG =z. 
Also, 

sin (x + y) =CE= DE +.CG, 

Co 


oe 
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. 


Now a sina; hence, DE = sina X OoD= sin x COS y. 
OD Ge ‘pve oo ; 


ap 7 Ree hence, 


CG = dosx X CD = cos # sin y. 
Therefore, on 
sin(x+y) =sinxcosy+cosxsiny. [4] — 

Again, 

cos (* + y) = OF = OE — DG. 


OE 
Op 7 8% hence, 


OE = cos x X OD = COS & COS y. 
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DG . ; : : 
Op sinw; hence, DG =sinzx X CD=sin asin y. 
Therefore, cos(x + y)=cosxcosy—sinxsiny. [5] 


In this proof «and y, and also the sum x + y, are assumed 
to be acute angles. If the sum 
x+y of the atute angles « and 
y is obtuse, as in Fig. 51, the 
proof remains, word for word, 
the same as above, the only dif- 
ference being that the sign of 
OF will be negative, as DG is 
now greater than OZ. The above formulas, therefore, hold 
true for all acute angles a and y. 

If these formulas hold true for any two acute aaciee x and 
y, they hold true when one of the angles is increased by 90°. 
Thus, if for « we write’ x' = 90°+ 2, then, by Sect. XXYV, 
p. 48, 


sin(a'+y)=sin(90°+a+y)= cos(a+y), 
cos (x' + y) = cos (90° + a + y)=— sin (x + y). 
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Hence, by [5], sin(a’+y)= cose cosy —sinz sin y, 
by [4], cos (a' + y) =— sin x cos y — cos x sin y. 
Now, by Sect. XXV, p. 48, . 
cosa= sin(90°+a)= sing’, 
sin « =— cos (90° + x) =— cosa’. 
Substitute these values of cos # and sin 2, then 
sin (a! + y) = sin a! cos y + cos w! sin y, 
cos (x! + y) = cosa! cos y — sin a! sin y. 
It follows that Formulas [4] and [5] hold true if either 
angle is repeatedly increased by 90°; therefore they apply to 


all angles whatever. 
By Sect. XXIV, p. 45, Formula [2], 


sin(w@+y) _ sin x cosy + cosz sin y 


oe!) ® cate 4) Oe eon oa ay 


If we divide each term of the numerator and denominator 
of the last fraction by cos x cos y, we have 
sin a “sin y 
cosx ' cos y 
Sacer 
"COS & COS Y 


tan (@ + y)= 


tanx + tany — [6] 
1 — tan x tan y 

cos(@+y) cosa cosy — sinx sin y 
sin(a+y) sinzcos y+ cosa sin y 


That is, tan(x + y)= 


Also, cot (x + y) = 


Divide each term of the numerator and denominator by 

os 
cos * = cotx and ——% = cot Y3 
sin x sin y 


sin x sin y, remembering that 
we have 
cot x cot y — 1 

: [7] 


cote + ¥)= cory f cote 
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SECTION XXIX 
FUNCTIONS OF THE DIFFERENCE OF TWO ANGLES 


In a unit circle (Fig. 52) let. the angle AOB= x, COB=y; 
then the angle AOC =a — y. 

In order to express sin (# — y) 
and cos(«#—y) in terms of the 
sines and cosines of x and y, draw 
CF LOA, CD1LOB, DE OA, 
DG L FC prolonged; then CD = 
siny, OD=cosy, and the angle 
DC Can ; 

Now sin («—y) = CF=DE— CG. 


Fia. 52 
DE : : ; 
OD sinz; hence, DE = sinx xX OD = sin x cos y. 
CG : 
CD eos x; hence, CG = cosa x CD = cos & sin y. 
Therefore, sin (x — y) = sin x cos y— cos x sin y. [8] 
Again, ~ cos (a — y) = OF = OE + DG. 


OE 
OD = 008 #5 hence, OE = cosa X OD= cos & COS y. 


DG , : : ; 
Op Snes hence, DG = sinw xX CD=sin x sin y. 


Therefore, cos (x — y)=cosxcosy+sinxsiny. [9] 


In this proof, both « and y are assumed to be acute angles ; 
but, whatever be the values of x and y, the same method of 
proof will always lead to Formulas [8] and [9], when due 
regard is paid to the algebraic signs. 

The general application of these formulas may be at once 
shown by deducing them from the general formulas estab- 
lished in Sect, XXVIII, p. 54, as follows: 


x 
~— 
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_ It is obvious that (@—y)+y=2a. If we apply Formulas 
[4] and [5] to («@ — y) + y, then 
sin {(a—y) + y} or sina = sin (w — y) cosy + cos (x — y) siny, 
cos {(«@ — y) + y} or cosa = cos (x — y) cosy — sin (a — y)sin y. 

Multiply the first equation by cos y, the second by sin y, 

sinxcosy= sin (a — y) cos*y + cos (x — y) sin y cos y, 

cos x sin y = — sin (x — y) sin*y + cos (a — y) sin y cos y; 
whence, by subtraction, 

sin x Cos y — COs # sin y = sin (a — y) (sin®y + cos*y). 
But —sin*y + cos*’y = 1 (Sect. XXIV, p. 44). 
Therefore, by substitution and transposition, 
sin (« — y) = sin & Cos y — COS & Sin y. 

Again, if we multiply the first equation by sin y, the second 
equation by cos y, and add the results, we obtain, by reducing, 
cos (« — y) = cos x cos y + sin & sin y. 

Therefore, Formulas [8] and [9], like [4] and [5], from 


which they have been derived, are universally true. 
From [8] and [9], by proceeding as in Sect. XXVIII, p. 55, 


we obtain 


_ y\— tanx—tany 
tan (9) = an x tan y Sa 
ct (x= y) ee (11 


“cot y — cot x 

Formulas [4]-[11] may be combined as follows: 
sin (v + y) = sin x cos y + cosa sin y, 
cos (x + y) = cos x cosy F Sin x Sin y, 


tan « + tan y 
1 = tana tan y’ 


at 
cot (x + y) BON Re yee. 


tan(a@ty)= 


cot y £ cot x 
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SECTION XXX 
FUNCTIONS OF TWICE AN ANGLE 
If y =a, Formulas [4]-[7] become 
sin 2x = 2 sin x cos x. [12] 


cos 2 x = cos?x — sin?x. [13] 


2 tanx 
tan = [14] 


Cotes 


COL) 2) X= 1 
2 cot x ad 


By these formulas the functions of twice an angle may be 


found when the functions of the angle are given. 


Ma SECTION XXXI 


FUNCTIONS OF HALF AN ANGLE 


Formula [1] is cos*a + sin?’a = 1. 

Formula [13] is cos*« — sin?a = cos 22. 
Subtract, 2 sin?z = 1 — cos 22. 
Add, 2 cosa = 1+ cos 22. 
Whence, 


sin a Bee oes ames Ck COS x ai eee + see, 
These values, if z is put for 2, and hence $2 for x, become 
; 1 — cos z 
sin $z = fleet [16] 


=+,) + cos Z 
cos 42 Say oer [17] 
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% 
Hence, by division (Sect. XXIV, p. 45), 


ta SA 
a 1 + cos z [13] 


cot (eens, (19) 
1 — cosz 

By these formulas the functions of half an angle may be 
computed when the cosine of the entire angle is given. 

The proper sign to be placed before the root in each case 
depends on the quadrant in which the angle 4 2 lies (Sect. 
XXII, p. 42). 

Let the student show from Formula [18] that 


tan} B= (See p. 23, Note.) 


— a 
e+a 
SECTION XXXII 


SUMS AND DIFFERENCES OF FUNCTIONS 


From [4], [5], [8], and [9], by addition and subtraction, 
sin(a+y)+sin(a—y)= 2sinz cosy, 
sin(a@+y)—sin(a—y)= 2cosxsiny, 
cos (a + y)+ cos(a—y)= 2 cosx cosy, 
cos (# + ¥) — cos(«# — y) =— 2 sina siny; 

or, by making x+y=4A, and «—y=B, and, therefore, 
x=+4(4 +B), and y=3(A — B), 
snA+sinB= 2 sin}(A+B)cos$(A—B). [20] 
sinA—sinB= 2cos}(A+B)sin}(A—B). [21] 
cosA+cosB= 2cos$(A+B)cos$(A—B). [22] 
cos A—cosB=—2 sin}(A+B)sin}(4.—B). [23] 
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From [20] and [21], by division, we obtain 
sin A + sin B 


== £(A + B)cot 4$(A — B); 
sin A — sin B tang Ula eee D5 


1 
tan $(A — B)’ 


sinA+sinB_ tan}(A+B) 
sinA+sinB tan}(A—B) 


or, since cot 4(A — B)= 
[24] 


EXERCISE XIV 
1. Find the value of sin(w + y) and cos (x + y) ae 
sin ¢ = 3, cos x = $, sin y = 4%, cos y = fz. 


2. Find sin (90° — y) and cos (90° — y) by making 2 = 90° 
in Formulas [8] and [9]. 


Find, by Formulas [4]-[11], she first four functions of : 


3. 90° + y. 8. 360° — y. 13. — y. 

4. 180° — y. 9. 360° 4+ y. 14, 45° — y. 
5. 180° +. 10. « — 90% is. 45° + y, 
6. 270° —y. 11. « — 180°. 16. 30° + y. 
7. 270° + y. 12. «2 — 270°. 17. 60°—y. 


, 18, Find sin 3a in terms of sin a. 
1. Find cos 3 x in terms of cos a. 

20. Given tanda =1; find cosa. 

21. Given cot $a = V3; find sina. 
)4+~22. Given sin 2 = 0.2; find sin4$a and cos 4a. 

( nf 23. Given cos x = 0.5; find cos 2x and tan 22. 

yf. {¢\ 24 Given tan 45°=1; find the functions of 22° 30, 
Pe : 25. Given sin 30° = 0.5; find the functions of 16°. 
sin 33° + sin 3° 


26. P I Oe ee 
rove that tan 18 cos 33° cos 3° 


2am “ 


ee 
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Prove the following formulas : 


f 2 tan 2 sin x 
27. sin 22 = ———_. 29. tanta = ————_-.- 
1 + tan’z x 1+ cosz 

1 — tan?2 gin x 
28. cos 22 = ——_.. 30. = ——_——* 
1 + tan? robes 1 —cos2 


31. sin¢da+cos$a = V1 +tsina. 
tan x + tan y 


32. = ‘ 
‘cot x = cot y Se ee 
1 — tan x 
33. ti 45° — = ——_—.- 
Seite 1 + tan x 
If A, B, C are the angles of a triangle, prove that: fo oe 


34. sm 4+sinB+sinC =4cos}A cos} BcostC. 
35. cosd +cosB+cosC=1+4snFAsin¢ Bsin3C. 
36. tan 4 +tan B+ tanC=tanA x tan B x tan C. 


A— 37. cot4 A + cot 4 B+ cot$ C =cothA x cot4 Bx cothc. 


Change to a form more conyenient for logarithmic compu- 


tation : 
38. cotzx-+ tana. 43. 1+ tan 2 tan y. 
39. cot «x —tanz. 44, 1—tanetany. 
40. cota + tan y. 45. cota coty+1. 
41. cot x — tan y. 46. cot x cot y —1. 
— 22 tan x + tan 2 
ei ; As 7% 2a oP. cot x = cot 7 


SECTION XXXIII 
ANTI-TRIGONOMETRIC FUNCTIONS 


If y is any trigonometric function of an angle x, then x is 


said to be the corresponding anti-trigonometric function of y. 


Thus, if y =sin 2, x is the anti-sine or inverse sine of y. 


ett 2 


Dr ht tun lo t aided eal \ 
Sui h ten Baer At | 
A ton (443) «< a, 


; z(teljon 


A+ 
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The anti-trigonometri¢ functions of y are written 
eee, = 1 =! 
sin” “y, tan~“y, sec” y, vers “Yy, 
cos” *y, cot~*y, esc, covers~1y. 


These are read, the angle whose sine is y, and so on. 

For example, sin 30° = 4; hence, 30°=sin~'}. Similarly 
90° = cos-10 = sin-11, and 45° = tan-11 = sin-!4 V2, ete. 

The symbol —1 must not be confused with the exponent—1. Thus, 
sin—1z is a very different expression from a which would be written 
(sin z)—1. On the continent of Europe Prarie writers employ the 
notation arc sin, arc cos, etc., for sin—1, cos—}, ete. 

There is an important difference between the trigonometric 
and the anti-trigonometric functions. When an angle is given, 
its functions are all completely determined ; but when one of 
the functions is given, the angle may have any one of an indefi- 
nite number of values. Thus, if sin y = 4, y may be 30°, or 
150°, or either of these increased or diminished by any integral 
multiple of 360°-or 27, but cannot take any other values. 
Accordingly, sin~14 = 30° + 2n7, or 150° + 27, where n is 
any positive integer. Similarly, tan~?1 = 45° + 2n7 or 
225° 2nr; we, tan711 = 45° + na. 

Since one of the angles whose sine is 2 and one of the angles 
whose cosine is « together make 90°, and since similar rela- 
tions hold for the tangent and cotangent, for the secant and 
cosecant, and for the versed sine and coversed sine, we have 


; 7 7 
sin-1a@ + cos-ta = a sec—law + ese~ta = 9” 


ue 7 
tan"'s + cob e= ox. vers” *@ + covers "se = 57 


where it must be understood that each equation is true only 
for a particular choice of the various possible values of the 
functions. Thus, if x is positive, and if the angles are always 
taken in the first quadrant, the equations are correct. 
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EXERCISE XV 
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1. Find all the values of the following functions : 
sin-!4 V3, tan-14-V3, vers—'4, cos~!(—4 V2) ? 
esc“) -V2, tan—! oo, sec-12, cos~!(— + V3). 
2. Prove that 
sin—*(— #)=— sin-'x; cos~!(—x) = m7 — cosa, 
3. If sin~1x + sin-!y = 7, prove that 2 = y. 
4. If y= sin~+4, find tan y. 
5. Prove that cos (sin-12) = V1 — 2? 
6. Prove that cos (2 sin~*x) = 1 — 22” 
7. Prove that tan (tan—*a + tan~ty) = ae 
8. If « = V4, find all the values of sin—1a + cos~!a. 
9. Prove that tan~? (Ss) = sina. 
10. Find the value of sin (tan~*+,). 
11. Find the value of cot (2 sin—*?). 
12. Find the value of sin (tan~'4 + tan—*4). 
"3. lista ta 2'cos- ‘2; find «: 
14, Prove that tan (2 tan~'x) = rat 
15. oe 


Prove that sin (2 tan~*x) = rE 


CHAPTER IV 
THE OBLIQUE TRIANGLE 
SECTION XXXIV 


LAW OF SINES 


Let A, B, C denote the angles of a triangle ABC (Figs. 53 
and 54), and a, 6, ce, respectively, the lengths of the opposite 
sides. 

Draw CD _L AB, and meeting AB (Fig. 53) or AB produced 


(Fig. 54) at D. Let CD=h. 
0 


C ' 
b a il 
A c D B A c ‘BLA ae 7 
Fig. 53 Fig. 54 
In either figure, : = sin A. 
; h : 
In Fig. 53, 7 Sin B 
: h : 5 : 
In Fig. 54, in (180° — B)= sin B. 


Therefore, whether / lies within or without the triangle, we 
obtain, by division, 
a sinA 
bd sinB ei 
64 
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By drawing perpendiculars from the vertices A and B to 
the opposite sides, we may obtain, in the same way, 
sin A 


b __ sinB 
sin C 


a > 
c sin C 


a 
C 


Hence the Law of Sines: 


The sides of a triangle are proportional to the sines of the 
opposite angles. 


If we regard these three equations as proportions, and take 
them by alternation, it is evident that they may be written in 
the symmetrical form 


Ors ao Cc 
sin A *sin B™ sin Cc 


Each of these equal ratios has a simple geometrical meaning 

which will appear if the Law of Sines is proved as follows : 
Cireumscribe a circle about the 

triangle ABC (Fig. 55), and draw A 

the radii OB, OC. Let R denote 

the radius. Draw OM LBC. By 

Geometry, the angle BOC = 24; 

hence, the angle BOM = A, then 


BM=Rsin BOM = BR sin A. 


.. BC ora@=2R sin A. 8 ft 2 o 
In like manner, 
b=2Rsin B, and c=2RsinC. 
‘ Fia. 55 
Whence we obtain 
a b Cc 


That is: The ratio of any side of a triangle to the sine of 
the opposite angle is numerically equal to the diameter of the 
circumscribed circle. 
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SECTION XXXV 
LAW OF COSINES 


This law gives the value of one side of a triangle in terms 
of the other two sides and the angle included between them. 


C 
0 
b a ih 
oarcen iam ae pa ae D 
Fig. 56 
In Figs. 56 and 57, a= h? + BD. 
In Fig. 56, BD =c — AD. 
In Fig. 57, BD=AD—c; 
In either case, BD =AD —~2ex% ADs 
Therefore, in all cases, a? =h?+ 4D +0? —2e x AD. 
New, a Se 
and AD=6cos A. 
Therefore, a® = b? + c? — 2 be cos A. [26] 


In like manner it may be proved that 
b? = a? + c? — 2.ac cos B, 
c= a? 6? — 2 ab cos. 


The three formulas have precisely the same form, and the 
Law of Cosines may be stated’as follows : 


The square of any side of a triangle is equal to the sum of 
the squares of the other two sides diminished by twice their 
product into the cosine of the included angle. 
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SECTION XXXVI 
LAW OF TANGENTS 


By Sect. XXXIV, p. 64, a:5=sin A:sin B; 
whence, by the Theory of Proportion, 
a—b_ snA—sinB 
a+b sinA+sinB 
But by [24], p. 60, 
sin A —sinB_ tan}(A — B) 
sin A + sin B tan $(A + B) 
a—b_ tan}(A—B) 
a+b  tan$(A+B) 
By merely changing the letters, 
a—c_ tan}(A—C) b—c _ tan}(B—C) 
ayn. fang (A Cy “bao Ptam Ss (Bae): 


Therefore, 


[27] 


Hence the Law of Tangents: 


The difference of two sides of a triangle is to their sum as 
the tangent of half the difference of the opposite angles is to 
the tangent of half their sum. 

Nore. If in [27] b>a,then B>A. The formula is still true, but to 
avoid negative numbers the formula in this case should be written 

b—a_tant(B—A) 
b+a_ tan4(B+ A) 


EXERCISE XVI 


1. What do the formulas of Sect. XXXIV, p. 64, become 
when one of the angles is a right angle ? 

2. Prove by means of the Law of Sines that the bisector 
of an angle of a triangle divides the opposite side into parts 
proportional to the adjacent sides. 
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3. What does Formula [26] become when 4A = 90°? when 
A=0°? when A = 180°? What does the triangle become in 
each of these cases ? 


Notr. The case when A = 90° explains why the theorem of Sect. 
XXXV, p. 66, is sometimes called the Generalized Theorem of Pythagoras. 


4. Prove (Figs. 56 and 57) ‘that whether the angle B is 
acute or obtuse c=acosB+6cos A. What are the two sym- 
metrical formulas obtained by changing the letters? What 
does the formula become when B = 90°? 


5. From the three following equations (found in the last 
example) prove the theorem of Sect. XX XV, p. 66: 
c=acosB+ bcos A, 
6=acosC + ccos A, 
a= bcos C + cos B. 


Hint, Multiply the first equation by c, the second by b, the third 
by a; then from the first subtract the swm of the second and third. 


6. In Formula [27] what is the maximum value of + (A—B) ? 


7. Find the form to which Formula [27] reduces, and 
describe the nature of the triangle, when 


(i) C= 90°; (ii) A — B= 90°, and B=. 
SECTION XXXVII 
THE GIVEN PARTS 


The formulas established in Sects. XXXIV-5 XK VE pp. 


CO 64-67, together with the equation 
A+B+C=180°, are sufficient 
b a for solving every case of an 


oblique triangle. The three parts 
that determine an oblique triangle 
A c B may be: 
Fie, 58 


~ 
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One side and two angles ; 

Il. Two sides and the angle opposite one of these sides; 
III. Two sides and the included angle ; 

IV. The three sides. 


SECTION XXXVIII 


SOLUTION OF AN OBLIQUE TRIANGLE 


Case I 
Given one side a and two g 
angles A and B; find the re- Fie ee 
mainin tts G. b ae 
g par Dy aap y : - 
1..¢C =180° — (A + B). Fig. 59 
6 snB a sin B a : 
ae - = . 3 aie b — Pa er OT eet = . B. 
a sin A’ sin A sin A page 
e¢_ sinc, ep a sin _ a ene 
a@ sind’ naar) me) ; 


EXAMPLE. a = 24.31, A = 45° 18', B = 22° 11’. 
The work may be arranged as follows: 


a = 24,31 log a = 1.38578 = 1.38578 
A =465° 18' | «@log sin 4 = 0.14825 = 0.14825 
Bie ote! log sin B = 9.57700 | log sin C = 9.96556 
A+B= 67° 29' log 6 = 1.11103 log c = 1.49959 


Cie 112° 31! b= 12.913 e = 31.593 


Nore. When — 10 is omitted after a logarithm or cologarithm, it 
must be remembered that the log or colog is 10 too large. 


EXERCISE XVII 


1. Given a = 500, A= 10" 12", B= 46° 36'; 
find C=. 123° 12', b = 2051.5, c = 2362.6. 
2. Given a = 795, Ae TO, 50!, Bae 44> 41". 


find C = 55° 20’, b = 567.69, c = 663.99, 


70 PLANE TRIGONOMETRY 


3. Given a = 804, A=99°55', B=45°1'; 
find C = 35° 4’, b = 577.31, c = 468.93. 

4, Given a = 820, A =12° 49', B= 141° 59'; 
find C*= 25°12’, 6 = 2276.6, ¢ = 1573.9. 


5. Given c = 1005, AS TS AG; B= ps ons 
find C=47°14', a=1340.6, 6 =1113.8. 

6. Given 6 = 13.57, B= 18°50, C= ST 18"; 
find A = 108° 50', a= 53.276, e = 47.324. 


4. 7. Given a = 6412, A = 70° 55', C = 52° 9'; 
fnd B= 56° 56’, 6 = 5685.9, c = 5357.5. 

8. Given b = 999, A = 87° 58', C = 65° 2'; 
find B= 77°, a = 630.77, ce = 929,48. 


9. In order to determine the distance of a hostile fort A 
from a place B, a line BC and the angles ABC and BCA were 
measured and found to be 322.55 yards, 60° 34’, and 56° 10’, 
respectively. Find the distance AB. 

10. The angles B and C of a triangle ABC are 50° 30' and 
122° 9’, respectively, and BC is 9 miles. Find AB and AC. 
11. Two observers 5 miles apart on a plain, and facing each 
other, find that the angles of elevation of a balloon in the 
\~ same vertical plane with themselves are 55° and 58°, respec- 
twely. Find the distance from the balloon to each observer, 
and also the height of the balloon above the plain. 


12. In a parallelogram given a diagonal d and the angles 
« and y which this diagonal makes with the sides; find the 
sides. Find the sides if d=11.237, e=19° 1', and y= 42° 54! 
13. A lighthouse was observed from a ship to bear N, 34° E. ; 
after the ship sailed due south 3 miles it bore N. 23° E. Find 
the distance from the lighthouse to the ship in each position. 


Nors. The phrase to bear N. 34° HZ. means that the line of sight to 
the lighthouse is in the northeast quarter of the horizon and makes, 
with a line due north, an angle of 84°, 
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14. Ina trapezoid given the parallel sides a and b, and the 
angles x and y at the ends of one of the parallel sides; find 
the non-parallel sides. Compute the results when a= 15, 
banal, 2110". = 40°. 

Solve the following examples without using logarithms : 

15.) Giyen 6 = 7.07107,-5.4 = 30°, C=105°; find ejand.c. 

16. Given ¢ = 9.562, AS 45°. B= 60"; fnd-w. and 4; 

17. The base of a triangle is 600 feet and the angles at the 
base are 30° and 120°. Find the other sides and the altitude. 


18. Two angles of a triangle are, the one 20°, the other 40°. 
Find the ratio of the opposite sides. 


19. The angles of a triangle are as 5:10: 21, and the side 
opposite the smallest angle is 3. Find the other sides. 


20. Given one side of a triangle equal to 27, the adjacent 
angles equal each to 30°; find the radius of the circumscribed 
circle. (See Sect. XXXIV, p. 65.) 


SECTION XXXIX 


Case II 


Given. two sides a and b and the angle A opposite the 
side a; find the remaining parts B, C, ©. 


This case, like the preceding case, is solved by means of 
the Law of Sines. 


i ‘ bsin A. 
Since fe £ === a therefore sin B = ee 5 
sin A a a 
Cc = 180° — (4 + B). 
; Cosine CO sox) sin C 
And since ee 7"? therefore c = ay 
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When an angle is determined by its sine it admits of two 
values which are supplements of each other (Sect. XXV, 
p. 48); hence, either value of B may be taken unless excluded 
by the conditions of the problem. 

If a> 6, then by Geometry A > B, and B must be acute 

whatever be the value, of 4; for 

C a triangle can have only one obtuse 

angle. Hence, there is one, and 

b a only one, triangle that will satisfy 
the given conditions. 

If a=6, then by Geometry 


A e B A=B; both A and B must be 
Fra. 60 acute, and the required se drt is 
isosceles. 


If a < 6, then by Geometry A < B, and A must be acute in 
order that the triangle may be possible. If A is acute, it 
is evident from Fig. 61, 
where Z BAC =A,AC=6, 
CB=CB'=a, that the two 
triangles ACB and ACB’ 
will satisfy the given condi- 
tions, provided «@ is alee 
than the perpendicular CP 
that is, provided a is erento 
than 6 sin A (Sect. XI, p. 20). The arbi ABC and AB'C are 
supplementary (since 2 ABC = Z BB'C); they are, in fact, 
the supplementary angles obtained from the formula 


Fie. 61 


b sin A 
a 


sin B= 


If, however, a =dsin A = CP (Fig. 61), then sin B=1, 
B= 90°, and the triangle required is a right triangle. 

If a<dsin A, that is, << CP, then sin B > 1, and the tri- 
angle is impossible, 
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These results, for convenience, may be thus stated: 


Two solutions ; if A is acute and the value of a lies between 
6 and 6} sin A. 


No solution ; if A is acute anda <dsin 4; 
or if A is obtuse and a <b, ora=b. 


One solution ; in all other cases. 


The number of solutions can often be determined by inspec- 
tion. In case of doubt, find the value of @ sin A. 

Or we may proceed to compute log sin B. If log sin B= 0, 
the triangle required is a right triangle. If log sin B > 0, the 
triangle is impossible. If log sin B < 0, there is one solution 
when a > 6; there are two solutions when a < b. 

When there are two solutions, let B’, C', c', denote the 
unknown parts of the second triangle; then, 


B! = 180° — B, C'=180°— (4+ B) =B_-A, 


a sinic?, 
sin A 


! 


Examp.eE 1.- Given a=16, 6=20, A =106°; find the 
remaining parts. 
In this case a<b and A >90°; therefore, the triangle is impossible. 


Exampie 2. Given a= 36, 6=80, A =30°; find the 
remaining parts. 

Here we have bsin A = 80 x +=40; so that a<bsin A and the 
triangle is impossible. 


Example 3. Given a= 72,630, 6 = 117,480, A =80° 0' 50" ; 


find Bye, & 


a = 72,630 colog @ = 5.18888 Here log sin B>0. 
b = 117,480 log b = 5.06997 «. no solution. 
A = 80° 0’ 50” log sin A = 9.99337 
log sin B = 0.20222 
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Exampte 4. Given a =13.2, 6=15.7, A = 57° 13' 15"; 
find B, C;.¢. 


a= 138.2 colog a = 8.87943 c=bcosA 

liye Alls). log b = 1.19590 log b = 1.19590 

A= Ol tS elOe log sin -A = 9.92467 log cos A = 9.73352 

Here log sin B = 0. log sin B = 0.00000 logyc = 0.92942 
-. a right triangle. B= 90° C= 6.0 


wv. C= 82° 46/ 45” 


Exampte 5. Given a=767, 6=242, A = 36° 53! 2"; 
HNaSB, C,.c. 


C= net colog a = 7.11520 log a = 2.88480 
b = 242 log b = 2.388382 log sin C = 9.86970 
At 3697038224 log sin A = 9.77830 colog sin A = 0.22170 
Here a>6, log sin B = 9.27782 log ¢ = 2.97620 - 
and log sin B<0. B= 10° 54’ 58” c = 946.68 


. one solution. en Oe bazt 2s Oe 


EXAMPLE 6. Given a=177.01, 6=216.45, A =35° 36' 20"; 
find the other parts. 


Ga leOl colog a = 7.75200 log a = 2.24800 | 2.24800 
b = 216.45 log b = 2.33536 log sin C = 9.99462 | 9.23035 
A = 35° 36’ 20”| log sin A = 9.76507 colog sin A = 0.23493 | 0.23493 
Here a <b, log sin B = 9.85243 log ¢ = 2.47755 | 1.71828 
and log sin B<0. B = 45° 23’ 28” c = 300.29 or 51.675 

.. two solutions. or 134° 36’ 32” 

Gi =31992 00127 
or 9° 47’ 87 


EXERCISE XVIII 


1. Find the number of solutions of the following : 


(i) a = 80, bie 100; A = 30". 
(11) a = 50, = 100, A's= 30°. 
(ili) a = 40, b =: 100, A = 30%, 


(iv) a= 13.4, b = 11.46, Am 47.205 
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(v) «=70, b= TS, Ave' 60%, 
(vi) a= 134.16, b = 84.54, Baa 52° 9° 11 
(vil) a = 200, b6=100, Avs 30°: 
2. Given a = 840, b = 485, A.=21° 81’; 
find B= '12° 13'34",) C=.146° 15! 26", 6 = 12721. 
3. Given a = 9.399, Ge U1UT; A == 120°35"s 
find B= 5T* 23! 40", Cy=2. 27.120", e = 0.388525. 
4. Given a = 91.06, 6 = 77,04, Al bE .9' 6 
find B= 41° 13, Ce ST” Sioa", ear 116s? 
5. Given a = 55.55, b = 66.66, B= TT. 4440" 
find A= 54° 3148", C=4TP 447", ¢&= 501481. 
6. Given a = 309; b = 360, Aa= 21° 14°25" 
find .B = 24° 57! 54", -C = 133° 47! 41" e = 615.67, 
Bian tho. 26". Ole 3743! 20" 7 a= O41. 
7. Given a = 8.716, b= D787, Aa 38° LAN TD" 
find B= 44°.1'28", . C = 97° 44! 20"; ¢ = 13.954, 
B! = 135° 58! 32",C' = b° 47' 16 @ = 1.4202, 
8. Given u = 4.4, b= 5.21; Ae OF ST Urn: 
hind B= 90"; C32" 225438", c= 2.7901: 
9. Given a = 34, C= 22; B= 30° 20'; 
find A = 51° 48" 27", C = 98725533" c= 45.098, 
Al == 12874133", C' = 20° G8! 27" ¢! = 15.808: 
10. Given 6=19, C= Gs Cis 15-49% 
find B= 16° 43'13", A = 147° 27' 47". a = 35.519, 
B! = 163° 16' 47",'4 = 0° 54/13", a'’= 1.0415. 


11. Given a=75, 6 = 29, B=16° 15! 36"; find the differ- 


ence between the areas of the two corresponding triangles. 


12. Given in a parallelogram the side a, a diagonal d, and 


the angle A made by the two diagonals; find the other diagonal. 
Special case: a = 35,d = 63, A = 21°.36).30" 
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SECTION XL 
Cast III 


Given two sides a and b and the included angle C; find the 
remaining parts A, B, and c. 


Sonuttion I. The angles A and B may both be found by 
means of Formula [27], Sect. XXXVI, p. 67, which may be 


written 
a\— 6 


ag X tnd (4 + B). 


tan $(A — B)= 


Since $(A + B)=4(180° — C), the value of $(4 + B) is 
known, so that this equation enables us to find the value of 
4(4 — B). We then have 


4(A+B)+44-—B)=4 
and 4(A PB) 24 (4 = BY=B. 


After A and B are known, the side ¢ may be found by the 
Law of Sines, which gives its value in two ways, as follows: 
| _ asin C _ bsmC 


7 » -or c S 
sin A sin B 


Sotution II. The third side e may be found directly from 
the equation (Sect. XX XV, p. 66) 


e= Va'?+ h*?— 2abcosC; 


and then, by the Law of Sines, the following equations for 
computing the values of the angles A and B are obtained ; 


sin C sin C 


sin A =a xX » sinB=b xX 
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Soxtution III. If, in the triangle ABC (Fig. 62), BD is 
drawn perpendicular to the side AC, then 


BD BD B 
fan A = — = ———__. 
AD AC —DC 
Now BD=asinC c w 
and DC = a cos C. /\ 
tan A= esi A b D CO 
b= 30, COME. Fig. 62 


By merely changing the letters, 


6 sin 0 


tan B = —_—__ 
5 a— 6 ¢os'C 


It is not necessary, however, to use both formulas. When 
one angle, as A, has been found, the other, B, may be found 
from the relation 4 + B+ C = 180°. 

When the angles are known, the third side is found by the 
Law of Sines, as in Solution I. 


- Nore. When all three unknown parts are required, Solution I is the 
most convenient in practice. When only the third side, c, is desired, Solu- 
tion II may be used to advantage, provided the values of a? and 6? can 
be obtained readily without the aid of logarithms. But Solutions II and 
III are not adapted to logarithmic work. 


Exampre 1. Given a = 748, b = 375, C = 63° 35' 30"; find 
A, B, and e. 


a+6=1123 
a—b=373 
A+ B=116° 24’ 30” 
4(A+.B)= 58°12’ 15” 
4(A — B)= 28°10 54” 
==), 669 23°59)" 
B=730" 1214 
Nore. In the above example we use the angle B in finding the side 
ce rather than the angle A, because A is near 90°, and therefore the use 
of its sine should be avoided. See Note, p. 23. 


log (a — b)= 2.57171 log b = 2.57403 

colog (a + b) = 6.94962} log sin C= 9.95214 

log tan 4(A + B)= 0.20766 | colog sin B= 0.300738 

log tan (A — B)= 9.72899 log c = 2.82690 
4(A — B)= 28° 10’ 54” c = 671.27 
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ExamMpLE 2. Givena=4,c=6, B=60°; find the third side 4 


Here Solution II may be used to advantage. We have 
b = Va? + c2? — 2ac cos B= V16 + 36 — 24 = V28; 
log 28 = 1.44716, log V28 = 0.72358, V28 = 5.2915; 


that is, 


10. 


b = 5.2915. 


EXERCISE XIX 


Given a = 77.99, 
find 4-51" 45), 

Given 6 = 872.5, 
find B = 60° 45! 2", 


Given a= 17, 
finds e( L2toaN, 
Given 6 = V5, 


find B = 93° 28'36", 


Given a= 0.917, 
find. A == 182° 18' 27", 


Given a = 13.715, 


find A = 118°55'49", 
Given 6 = 3000.9, 
find B = 65°13'51", 


. Given a = 4527, 


find A = 68° 29/15", 
Given a= 55.14, 

find A = 117° 24'32", 
Given a = 47.99, 

find A = 2°46'8", 


b = 83.39, Ca Te 1a 
B=56°30',  ¢=95.24. 

eg 0oo eee A= 80 

C = 39° 14' 58", a = 984.83. 


b=12, C= 59°17’; 
B=43°30'7T", ¢ = 14.987. 
c= V3, A = 35° 53'; 
C = 50° 38'24", a = 1.3131. 
6 = 0.312, C = 33°7'9"; 


B=14°34'24" ¢ = 0.6775. 
c= 11.214, B=15°22'36", 
C = 45°41'35", b = 4.1554, 

¢= 1587.2,  A=—86°4'4", 
C = 28°42'5", a@ =3297.2. 


b = 3465, C = 66°6!27"; 
B=45°24'18", ¢ = 4449, 
b = 33.09, C = 30° 24'; 


B= 32° 1128" ce Bh4ol: 


b = 33.14, C= 175° 19'10". 
B=1° 54'42", c= 81.066. 


11. If two sides of a triangle are each equal to 6, and the 
included angle is 60°, find the third side. 
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12. If two sides of a triangle are each equal to 6, and the 
included angle is 120°, find the third side. 


13. Apply Solution I to the case in which @ is equal to 6; 
that is, the case in which the triangle is isosceles. 


14. If two sides of a triangle are 10 and 11, and the included 
angle is 50°, find the third side. 


15. If two sides of a triangle are 43.301 and 25, and the 
included angle is 30°, find the third side. 


16. In order to find the distance between two objects, A 
and B, separated by a swamp, a station C was chosen, and the 
distances CA = 3825 yards, CB = 3475.6 yards, together with 
the angle ACB = 62° 31', were measured. Find the distance 
from A to B. 


17. Two inaccessible objects, A and B, are each viewed from 
two stations, C and D, on the same side of AB and 562 yards 
apart. The angle ACB is 62° 12', BCD 41° 8', ADB 60° 49’, 
and ADC 34° 51'; required the distance AB. 


18. Two trains start at the same time from the same station 
and move along straight tracks that form an angle of 30°, one 
train at the rate of 30 miles an hour, the other at the rate of 
40 miles an hour. How far apart are the trains at the end of 
half an hour ? 

19. In a parallelogram given the two diagonals 5 and 6, 
and the angle that they form 49° 18’; find the sides. 

20. Inatriangle one angle is 139° 54', and the sides forming 
the angle have the ratio 5:9. Find the other two angles. 


21. In order to find the distance between two objects, A 
and B, separated by a pond, a station C' was chosen, and the 
distances CA = 426 yards, CB = 322.4 yards, together with 
the angle ACB = 68° 42', were measured. Find the distance 
from A to B. 
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SECTION XLI 
Cass IV 


Given the three sides a, b, c; find the angles A, B, C. 
The angles may be found directly from the formulas estab. 
lished in Sect. XXXV, p. 66. Thus, from the formula 
a* = b* + c? — 2 be cos A, 


Ugh are 


cos A = 2 be 


From this equation formulas adapted to logarithmic work 
are deduced as-follows : 


OC 
For the sake of brevity, let - 
b in a+b+c=2s; ea oe 
then 6+c¢—a=2(s—a), 3 Pan J 
A 2 - > a—b+c=2(s—b), 


Fie. 63 and a+b—¢e=2(s—c). 


Then the value of 1 — cos A is 


fen Oe oe 2 0 Oe ee ee 


2 be 2 be 2 be 
_ (@+6b—c)(a—b+0) 
2 be 
_ 2(s —4)(s —¢) 
be f 


and the value of 1 + cos A is 
e+c—a* 2be+ 5? +6? — a? (6 + ¢)? — a? 
2 be 2d tae Se 2 be 


—_@+etra)b+o—a)_ 2s(s—a) 


_2 be bc 


ivr 
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But from Formulas [16] and [17], p. 58, it follows that 
1 — cos A = 2sin?4 A, and 1+ cos A = 2 cos*4 A. 


eee eer ee): aoe het ey peels) 
be be 
mtaurs[e=D 6-9 
whence sind A= ey re [28] 
“ Cnacbyns} A= a [29] 
and by [2],  tangA=a/G—)(6—9) ==". [30] 
s(s— 


By merely changing the letters, 


sing B= GI9G=9, sin¢ C= eooea)), 


s(s—b - 
ACS, if cos$¢ C= ue 


cos B= 


tan$ B= re act tan¢ C= eee 


There is then a choice of three different formulas for finding 
the value of each angle. If half the angle is very aear 0°, 
the formula for the cosine will not give a very accurate result, 
because the cosines of angles near 0° differ little in value; and 
the same holds true of the formula for the sine when half the 
angle is very near 90°. Hence, in the first case the formula 
for the sine, in the second that for the cosine, should be used. 

But, in general, the formulas for the tangent are to be 
preferred. 

It is not necessary to ae by the formulas more than 
two angles; for the third may then be found from the equation 


Aste Be tOe= NO) cs 
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There is this advantage, however, in computing all three 
angles by the formulas, that we may then use the sum of the 
angles as a test of the accuracy of the results. 

In case it is desired to compute all the angles, the formulas 
for the tangent may be put in a more convenient form. 

The value of tan $A may be written 


(sa) (3 — 6) (s — 6) 


s(s—a)? 
e —. BS OCR HEI 


Hence, if we put 


[(s — a) (s aut (s —c) = a 


r 
we have tans A= 


[32] 


S—a 


, 


7 
Likewi B= >—— = 
ikewise, tan4B yy tan 4 C es 


Exampie 1. Given a = 3.41, 6 = 2.60, c = 1.58; find the 
angles. 


Using Formula [80] and the corresponding formula for tan $B, we 
may arrange the work as follows : 


a= 3.41 colog s = 9.42079 cologs= 9.42079 — 10 
b = 2.60 | colog (s — a) = 0.41454 log(s —a)= 9.58546 — 10 
C= 1108 log (s — b) = 0.07737 colog(s — b) = 9.92263 — 10 
2's'= 7559 log (s — c) = 0.346387 log (8 — c) = 0.84537 
8 = 3.795 2 ) 0.25807 2) 19.27425 — 20 
8—a=0,885| log tan} A = 0.12903 log tan¢B= 9.63713 — 10 
s — 6=1.195 4A = 58° 23’ 20” + B = 23° 26’ 37” 
8 —c=2,215 A = 106° 46’ 40” B = 46° 53’ 14” 


«. A + B= 158° 30’ 64”, and C = 26° 20’ 6”, 
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Exampie 2. Solve Example 1 by finding all three angles 
by the use of Formulas [31] and [32]. 
Here the work may be compactly arranged as follows, if we find 


log tan$A, ete., by subtracting log (s — a), etc., from logr instead of 
adding the cologarithm : 


a= 3.41 log (s — a) = 9.58546 log tan 4A = 10.12908 

b = 2.60 log (s — b) = 0.07737 log tan$ B= 9.63713 

e= 1.58 log (s — c) = 0.84537 log tan¢C = 9.86912 
Ds Toe colog s = 9.42079 4 A = "58° 237207 
$= 3.795 log r2 = 9.42899 $B= 28°26 37” 
s—a= 0.385 logr = 9.71450 2G] 18210 3% 
s—6b=1.195 A = 106° 46’ 40” 


B= 46°53/ 14” 
C= 26° 207 6” 
Check, 4 + B+ C=180° 0’ 0” 


8 —c= 2.215 
2s = 7.590 (check). 


Norse. Even if no mistakes are made in the work, the sum of the 
three angles found as above may differ very slightly from 180° in conse- 
quence of the fact that logarithmic computation is at best only a method 
of close approximation. When a difference of this kind exists, it should 
be divided among the angles according to the probable amount of error 
for each angle. 


EXERCISE XX 


Solve the following triangles, taking the three sides as the 
given parts : 


A B Cc 
38° 52’ 48” | 126° 52’ 12” | 14° 15” 
82° 10’ 55” | 186° 23’ 50” | 11° 25’ 15” 
27° 20/ 32” | 148° 7’ 48% 9° 31’ 40” 


1 
2 
3 
4 42° 613” | 56° 6’ 36”| 81° 47" 11” 
5 16° 25’ 36” | 30° 24’ 133° 10’ 24” 
6 46° 49’ 35” | 57° 59 44” | 75° 10’ 41” 
7 26° 0° 29” | 43° 25’ 20” | 110° 34” 11” 
8 49° 34’ 58” | 58° 46’ 587} 71°38" 4” 
9 55.4363 | 66.9129 || 8°20’ 1”| 38°40’ 5” | 187° 59’ 54” 
10 V6 V7 || 51° 58’ 12” | 59° 317 48” | 68° 35’ 
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11. Given a = 6,b=8, c=10; find the angles. 

12. Given a = 6, b= 6, ¢=10; find the angles. 

13. Given a = 6, b= 6, c=6; find the angles. 

14, Given a = 6, b = 9, ce =12; find the angles. 

15. Givena =2,b=V6,c= V3—1; find the angles. 

16. Given a= 2,6 = V6,¢ = V3 +1; find the angles. 

17. The distances between three cities, A, B, and C, are as 
follows: AB=165 miles, AC = 72 miles, and BC = 185 miles. 
B is due east from A. In what direction is C from 4? What 
two answers are admissible ? 

18. Under what visual angle is an object 7 feet long seen 
by an observer whose eye is 5 feet from one end of the object 
and 8 feet from the other end ? 

19. When Formula [28] is used for finding the value of an 
angle, why does the ambiguity that occurs in Case IT not exist ?, 

20. If the sides of a triangle are 3, 4, and 6, find the sine of 
the largest angle. 

21. Of three towns, A, B, and C, A is 200 miles from B and 
184 miles from C, B is 150 miles due north from C. How far 
is A north of C'? 

22. The sides of a triangle are 78.9, 65.4, 97.3, Bet 
Find the largest angle. 

23. The sides of a triangle are 487.25, 512.33, 544.37, 
respectively. Find the smallest angle. 


24. Find the angles of a triangle whose sides are wt ’ 
V8—1, V3 respectivel nt 
oe fe . 
og a Oe 


25. The sides of a triangle are 14.6 inches, 16.7 inches, and 
18.8 inches, respectively. Find the length of the perpendic- 
ular from the vertex of the largest angle upon the opposite side. 
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SECTION XLII 


AREA OF A TRIANGLE 


CasE I 
When two sides and the included angle are given. 
0} 
c 
. a ih 
A c D B A ¢ B D 
Fic. 64 Fig. 65 
In the triangle ABC (Fig. 64 or 65), 
F= 4 (>< CD: 
Now, CD anata: 
Therefore, F = }ac sin B. [33] 
Also, F=tabsinC, and F=bcsin A. 
CasE II 
When a side and the two adjacent angles are given. 
sin A:sinC=a:c. (Sect. XXXIV, p. 65.) 
a sin C 
Therefore, == neha 2 
Putting this value of ¢ in Formula [33], 
_ asin B sin C 
So Pe 
But sin(B+ C) =sin(180°— A)=sin A. (Sect. XXV, p. 48.) 
a? sin B sin C 
= —————_: 34 
Hence, sin B+ 0) [54] 
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Case III 
When the three sides of a triangle are given. 
By Formula [12], p. 58, 
sin B= 2sin4 Bx cos$B. 
Now, by Formula [28], p. 81, 
ae 
and by Formula [29], p. 81, 
cos 4 [pi we RD) 


ac 


By substituting these values of sm4B and cos4$B in the 
above equation, we have 


sin B= Va@e—a)@—D)@—9). 


By putting this value of sin B in [33], we have 


= Vs(s — a) (s — b) (8s —C). [35] 


CasE IV 


When the three sides and the radius of the circumscribed 
circle or the radius of the inscribed circle are given. 
A If R denotes the radius of the 


circumscribed circle, we have, from 
Sect. XXXIV, p. 65, 


Sines — aR : 
5 By putting this value of sin B 
in [33], we have 
abc 


Fic, 66 
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If r denotes the radius of the inscribed circle, divide the 
triangle into three triangles by lines from the centre of this 
circle to the vertices; then the altitude of each of the three 
triangles is equal tor. Therefore, 


F=jr(a+b+c)=rs. [37 | 
By putting in this formula the value of F given in [35], 


as [(s = a) (8 = 8) =<), 


whence ¢, in [31], Sect. XLI, p. 82, is equal to the radius of 
the inscribed circle. 


EXERCISE XXI 


Find the area: 


1. Given a = 4474.5, 6 = 2164.5, C= 1167-30720" 
2. Given b= 21.66, ¢= 36.94; A’=66°4!-19": 
2, Given a = 510, bes 17s, B= 162° 30! 28". 
4. Given a = 408, 6= 41, c= 401. 
5. Given a = 40, Oras. Cae ie 
6. Givena=624,° 6=205, ce = 445. 
7. Given 6=149, 4 =70° 42'30", B= 39° 18! 28", 
8, Given a = 215.9, ¢ = 307.7, A = 25° 9! 31" 
9. Given b= 8, C= 8, A = G02. 

10. Given a =7, Cxd, > Aye 60°, 


11. Given a=60, B= 40° 35’ 12", area =12; find the 
radius of the inscribed circle. | 

12. Obtain a formula for the area of a parallelogram in 
terms of two adjacent sides and the included angle. 


13. Obtain a formula for the area of an isosceles trapezoid 
in terms of the two parallel sides and an acute angle. 
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14. Two sides and included angle of a triangle are 2416, 
1712, and 30°; and two sides and included angle of another 
triangle are 1948, 2848, and 150°. Find the sum of their areas. 


15. The base of an isosceles triangle is 20, and its area is 
100 + V3; find its angles. 


16. Show that the area of a quadrilateral is equal to one- 
half the product of its diagonals into the sine of their included 
angle. 


EXERCISE XXII 


1. From a ship sailing down the English Channel the Eddy- 
stone was observed to bear N. 33° 45' W., and after the ship 
had sailed 18 miles 8. 67° 30' W. it bore N. 11°15’ E. Find 
its distance from each position of the ship. 


2. Two objects, A and B, were observed from a ship to be 
at the same instant in a line bearing N. 15° E. The ship then 
sailed northwest 5 miles, when it was found that A bore due 
east and B bore northeast. Find the distance from A to B. 


3. A castle and a monument stand on the same horizontal 
plane. The angles of depression of the top and the bottom of 
the monument viewed from the top of the castle are 40° and 
80°; the height of the castle is 140 feet. Find the height of 
the monument. 


4. If the sun’s altitude is 60°, what angle must a stick make 
with the horizon in order that its shadow in a horizontal plane 
may be the longest possible ? 

5. Ifthe sun’s altitude is 30°, find the length of the longest 
shadow cast on a horizontal plane by a stick 10 feet in length. 

6. In a circle with the radius 3 find the area of the part 


comprised between parallel chords whose lengths are 4 and 5. 
(Two solutions.) 


CHAPTER V 
MISCELLANEOUS EXAMPLES 


PROBLEMS IN PLANE TRIGONOMETRY 


Fig. 67 


If two objects are not in the same horizontal plane with 
each other or with the point of observation, we may suppose 
vertical lines to be passed through the two objects and to 
meet the horizontal plane of the point of observation in two 
points. The angular distance of these two points is the dear- 
ing of either of the objects from the other. Thus, the angle 
C'OD! (Fig. 67) is the bearing of C from D. 

Nore. ‘‘ Problems in Plane Trigonometry’’ are selected from those 


published by Mr. Charles W. Seaver, Cambridge, Mass. The full set can 


be obtained from him in pamphlet form. 
89 
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EXERCISE XXIII 


RIGHT TRIANGLES 


1. The angle of elevation of a tower is 48° 19' 14", and 
the distance of the base from the point of observation is 
95 feet. Find the height of the tower and the distance of 
its top from the point of observation. 


2. From a mountain 1000 feet high, the angle of depression 
‘of a ship is 77° 35'11". Find the distance of the ship from 
the summit of the mountain. 


3. A flagstaff 90 feet high, on a horizontal plane, casts a 
shadow of 117 feet. Find the altitude of the sun. 


4. When the moon is setting at any place, the angle at the 
moon subtended by the earth’s radius passing through that 
place is 57'3". If the earth’s radius is 3956.2 miles, what is 
the moon’s distance from the earth’s centre ? 


5. The angle at the earth’s centre subtended by the sun’s 
radius is 16' 2" and the sun’s distance is 92,400,000 miles. 
Find the sun’s diameter in miles. 

6. The latitude of Cambridge, Mass., is 42° 22'49". What 
is the length of the radius of that parallel of latitude ? 

7. At what latitude is the circumference of the parallel of 
latitude half of that of the equator ? 

8. In a circle with a radius of 6.7 is inscribed a regular 
polygon of thirteen sides. Find the length of one of its sides. 

9. A regular heptagon, one side of which is 5.7 3, is 
inscribed in a circle. Find the radius of the circle. 

10. A tower 93.97 feet high is situated on the bank of a 


river. The angle of depression of an object on the opposite 
bank i is 25° 12! 54", Find the breadth of the river. 
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11. From a tower 58 feet high the angles of depression of 
two objects situated in the same horizontal line with the 
base of the tower, and on’ the same side, are 30° 13! 18" and 
45° 46'14". Find the distance between these two objects. 


12. Standing directly in front of one corner of a flat-roofed 
house, which is 150 feet in length, I observe that the hori- 
zontal angle which the length subtends has for its cosine ee 
and that the vertical angle subtended by its height has for its 


sine at What is the height of the house ? 
V34 


13. A regular pyramid, with a square base, has a lateral 
edge 150 feet long, and a side of its base is 200 feet. Find 
the inclination of the face of the pyramid to the base. 


14. From one edge of a ditch 36 feet wide, the angle of 
elevation of a wall on the opposite edge is 62° 39'10". Find 
the length of a ladder that will just reach from the point 
of observation to the top of the wall. 


15. The top of a flagstaff has been partly broken off and 
touches the ground at a distance of 15 feet from the foot of 
the staff. If the length of the broken part is 39 feet, find the 
length of the whole staff. 


16. From a balloon, which is directly above one town, is 
observed the angle of depression of another town, 10° 14' 9”. 
The towns being 8 miles apart, find the height of the balloon. 


17. From the top of a mountain 3 miles high the angle of 
depression of the most distant object which is visible on the 
earth’s surface is found to be 2°13'50". Find the diameter 
of the earth. 


18. A ladder 40 feet long reaches a window 33 feet high, 
on one side of a street. Being turned over upon its foot, it 
reaches another window 21 feet high, on the opposite side of 
the street, Find the width of the street. 
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19. The height of a house subtends a right angle at a 
window on the other side of the street; and the angle of 
elevation of the top of the house, from the same point, is 60°. 
’ The street is 30 feet wide. How high is the house? 


20. A lighthouse 54 feet high is situated on a rock. The 
angle of elevation of the top of the lighthouse, as observed 
from a ship, is 4° 52', and the angle of elevation of the top of 
the rock is 4° 2'. Find the height of the rock and its distance 
from the ship. 


21. A man in a balloon observes the angle of depression of 
an object on the ground, bearing south, to be 35° 30’; the 
balloon drifts 24} miles east at the same height, when the angle 
of depression of the same object is 23° 14’. Find the height 
of the balloon. 


22. A man standing south of a tower, on the same horizon- 
tal plane, observes its angle of elevation to be 54° 16’; he goes 
east 100 yards, and then finds its angle of elevation is 50° 8’. 
Find the height of the tower. 


23. The angle of elevation of a tower at a place A, south of 
it, is 80°; and at a place B, west of A, and at a distance of a from 
it, the angle of elevation is 18°. Show that the height of the 


: a ; Vivoot 
tower is ——————; the tangent of 18° being ————_——. . 
V242V65 V10 + 2V5 
24. A pole is fixed on the top of a mound, and the angles 
of elevation of the top and the bottom of the pole are 60° and 


30°, respectively. Prove that the length of the pole is twice 
the height of the mound. 


25. At a distance a from the foot of a tower, the angle 
of elevation 4 of the top of the tower is the complement of 
the angle of elevation of a flagstaff on top of it. Show that 
the length of the staff is 2 a cot 2 A. 
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26. A line of true level is a line every point of which is 
equally distant from the centre of the earth. A line drawn 
tangent to a line of true level at any point is a line of 
apparent level. If at any point both these lines are drawn, 
and extended one mile, find the distance they are then apart. 


27. In Problem 1, page 90, determine the effect upon the 
computed height of the tower of an error in either the angle 
of elevation or the measured distance. * 


OBLIQUE TRIANGLES 


28. To determine the height of an inaccessible object 
situated on a horizontal plane, by observing its angles of 
elevation at two points in the same line with its base, and 
measuring the distance between these two points. 


29. The angle of elevation of an inaccessible tower situated 
on a horizontal plane is 63° 26'; at a point 500 feet farther 
from the base of the tower the angle of elevation of its top is 
32° 14’. Find the height of the tower. 


30. A tower is situated on the bank of ariver. From the 
opposite bank the angle of elevation of the tower is 60° 13’, 
and from a point 40 feet more distant the angle of elevation 
is 50° 19'. Find the breadth of the river. 

31. A ship sailing north sees two lighthouses 8 miles apart, 
in a line due west; after an hour’s sailing, one lighthouse 
bears S.W., and the other 8.8.W. Find the ship’s rate. 

32. To determine the height of an accessible object situated 
on an inclined plane. 

33. At the distance of 40 feet from the foot of a tower on 
an inclined plane, the tower subtends an angle of 41° 19'; at 
a point 60 feet farther away, the angle subtended by the tower 
is 23° 45’. Find the height of the tower. 
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34. A tower makes an angle of 113° 12’ with the inclined 
plane on which it stands ; and at a distance of 89 feet from its 
base, measured down the plane, the angle subtended by the 
tower is 23° 27'. Find the height of the tower. 


35. From the top of a house 42 feet high the angle of 
elevation of the top of a pole is 14° 13'; at the bottom of 
the house it is 23°19’. Find the height of the pole. 


' 36. The sides of a triangle are 17, 21, 28. Prove that the 
length of a line bisecting the greatest side and drawn from 
the opposite angle is 13. 


37. A privateer, 10 miles S.W. of a harbor, sees a ship sail 
from it in a direction S. 80° E., at a rate of 9 miles an hour. 
In what direction, and at what rate, must the privateer sail 
in order to come up with the ship in 14 hours ? 


38. A person goes 70 yards up a slope of 1 in 34 from the 
edge of a river and observes the angle of depression of an 
object on the opposite bank to be 24°. Find the breadth of 
the river. 


39. The length of a lake subtends, at a certain point, an 
angle of 46° 24', and the distances from this point to the two 
extremities of the lake are 346 and 290 feet. Find the length 
of the lake. 


40. Two ships are a mile apart. The angular distance of 
the first ship from a fort on shore, as observed from the second 
ship, is 85° 14'10"; the angular distance of the second ship 
from the fort, observed from the first ship, is 42° 11! 53". 
Find the distance in feet from each ship to the fort. 


41. Along the bank of a river is drawn a base line of 500 
feet. The angular distance of one end of this line from an 
object on the opposite side of the river, as observed from the 
other end of the line, is 58°; that of the second extremity 
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from the same object, observed at the first, is 79°12. Find 
the breadth of the river. 


42. A vertical tower stands on a declivity inclined 15° to 
the horizon. A man ascends the declivity 80 feet from the 
base of the tower, and finds the angle then subtended by the 
tower to be 30°. Find the height of the tower. 


43. The angle subtended by a tower on an inclined plane is, 
at a certain point, 42° 17'; 325 feet farther down it is 21° 47’. 
The inclination of the plane is 8° 53’. Find the height of the 
tower. 


44. A cape bears north by east, as seen from a ship. The 
ship sails northwest 30 miles, and then the cape bears east. 
How far is it from the second point of observation? 


45. Two observers, stationed on opposite sides of a cloud, 
observe its angles of elevation to be 44° 56’ and 36° 4'. Their 
distance from each other is 700 feet. What is the height of 
the cloud ? 


46. From a point B at the foot of a mountain, the angle of 
elevation of the top A is 60°. After ascending the mountain 
one mile, at an inclination of 30° to the horizon, and reaching 
a point C, the angle 4CB is found to be 135°. Find the height 
of the mountain in feet. ; 


47. From a ship two rocks are seen in the same right line 
with the ship, bearing N. 15° E. After the ship has sailed 
northwest 5 miles, the first rock bears east, and the second 
northeast. Find the distance between the rocks. 


48. From a window on a level with the bottom of a steeple 
the angle of elevation of the steeple is 40°, and from a second 
window 18 feet higher the angle of elevation is 87° 30’. Find 
the height of the steeple. 
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49. To determine the distance between two inaccessible 
objects by observing angles at the extremities of a line of 
known length. 


50. Wishing to determine the distance between a church A 
and a tower B, on the opposite side of a river, 1 measure a 
line CD along the river (C being nearly opposite A), and 
observe the angles ACB, 58° 20'; ACD, 95° 20'; ADB, 53° 30'; 
BDC, 98° 45'. CD is 600 feet. What is the distance required? 


51. Wishing to find the height of a summit A, I measure a 
horizontal base line CD, 440 yards. At C, the angle of eleva- 
tion of A is 37° 18’, and the horizontal angle between D and 
the summit is 76° 18'; at D, the horizontal angle between C 
and the summit is 67°14’. Find the height. 


52. A balloon is observed from two stations 3000 feet apart. 
At the first station the horizontal angle of the balloon and the 
other station is 75° 25', and the angle of elevation of the balloon 
is 18°. The horizontal angle of the first station and the bal- 
loon, measured at the second station, is 64° 30’. Find the 
height of the balloon. 


53. Two forces, one of 410 pounds, and the other of 320 
pounds, make an angle of 51° 37’. Find the intensity and the 
direction of their resultant. 


54. An unknown force, combined with one of 128 pounds, 
produces a resultant of 200 pounds, and this resultant makes 
an angle of 18° 24' with the known force. Find the intensity 
and direction of the unknown force. 


55. At two stations, the height of a kite subtends the same 
angle A. The angle which the line joining one station and 
the kite subtends at the other station is B; and the distance 
between the two stations is a. Show that the height of the 
kite is } asin A sec B, 
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56. Two towers on a horizontal plane are 120 feet apart. A 
person standing successively at their bases observes that the 
angle of elevation of one is double that of the other; but, 
when he is half-way between them, the angles of elevation are 
complementary. Prove that the heights of the towers are 90 
and 40 feet. 


57. To find the distance of an inaccessible point C from 
either of two points 4 and B, having no instruments to meas- 
ure angles. -Prolong CA to a, and CB to d, and join AB, Ad, 
and Ba. Measure AB, 500; aA, 100; aB, 560; 0B, 100; and 
Ab, 550. Compute the distances 4C and BC. 


58. Two inaccessible points A and B are visible from D, 
but no other point can be found whence both are visible. 
Take some point C, whence 4A and D can be seen, and meas- 
ure CD, 200 feet; ADC, 89°; ACD, 50° 30'. Then take some 
point E, whence D and B are visible, and measure DE, 200 
feet; BDE, 54°30'; BED, 88° 30'. At Dmeasure ADB, 72° 30’. 
Compute the distance AB.’ 


59. To compute the horizontal distance between two inac- 
cessible points A and B, when no point can be found whence 
both can be seen. Take two points C and D, distant 200 yards, 
so that A can be seen from C, and B from D. From C meas- 
‘ure C'F, 200 yards to F, whence 4 can be seen; and from D 
measure DE, 200 yards to E, whence B can be seen. Measure 
AFC, 83°; ACD, 58° 30'; ACF, 54° 31'; BDE, 54° 30'; BDC, 
156° 25'; DEB, 88° 30’. 


60. A column in the north temperate zone is east-southeast 
of an observer, and at noon the extremity of its shadow is 
northeast of him. The shadow is 80 feet in length, and the 
elevation of the column, at the observer’s station, is 45°. 
Find the height of the column. 
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61. From the top of a hill the angles of depression of two 
objects situated in the horizontal plane of the base of the hill 
are 45° and 30°; and the horizontal angle between the two 
objects is 30°. Show that the height of the hill is equal to 
the distance between the objects. 

62. Wishing to know the breadth of a river from A to B, I 
take AC, 100 yards in the prolongation of BA, and then take 
CD, 200 yards at right angles to AC. The angle BDA is 
37° 18' 30". Find AB. 

63. The sum of the sides of a triangle is 100. The angle at 
A is double that at B, and the angle at B is double that at C. 
Determine the sides. 

64. If sin?A + 5 cos?A = 3, find A. 

65. If sin?A = m cos A — n, find cos A. 

66. Given sin 4 = m sin B, and tan A =n tan B; find sin A 
and cos B. 

67. If tan?A + 4 sin?A = 6, find 4. 

68. If sin A = sin 24, find A. 

69. If tan 2A =3 tan A, find A. 

70. Prove that tan 50° + cot 50° = 2 sec 10°. 

71. Given a regular polygon of » sides, and calling one of 
wthem a, find expressions for the radii of the inscribed and the 
circumscribed circles in terms of m and a. 

If P, H, D are the sides of a regular inscribed pentagon, 
hexagon, and decagon, prove P? = H? + D?. 


AREAS 


72. Obtain the formula for the area of a triangle, given two 
sides 6, c, and the included angle A. 

73. Obtain the formula for the area of a triangle, given two 
angles A and B, and included side ec. 
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74. Obtain the formula for the area of a triangle, given the 
three sides. 


75. If @ is the side of an equilateral triangle, show that 
a3 
4 


its area is 


76. Two consecutive sides of a rectangle are 52.25 chains 
and 38.24 chains. Find the area. 


77. Two sides of a parallelogram are 59.8 chains and 37.05 
chains, and the included angle is 72° 10’. Find the area. 


78. Two sides of a parallelogram are 15.36 chains and 11.46 
chains, and the included angle is 47° 30’. Find the area. 


79. Two sides of a triangle are 12.38 chains and 6.78 chains, 
and the included angle is 46° 24’. Find the area. 


80. Two sides of a triangle are 18.37 chains and 13.44 
chains, and they form a right angle. Find the area. 


81. Two angles of a triangle are 76° 54' and 57° 33! 12", 
and the included side is 9 chains. Find the area. 


82. Two sides of a triangle are 19.74 chains and 17.34 
chains. The first bears N. 82° 30'W.; the second S. 24°15! E. 
Find the area. 

83. The three sides of a triangle are 49 chains, 50.25 chains, 
and 25.69 chains. Find the area. 

84. The three sides of a triangle are 10.64 chains, 12.28 
chains, and 9 chains. Find the area. 

85. The sides of a triangular field, of which the area is 14 
acres, are in the ratio of 3, 5, 7. Find the sides. 

86. In the quadrilateral ABCD we have AB, 17.22 chains; 


AD, 7.45 chains; CD, 14.10 chains; BC, 5.25 chains; and the 
diagonal 4C, 15.04 chains. Find the area. 
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87. The diagonals of a quadrilateral are a and 8, and they 
intersect at an angle D. Show that the area of the quadri- 
lateral is 4d sin D. 


88. The diagonals of a quadrilateral are 34 and 56, inter- 
secting at an angle of 67°. Find the area. 


89. The diagonals of a quadrilateral are 75 and 49, inter- 
secting at an angle of 42°. Find the area. 


90. Show that the area of a regular polygon of 7 sides, of 
: : ma? 180° 
which one is a, is —— cot : 
4 n 


91. One side of a regular pentagon is 25. Find the area. 
92. One side of a regular hexagon is 32. Find the area. 
93. One side of a regular decagon is 46. Find the area. | 
94. Find the area of a circle whose circumference is 74 feet. 
95. Find the area of a circle whose radius is 125 feet. 


96. In a circle with a diameter of 125 feet find the area of 
a sector with an are of 22°. 


97. In a circle with a radius of 44 feet find the area of a 
sector with an are of 25°. 


98. In a circle with a diameter of 50 feet find the area of 
a segment with an are of 280°. 


99. Find the area of a segment (less than a semicircle) of 
which the chord is 20, and the distance of the chord from the 
middle point of the smaller are is 2. 


100. If v is the radius of a circle, the area of a regular 
180° 


circumscribed polygon of » sides is nr tan 


The area of a regular inscribed polygon is ake sin pulh 
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101. If ais a side of a regular polygon of n sides, the area 
180° 


‘ > , -uunvine pe! 
of the inscribed circle is rie cot? 
180° 


2 
i‘ : 5 5 Ta 
The area of the circumscribed circle is ay ese? 


102. The area of a regular polygon inscribed in a circle is 
to that of the circumscribed regular polygon of the same 
number of sides as 3 to 4. Find the number of sides. 


103. The area of a regular polygon inscribed in a circle is 
the geometric mean between the areas of an inscribed and a 
circumscribed regular polygon of half the number of sides. 


104. The area of a circumscribed regular polygon is the 
harmonic mean between the areas of an inscribed regular 
polygon of the same number of sides and of a circumscribed 
regular polygon of half that number. 


105. The perimeter of a circumscribed regular triangle is 
double that of the inscribed regular triangle. 


106. The square described about a circle is four-thirds the 
inscribed regular dodecagon. 

107. Two sides of a triangle are 3 and 12, and the inciuded 
angle is 30°. Find the hypotenuse of an isosceles right tri- 
angle of equal area. 


PLANE SAILING 


Plane Sailing is that branch of Navigation in which the 
surface of the earth is considered a plane. The problems 
which arise are therefore solved by the methods of Plane 
Trigonometry. 

The difference of latitude of two places is the are of a 
meridian comprehended between the parallels of latitude 
passing through those places, 
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The departure between two meridians is the arc of a parallel 
of latitude comprehended between those meridians. It dimin- 
ishes as the distance from the equator increases. 

When a ship sails in such a manner as to cross successive 
meridians at the same angle, it is said to sail on a rhumb-line. 
This angle is called the course, and the distance between two 
places is measured on a rhumb-line. ‘ 

If we consider the distance, departure, and difference of 
latitude of two places to be straight lines, lying in one plane, 
they form a right triangle, called the triangle of plane sailing. 
If ABC is a plane triangle, right-angled at B, and BC repre- 
sents the difference of latitude of .B and C, ACB will be the 
course from C to A, CA the distance, and D the departure, 
measured from B, between the meridian of A and that of B. 


108. Taking the earth’s equatorial diameter to be 7925.6 
miles, find the length in feet of the arc of one minute of a 
great circle.* 


109. A ship sails from latitude 43° 45' S., on a course 
N. by E. 2345 miles. Find the latitude reached, and the 
departure made. 


110. A ship sails from latitude 1° 45' N., on a course S8.E. 
by E., and reaches latitude 2° 31'S. Find the distance, and 
the departure. 


111. A ship sails from latitude 13° 17'S., on a course N.E. 
by E. ? E., until the departure is 207 miles. Find the distance, 
and the latitude reached. 


112. A ship sails on a course between S. and E. 244 miles, 
leaving latitude 2° 52'S., and reaching latitude 5°8'S. Find 
the course, and the departure. 


* The length of the arc of one minute of a great circle of the earth is 
called a geographical mile or a knot. In the following problems, this is 
the distance meant by the term ‘‘ mile,’’ unless otherwise stated. 
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113. A ship sails from latitude 32° 18' N., on a course 
between N. and W., a distance of 344 miles, and a departure 
of 103 miles. Find the course, and the latitude reached. 


114. A ship sails on a course between 8S. and E., making a 
difference of latitude 136 miles, and a departure 203 miles. 
Find the distance, and the course. 

115. A ship sails due north 15 statute miles an hour, for 
one day. What is the distance, in a straight line, from the 
point left to the point reached? (Take earth’s radius, 3962.8 
statute miles.) 


PARALLEL AND MIDDLE LATITUDE SAILING 


The difference of longitude of two places is the angle at the 
pole made by the meridians of these two places; or, it is the 
are of the equator comprehended between these two meridians. 


Fic. 68 Fie. 69 


In Parallel Sailing a vessel is supposed to sail due east or 
due west. The distance sailed is the departure made; and 
the difference of longitude is found as follows: 

116. Given the departure between any two meridians at 
any latitude; find the difference of longitude of any point on 
one meridian from any point on the other. 
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Soxzution. In rt. AODA, Z AOD = 90° — lat. 
| DA — sin (90° — lat.) = cos lat. 
OA 

The A DAB and O£Q are similar. 


DA AB DA AB 
Therefore, ered Ee 00 


Hence, 


AB 


Hence, cos lat. = EQ 


AB 
Therefore, EQ = ——— = AB x sec lat. 
cos lat. 


Gc i0 That is, Diff. long. = depart. x sec lat. 

117. A ship in latitude 42° 16’ N., longitude 72° 16’ W., 
sails due east a distance of 149 miles. What is the position 
of the point reached ? 

118. A ship in latitude 44° 49’ S., longitude 119° 42' E., 
sails due west until it reaches longitude 117° 16' E. Find 
the distance made. 

In Middle Latitude Sailing the departure between two places 
is measured on that parallel of latitude which lies midway 
between the parallels of the two places. Except in very high 
latitudes or excessive runs, this assumption produces no great 
error. Hence, in middle latitude sailing, 

Diff. long. = depart. x sec mid. lat. 


TMM ITNT 


Fig. 71 
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119. A ship leaves latitude 31° 14'N., longitude 42° 19! W., 
and sails E.N.E. 325 miles. Find the position reached. 

120. Find the bearing and distance of Cape Cod from 
Havana. (Cape Cod 42° 2' N., 70° 3’ W.; Havana, 23° 9’ N., 
82° 22' W.) : 

121. Leaving latitude 49° 57’ N., longitude 15° 16’ W., a 
ship sails between S. and W. till the departure is 194 miles, 
and the latitude is 47°18'N. Find the course, distance, and 
longitude reached. 

122. Leaving latitude 42° 30'N., longitude 58° 51’ W., a 
ship sails S.E. by 8. 300 miles. Find the position reached. 

123. Leaving latitude 49° 57' N., longitude 30° W., a ship 
sails 8. 39° W., and reaches latitude 47° 44' N. Find the 
distance, and longitude reached. 

124. Leaving latitude 37° N., longitude 32° 16’ W., a ship 
sails between N. and W. 300 miles, and reaches latitude 41° N. 
Find the course, and longitude reached. 

125. Leaving latitude 50° 10’S., longitude 30° E., a ship 
sails E.S.E., making a departure of 160 miles. Find the dis- 
tance, and position reached. 

126. Leaving latitude 49° 30’ N., longitude 25° W., a ship 
sails between S. and E. 215 miles, making a departure of 167 
miles. Find the course, and position reached. 

127. Leaving latitude 43° S., longitude 21° W., a ship sails 
273 miles, and reaches latitude 40°17'S. What are the two 
courses and longitudes which will satisfy the data ? 


128. Leaving latitude 17° N., longitude 119° E., a ship sails 
219 miles, making a departure of 162 miles. What four sets 
of answers do we get? 

129. A ship in latitude 30° sails due east 360 statute miles. 
What is the shortest distance from the point left to the point 
reached? Solve the same problem for latitude 45°, 60°. 
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TRAVERSE SAILING 


Traverse Sailing is the application of 
the principles of Plane and Middle Lati- 
tude Sailing to cases when the ship sails 
from one point to another on two or 
more different courses. Each course is 
worked by itself, and these independent 
results are combined, as may be seen in 
Fic. 73 the solution of the following examples. 


130. Leaving latitude 37° 16’ 8., longitude 18° 42' W., a 
ship sails N.E. 104 miles, then N.N.W. 60 miles, then W. by 
S. 216 miles. Find the position reached, and its bearing and 
distance from the point left. 

We have, for the first course, difference of latitude 73.5 N., 
departure 73.5 E.; for the second course, difference of latitude 
55.4 N., departure 23 W.; for the third course, difference of 
latitude 42.1 8., departure 211.8 W. 

On the whole, then, the ship has made 128.9 miles of north 
latitude, and 42.1 miles of south latitude. The place reached 
is therefore on_a parallel of latitude 86.8 miles to the north of 
the parallel left, that is, in latitude 35° 49.2' S. 

The departure is, in the same way, found to be 161.3 miles 
W.; and the middle latitude is 36° 32.6'. With these. data, 
and the formula after Example 118, we find the difference 
of longitude to be 201’, or 3° 21' W. Hence, the longitude 
reached is 22° 3! W. 

With the difference of latitude 86.8 miles, and the departure 
161.3 miles, we find the course to be N. 61° 43' W., and the 
distance 183.2 miles. The ship has reached the same point 
that it would have reached if it had sailed directly on a 
course N. 61° 43’ W. for a distance of 183.2 miles. 
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' 131. A ship leaves Cape Cod (Example 120), and sails 8.E. 
by 8. 114 miles, N. by E. 94 miles, W.N.W. 42 miles. Solve 
as in Example 130. 


132. A ship leaves Cape of Good Hope (latitude 34° 22'S., 
longitude 18° 30' E.), and sails N.W. 126 miles, N. by E. 84 
miles, W.S.W. %17 miles. Solve as in Example 130. 


8 
EXERCISE XXIV 


PROBLEMS IN GONIOMETRY 
Prove that: 

1. sina + cosa = V2 cos (a 1m). 
sin & — cos & = — V2 cos (« +37). 
sin @ + V3 cos # = 2 sin ( + 47). 
sin («+ 47r)+sin (@—17)=sing. 


cos (a + 4 7) + cos (wx — 37) = V3 cos a. 


oh Riek Set Reo 


tan « + seca = tan ($2447). 
P 


he aa SCC 0 ee ee 
sec x — tan x 


1—tane cotx—1 


S- 1 +tanz cote+1 
9. eta + Rs panes 2 ese x. 
1 -— cosa sin x 


10. tana + cota = 2 csc2 x. 
11. cot x — tan « = 2 cot 2a. 


12. 1+ tan z tan 2” = sec 2@. 


sec? x 
"A 13. sec2a= 


2 — sec? x 


14, 2sec 2” = sec (x + 45°) sec (a — 45°). 
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15. 


16. 


ic 


18. 


19. 


20. 


21. 
22. 


23. 


24, 


25. 


26. 
27. 


28. 
29. 
30. 
31, 
32. 
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. cosx+sinaz 
tan 2x” + sec 2 2 = ———_- 
cos « — sin x 


may 2 tan x 
sin 2 x = —————_: 
el stance 
; F 2 sin?a 
2sina + sin 2 2 = —————- 
1 — cos & 
f sin? 2 « — sin? o 
so 4. 
sin x 
3 tan « — tan®x 
tanow = 


1 = Stents 

tan2a+tang _ sinda 

tan2%—tanzx sing 

sin (# + y) + cos(@ — y) = 2 sin (w+}7)sin(y +47), 
sin (w + y) —cos (wy) =— 2 sin (@ —}7)sin(y—} 7). 


De ae nN SGN 
COS X COS ¥ 

sin 2a + sin2y 

cos 2% + cos 2y 

sina+cosy tan {}(~@+y)+ 45% 

sna—cosy tan §}(a—y) — 45° 


tan (@ +.y) = 


sin2a”+sin4a =2sin 32 cosa. 


sin4a = 4sin x cosaw — 8 sin®a cos x 
= 8 cos*x sin « — 4 cosasin a. 


cos4a%=1 — 8 cos?x+ 8 costx = 1—8sin?’a + 8 sinta 
cos 2% + cos4a = 2 cos 3% cos x. 
sin3a— sinzy =2cos22 sing. 

sin'x sin 8a + cos*a cos 3a = cos? 2 a. 


cos*« — sinta = cos 2a, 


33. 
34, 
35. 


36. 


37. 


38. 
39. 


40. 


41. 


42. 


43. 
44, 
45. 
46. 
47. 


48. 


49. 


50. 


51, 
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cos*x + sinta = 1 — 1 sin? 22. 
cos*a — sin’ = (1 — sin®’x cos’a) cos 2 x. 
cosa + sin'a = 1 — 3 sin?x cos?a. 


sin 3a + sin OD | 


SSS = aa 
cos8a2—cosd5z2 
sin3e24sin 52 

= 2 cos 2 @. 


sina + sin3a 
ese « — 2 cot 2x cos x = 2 sina. 
(sin 22 — sin 2 y) tan (a + y) = 2 (sin?x — sin*y). 


5 secxz cscax 

(1 + cot x + tan x) (sin x — cos x) = —,— — ——" 
esc?x sec?x 

In2 

: ; 4 sin?3 x 
sinz-+sin3a2+sind2 = ——- 
sin # 
3cosa2+ cos 32a 


3 sin « — sin 32 


sin 32 = 4 sin x sin (60° + a) sin (60° — 2). 


= cot? 2. 


sn4a=2sinzcos3a4sin 22. 
sina + sin(w —~37)+ sin(¢7—2)= 0. 
cos # sin (y — 2) + cos y sin (2 — #)+ cos # sin (# — y)= 0 


cos (« + y) sin y — cos (# + 2) sin z 
= sin (x + y) cos y — Sin (@ + #) COS z. 


cos (a + y + 2) + cos(a + y — %) + cos(x@ — y + #) 
+ cos(y + % — x)= 4 COS x COS COS @. 


sin (x + y) cos (x — y) + sin(y + 2) cos (y — 2) 

+ sin (2 + a) cos (2 — #%) = sin 2a+sin2y + sin 2¢. 
sin 75° + sin 15° 
sin 75° — sin 15° 


cos 20° + eos 100° + cos 140° = 0. 


= tan 60°. 


Sui 
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BO hee 'y = 


(a4 we a 3 ps th é 4 +t 4a a \ B =e A Ue at 2 Do. 


52. cos 36° + sin 36° — V2 cos 9°. 
63. tan 11° 16! -— 2 fan 22° 30’ = 4: tan 45° = cot 11215" 


If A, B, C are the angles of a plane triangle, prove that: 
54. sn2A-+sin2B+ sin2C =4smA sin Bsin C. 


5b. cos 2A + com2 B+ cos 2C =—1—4cosA cosBcosC 
5 : . 3A 3B Bib! 
56. sind A + sin 3 B+ sin3C =— 4 cos —- cos = cos 


57. cos?A + cos?B + cos?C = 1 — 2 cos A cos B cos C. 


If A+ B+C = 90°, prove that: 

58. tan A tan B + tan Btan C + tan Ctan A = 1. 
59. sin?A + sin?B+ sin?C =1—2sin Asm Bsn C 
60. sin2 A +sin2B+ sin2C =4cosA cos Beos C. 


Prove that: 

61. sin(sin-+# + sin-1y)=a2V1—y?+yvi1 —2% 
a # c+y é 

62. tan (tan—? t Lh) 

2. tan(tan~'x + tan—1y) ee 


AC 


63) Zita stan 7 a 


64, 2sin-?# = sin-1(2¢ V1 — 207), 
65. 2 cos—!x% = cos—} (2 x? — 1). 


DO — x 
Loo 


67. nl ve ee eras ce, 
y yY—x 


68. int ett teaniy!® =a 
“Lz yY—z 


66. 3tan-!a = tan} 


69. 


70. 


ues 
Ure 
73. 


74. 


+ 75. 


76. 
ake 


78. 


79. 
80. 
81. 
82. 
83. 
84. 
85. 
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: al 
sin—!a = sec-! ——_——.- 
V1 — x? 
We ,2Vxe?—1 
2 sec—!a = tan—! —_——__.. 


2 — 2 
tan—'4 + tan—14 = 45°. 
tan—*4 + tan} = tan-'¥4. 


sin—'3 + sin—1}2 = sin—143. 


sin-* : + 0 a ial =A Epo: 
V82 VAL 
sec”? + sec-143 = 75° 45!, 


tan—1(2 + V3) — tan-1(2 — V3) = sec—12. 


tan~*y + tan-*} + tan—*} + tan7"4 = 45°. , 


tan-? => + tan! 


1 — 22+ 42? 1+29¢+ 42? 


Given cos x = 3; find sin der and cos 2 @. 


Given tanz =}; find tan}. 
Given sin x + cos 7 = vi; find cos 2 x. 
Given tan 2” = 24; find sin x. 


Given cos 3a = 323; find tana. 


Given 2 ese x — cot x = V3; find sin }a. 


Find sin 18° and cos 36°. 


Find the value of : 


- 86. 
Tea ve 


88. 


310 
asec x +b csc x, when ia eA 
sin 8”, when sin 2” = V1 — m’. 


sin x, when tan?z + 3 cot?# = 4. 


= tan~!—. 
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2 x? 
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ese?a — sec?ax 


—.—_—__? when tan x = ee 
esc?a + sec?x 


89. 


90. cos x, when 5 tanx + secx = 5. 


a 


91. sec z, when tan x = ————=: 
V2a+1 


Simplify the following expressions : 

(cos a + cos y)? + (sin x + sin y)* 
cos*} (a — ¥) 

sin(a +2y)—2sin(@+y)+ sna 

cos (a + 2y)— 2 cos(a + y) + cosx 


ea sin(« —z)+ 2smex+sin(x+2) | 


sin (y — 2)+ 2siny + sin(y + 2) 


92. 


93. 


cos 6x — cos 4a 
D5 ee 
 sin6ae+sin4a 
96. tan~'(2” + 1)+ tan—1(2% — 1). 


Ii 1 1 uk 
He 1+ sin?z = 1 + cos?x 3 1 + sec?x i 1+ esc?a 


98. 2 sec?a — secta — 2 csc?a + eseta. 


SOLUTION OF SINGLE EQUATIONS 


To solve a single equation that involves different functions 
of the same angle, or the same or different functions of related 
angles, first transform the equation, if necessary, into an 
equivalent equation that involves a single function of the 
same angle. 

Employ the method of factoring, if possible, in the algebraic 
part of the solution. 

Completely solve each equation, and check the results by 
substitution in the given equation. 
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Solve cos x = sin 22. 


By [12], p. 58, 
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sin 2% = 2sin x cos. 


“COS @ = 2'sin 2 cos x. 


“. (1 —2sinz) cosa = 0. 


- cose = 0, orl —2 sing = 0, 
+. 0 = 90° Or 270°, or 80° or 150°: 


Each cf these values satisfies the given equation. 


Solve the following equations: 
99. 
100. 
101. 
102. 
103. 
104. 
105. 
106. 
107. 
108. 
09: 
110. 


sina = 2sin(¢7+4+ 2). 
sin 2” = 2 cos x. 
cos 2a = 2 sin z. 


sin « + cosz = 1. 


sin z + cos 2a = 4 sin?z. 


4cos2x4+ 38cosx2 =1. 


sinz -+sin22=sind@. 


sin 2a” = 3 sin?a — cos?za. 


cot 6 = htan 0. 
2 sin 6 = cos 6. 
2 sin?z7 + Oo sin © = o- 


tan «@ sec 7 = V2. 


122. 


= cos 2 a. 


123. 

124. 

125. tan’s = sin 2a. 
126. 

ae 1 — tan x 


1+ tan «x 


sin x = cos 2 a. 

tan x tan 2 a = 2, 

sec x = 4 csc a. 

cos 6+ cos 20=0. 
cot 0+ csc 0 = 2. 
cot « tan 2 2i= 3. 
sine sec 2 a= 1, 
sintg sin 2a =) 1. 
Cosa sim 2arese oes 1: 
cot x tan 2” = sec 2 a. 
sin 2% =cos4@. 


sin 2zcotz—sin?z=} 


tan « + tan 27 = tan 3a. 


cot x — tan x = sinx + cos @. 


tan « + cota = tan 22. 
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128. sin x + sin 2” = 1 — cos 22. 
129. sec2x+1=2cosz. 

130. tan 2a + tan3a = 0. 

131. tanga +2)+ tanga —2)=4. 


132. Vi-+ sine — V1 — sin z = 2 cos2. 


133. tan w-tan 3 x =— 2. 

134. sin (45° + a) + cos (45° — x)= 1. 
135. tanzx+secrx=a. 

136. cos 2% = a(1 — cos 2). 

137. (1 —-+tan x)cos 2% = a(1 + tan 2). 
138. sin®°x + cos*a = 7, sin? 2x. 

139. cos3a + 8 cos?a = 0. 

140. sec (a + 120°) + sec (a — 120°) = 2 cos a. 
141. cscx = cota + V3. 

142. 4cos2”4+ 6sinz=5 

143. cosa — cos 2a =1. 

144, sin4da — sin 2a =sin 2. 

145. 2sin*a + sin?2z = 2. 

146. cosd5a+cos3a-+ cosa =0. 

147. sec x — cotx = csc a — tan a. 

148. tan*x + cot?” = 1,0, 

149. sindaw — cos 3a =sin 22. 

150. sin x + cosa = sec 2. 

151. 2cosxcos32+1=0. 


152. cos8a—2cos2x%4+ cosx=0. 
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153. tan 2a tana =1. 

154. sin(# + 12°)+ sin(# — 8°) = sin 20°. 
155. tan (60° + x) tan (60° — x) = — 2. 
156. sin (w + 120°) + sin (a + 60°) = 3. 
157. sin(« + 30°)sin (@ — 30°) = }. 

158. sin*x + cos*x = §. 


Y é 


159. sin*x — cos‘x = J. 
160. tan (2 + 30°) = 2 cosa. 

161. secx =2tana +1. 

162. snilasm4a2-+ sindasin2a2 — 0. 

163. cosz mn cos 8x2+cos5x+ cosTx= 0. 
164. sin (# + 12°) cos(« — 12°) = cos 33° sin 57°. 
165. “sin7*a + sin” *1 a= 120°. 

166. tan—!z + tan-12a@ = tan—13 V3. 

167. sin—'x + 2 cos-'x = 3m. 

168. sin-?a + 3 cos—!a2 = 210°. 

169, tan 422 -+ 2. cot~*a@ = 135°. 

170. tan-1(a@ + 1)+ tan—*(# — 1) = tan~'22. 


MZ De ee 
Game hie x—1 


E7¥> Gant = 37. 


172.. tan™* ss = 60°. 

173. cos26sec0+ secd+1=0. 

174. sin x cos 2 tan x cot 2x seca csc 2x =1. 
175. sin} «(cos 2x” — 2) (1 — tan’x) = 0. 


Hint. Equate to 0 each factor except the second. The second factor 
cannot equal 0. 
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176. 
Ith 
180. 
181. 
182. 
183. 


184. 
185. 


186. 
187. 


188. 


189. 


(1) x cosa, «sinacosa+ysinfcosa=acosa. 
(2)xsna@a, gesnacosa+ycosPsina = bsina. 
y (sin 6 cos @ — cos 8 sin a) = acosa’— bsina. 


(3) = (4), 
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sin 3a = cos2a—1. 178. sin26=cos 368. 


tan « + tan 2x = 0. 179. (3—4 cos*x) sin 2x = 0. 


sin « + sin2a+smda= 0. 

sin @ + 2sin260+3sin30=0. 
sin2a cos?a — cos?a — sin*’z +1=0. 
sin x + sinda = cose — cos 3x. 

e — V1 — tan?) cos 2x2 vers3x2= 0. 
tan (9 + 45°) = 8 tan 6. 

sin (a — 30°) = } V3 sin a. 

tan (6 + 45°) tan 0 = 2. 


sin-!} a = 30°. 


SYSTEMS OF EQUATIONS 


Solve for x and y the system 
xsina+ysinB=a, 


xcosa+ycosB=b. 


_ acosa@ —bsina 


sin (B — @) 
Similarly, pee fad Mo SS 

sin (8 — @) 
190. Solve for « and y the system 


sina + siny =a, 


cos x + cosy = b. 


(1) 
(4) 
(3) 
(4) 
(6) 


(1) 
(2) 
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Transform (1) and (2), by Sect. XXXII, 
by [20], p. 59, 2sin4(@ + y)cos$(x — y) =a, 
by [22], p. 59, 2cos4(% + y)cosd4(x@ ~ y) = b. 


(8) + (4), tan $(« + y) => 
epee - a k 
: es aaa 


Substitute value of sin 4(@ + y) in (8), 
cos$(@ — y) = + Va? + B2, 


From (5), et+y=2 tan—1. 
From (7), x —y=2cos—1}4 Va? + 62, 
Whence C— tale + cos—!4 Va? + 62, 

and y = tan-15 — cos-14 Va? +0 


191. Solve for r and 6 the system 


rsiné=a, 


7 cos 0 = d. 
(1) + Q), tan @= 
From (3), 6= tan-1¢ . 


Square (1) and (2) and add, 
7? (sin? 6 + cos? 6) = a? + b?. 
ST alt Us. 


192. Solve for r and @ the system 
rsin(@+ a)=a, 
r cos (6 + B)= b. 


Expand (1) and (2), 
rsiné@cosa+yrcosésina=a. 
rcos §cosB — rsin @ sin B = dD. 
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(1) 
(2) 
(3) 
(4) 


(1) 
(2) 


(3) 
(4) 


Now solve (3) and (4) for r sin @ and r cos , as in Example 189. Then 


solve for r and 6, as in Example 191. 
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193. Solve for 7, 6, and ¢ the system 
r cos ¢ sin 6 =a, 
7 cos cos 6 = 4, 
7 sin d =. 
(1) + (2), tan 9 = Gs tanh, 
Square (1) and (2) and add, 
r2 cos? ¢ = a? + b?. 
c 
(3) + (5), tan ¢ = eal 
Square (8) and add to (5), 
72 = a? + 5? + c?. 
“Yr = Val + 2 + c2. 


2. oO = tant 


c 
V a2 + b2 


Solve the following systems for 7, 6, ¢, x, and y: 
194. x sin 21° + y cos 44° = 179.70, 
x cos 21° + y sin 44° = 232.30. 


195. sin w — sin y = 0.7038, 
cos x — cos y = — 0.7245. 


196; r sin 6 = 92.344, 
r cos 8 = 205.309. 
197. rsin (6 — 19°18') = 59.4034, 
r cos (6 — 30° 54') = 147.9347, 
198. 7 cos ¢ cos 6 = — 46.7654, 
rsin ¢ cos 6 = 81, 
r sin 6 =— 54. 
199. Eliminate @ from the system 
© = 7(6 — sin 0), 
y =r(1 — cos 6). 


Hint. 1—cos6=vers@ ..0= vers~12. . 


(1) 
(2) 
3) 
(4) 


(5) 


: (6) 


(7) 


CHAPTER VI 
CONSTRUCTION OF TABLES 
SECTION XLII 
LOGARITHMS 


Properties of Logarithms. Any positive number except unity 
being selected as a dase; the index or exponent which the base 
must have to produce a given number is the logarithm of that 
number to the given base. 

Thus, if a*"=N, then n= log,N. 

n = log,N is read, is equal to log N to the base a. 

Let a be the base, M and N any positive numbers, m and n 
their logarithms to the base a; so that 


aM, Ca eNis 

m = log, M, n = log, N. 
Then, in any system of logarithms: 
1. The logarithm of 1 is 0. 


For, a =I: go ) selog_ 1. 
2. The'logarithm of the base itself is 1. 
For, a= a. sty LeceOl Gas 


3. The logarithm of the reciprocal of a positive number is 
the negative of the logarithm of the number. 


i 
For, if a*=N, then ies ee 
1 
ans tog. (+ = —n=-— log,N. 
119 (i - 5b 
, A t & m is = 
i ¢ 100 j 
e hy gr ae ater 
foal? ir e& ios 
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4. The logarithm of the product of two or more positive 
numbers is found by adding together the logarithms of the 
several factors. 

For, DES GIN NST ED THLE 

-.. log,(M@ x N) =m +n = log, M + log, N. 

Similarly for the product of three or more factors. 


5. The logarithm of the quotient of two positive numbers 
is found by subtracting the logarithm of the divisor from the 
logarithm of the dividend. 


For, 


10g: (*) =m — n= log, M — log, N. 


6. The logarithm of a power of a positive number is found 
by multiplying the logarithm of the number by the exponent 
of the power. 

For, | NPs) * ae 

-*. lop eCN®} =p =p logs Nn 
7. The logarithm of the real positive value of a root of a 


positive number is found by dividing the logarithm of the 
number by the index of the root. 


For, VN = Va" =a. 
r T 
a3 log, VNe= = logaN . 
Bs 


Change of System. Logarithms to any base a may be con- 
verted into logarithms to any other base 0 as follows: 


Let N be any number, and let 
n =log,N and m = log,N. 
Then, Ni a" and aV =o" 


RO =O 


; 
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Taking logarithms to any base whatever, 
n log a = m log 6, 
or, log a x log,N = log b x log, N, 


from which log, V may be found when log a, log é, and log, N 
are given; and conversely, log, N may be found when log a, 
log 6, and log, N are given. 

Two Important Systems. Although the number of different 
systems of logarithms is unlimited, there are but two systems 
which are in common use. These are: 


1. The common system, also called the Briggs, denary, or 
decimal system, of which the base is 10. 


2. The natural system of which the base is the fixed value 
which the sum of the series 


kes a 1 
I+7+i9t {937 1934 


approaches as the number of terms is indefinitely increased. 
This fixed value, correct to seven places of decimals, is 
2.7182818, and is denoted by the letter e. 

The common system is used in actual calculation; the 
natural system is used in the higher mathematics. 


cake 


EXERCISE XXV 

1. Given log;,2=0.30103, log,,3 =0.47712, logio7 =0.84510; 
find log1)6, logy14, logy)21, logy4, logy12, logiod, logics, 
logiod, logiog, logio$}- 

2. With the data of Example 1, find log,10, log,5, log,5, 
log, }, logs 523: 

3. Given log, e = 0.438429; find log,2, log,3, log.5, log,7, 
log.8, log,9, log, 3, log.4, log, $4, log. go- tog 5_ =F 

4. Find x from the equations 5* = 12, 16*= 10, 27* = 4. 
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SECTION XLIV 
EXPONENTIAL AND LOGARITHMIC SERIES 


Exponential Series. By the binomial theorem, 


rat SET nh Ls ee 

n n lees, n 
na (na — 1) (nx — 2) 

a 1.2.3 . 


a Sinn) oes eee 


E 8 

This equation is true for all real values of x, since the bino- 
mial theorem may be extended to the case of incommensurable 
exponents (Wentworth’s College Algebra, § 299); it is, how- 
ever, true only for values of m numerically greater than 1, since 


ce Bn $ 


3 


1 
n 


sere Gy 


: must be numerically less than 1 (College Algebra, § 418). 


As (1) is true for all values of a, it is true when a = 1. 


; 2 
1\e tse (2-2)(2-2) 
o(1+h)a1tit—et pA 2k oe 


E E Jee) 


m [TOs 


Hence, from (1) and (2), 


ees 
te ee 
[2 
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This last equation is true for all values of » numerically 
greater than 1. Taking the limits of the two members as n 
increases without limit, we obtain 


(141+ =yonge ee ea! 
CCT oe eae 
and this is true for all values of x. It is easily seen that both 
series are convergent for all values of 2. 
The sum of the infinite series in parenthesis is the natural 
base e. 


od 
chaos (3) 


3 


m2 
Henes, by (8), e@=1te to tig + (4) 


To calculate the value of e, we proceed as follows: 


1.000000 
2| 1.000000 
3/ 0.500000 
4) 0.166667 
5| 0.041667 
6| 0.008333 
7| 0.001888 
8} 0.000198 
9} 0.000025 

0.000003 


Adding, e = 2.71828. 
To ten places, e = 2.7182818284. 


Limit of (a 4+. =)" By the binomial theorem, 
n 


n(n — 1) a” 

le? a 

n(n — 1) (n — 2) a 
(06358 ee 


(24214024 
n n 


+ 
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This equation is true for all values of n greater than « 
(College Algebra, § 418). Take the limit as increases with- 
out limit, « remaining finite; then 


aes ne 3 
ae (1+2)= L+etetete 
n z 


n=o TB 
+ limit Le oe 
=e = tm (a+2) (5) 
Logarithmic Series. 
Let y = log, i+); 
then ay Ce ee eae + x) . 


If 1 is merely a large number, but not infinite, 


(144) a14246 


where ¢« is a variable number which approaches the limit 0, 
when m increases without limit. Hence, 


(oS aes 
y=nVitete—n 


If m increases without limit, and consequently « approaches 
0 as a limit, we have 


y= Sey [n Al eee n}\. 


[o.) 


If a is less than 1, we may expand the right-hand member 
of this equation by the binomial theorem. The result is 


po aee[s{i+det3G-tet joa] 
. Aone G-)G-2)5+-] 


CONSTRUCTION OF TABLES 125 


i 1 x 3 
eine og, ( ee Sg a pg 

This series is known as the logarithmic series. It is con- 
vergent only if x hes between — 1 and +1, or is equal to + 1. 
Even within these limits it converges rather slowly, and for 
these reasons it is not well adapted to the computation of loga- 
rithms. A more convenient series is obtained as follows. 


Calculation of Logarithms. The equation 


2 ap a* 
ge y=y=5 45 oot (1) 


holds true for all values of y numerically less than 1; there- 
fore, if it holds true for any particular value of y less than 1, 
it will hold true when we put — y for y; this gives 


log, (1—y)=-y-S-¥-#-.. gy 
Subtracting (2) from (1), since 
if 
log. (1 + y) — log. — y)= oe. (7 +1), 


aa Se Bog Cet 
we find log, ptt) a 2(y eB Et . 
a 
Put eS PTI te 
then aig nel 
1-y z 
and log, ( - *) = log, (2 + 1) — log,z 


il 1 i 
=2(satsacppt poset) 


This series is convergent for all positive values of z. 
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Logarithms to any base a can be calculated by the series : 


log, (2 + 1) — log,z 


0 ae 1 1 
= 2.(s4y tp treet ) 


Exampie. Calculate log,2 to five places of decimals. 


Let 2=1; then 2+1=2, 2241=3, 
2 2 2 Z 
and oy (08s H ales sc ah 6 soe oe aa 


The work may be arranged as follows: 


3|2.000000 
9) 0.666667 = 1 = 0.666667 
9|0.074074 + 3 = 0.024691 
9|0.008230 ~ 5 = 0.001646 
9|0.000914 + 7 = 0.000131 
9{0.000102 + 9 = 0.000011 
0,000011 + 11 = 0.000001 
log.2 = 0.693147 


Norr. In calculating logarithms the accuracy of the work may be 
tested every time we come to a composite number by adding the logarithms 
of the several factors. In fact, the logarithms of composite numbers are 
best found by addition, and then only the logarithms of prime numbers 
need be computed by the series. 


EXERCISE XXVI 


Calculate to five places of decimals log, 3. 
Calculate to five places of decimals log,5. 
Calculate to five places of decimals log,7. 


Calculate to ten places of decimals log,10. 


Ce Bee RS 


Calculate to five places of decimals logy) 2, log,)e, logy) 11. 
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SECTION XLV 
TRIGONOMETRIC FUNCTIONS OF SMALL ANGLES 


Let AOP (Fig. 74) be any angle less than 90° and 2 its cir- 
cular measure. Describe a 
circle of unit radius about 
O as a centre and take 
ZAOP'=—ZAOP. Draw 
the tangents to the circle at 
P and P', meeting OA in 7. 
Then, from Geometry, 


chord PP'< are PP! 
<prsP'T, 


or, by dividing by 2, Fie, 74 
WEP Saree Pipl, 


or sin «<a < tan x. 
Hence, dividing by sin z, 
x 
= <= 866 2, 
sin x 


ibs =S 2 > cos x. (1) 


sin x 


Then lies between cos x and 1. 


If now the angle x is constantly diminished, cos « approaches 
the value 1. 


Accordingly, the limit of =~ 


x 
Sui. 
In other words, if x is a very small angle, then es differs 


» as x approaches 0, is 1. 


from 1 by a small value ¢;. and this small value « approaches 
0 as x approaches 0. 
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ExAmMpLe. To find the sine and cosine of 1’. 
If x is the circular measure of 1’, 


Qe __ 3.14159+ 


“= 360 x 60 10800 


= 0.00029088 +, 


the next figure in « being 8. 
Now sina >0 but<«; hence, sin 1’ les between 0 and 
0.000290889. 


Again, cos 1! = V1 — sin?1'>-V1 — (0.0003)? > 0.9999999. 
Hence, COs 10999 9999--3 
But, from (1), sin x > x Cos x. 
.. sin 1'> 0.000290888 x 0.9999999 
> 0.000290888 (1 — 0.0000001) 
> 0.000290888 — 0.0000000000290888 
> 0.000290887. 


Hence, sin 1' les between 0.000290887 and 0.000290889 ; 
that is, to eight places of decimals 


; sin 1' = 0.00029088+, 
the next figure being 7 or 8. 


EXERCISE XXVII 


Given 7 = 3.141592653589 : 


1. Compute sin 1’, cos 1', and tan 1’ to eleven places of 
decimals. 


2. Compute sin 2’ by..the same method, and also by the 
formula sin 2% = 2sinacosa. Carry the operations to nine 
places of decimals. Do the two results agree ? 


3. Compute sin 1° to four places of decimals. 
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4. From the formula cos « = 1 — 2 sin? a show that 
fie 
cos & > 1 — 2" 


5. Show by aid of a table of natural sines that sin x and a 
agree to four places of decimals for all angles less than 4° 40’. 


6. If the values of log x and log sin x agree to five decimal 
places, find from a table the greatest value # can have. 
SECTION XLVI 
SIMPSON’S METHOD OF CONSTRUCTING A TRIGONOMETRIC TABLE 


By Sect. XXXII, p. 59, 
sin(A + B)+ sin(A — B)=2 sin A cos B. 


If we put A=“+2y, B=y, 
we have sin(a#+3y)+sin(# + y)=2sin(#+ 2y)cosy, 
or sin (x +3 y)=2sin(# + 2y)cos y — sin(x +). 


Similarly, cos (a + 3 y) = 2 cos(a + 2y) cos y — cos(a+ y). (1) 
If y = 1’, the last two equations become 
sin (x + 3') = 2 sin (x + 2')cos 1'— sin(x + 1'), 
cos (a + 3') = 2 cos (x + 2") cos 1'— cos(a + 1’). 
Hence, taking x successively equal to — 1', 0', 1', 2',---, we 


obtain 
sin 2' = 2 sin 1' cos 1’, 


: : fg Pe 
sin 3! = 2 sin 2' cos 1' — sin 1’, 
sin 4! = 2 sin 3’ cos 1! — sin 2’, 
cos 2’ = 2 cos?1' — 1, 

cos 3! = 2 cos 2' cos 1' — cos 1', 
cos 4! = 2 cos 3' cos 1' — cos 2', 
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Since sin 1' and cos 1! are known, these equations enable us 
to compute step by step the sine and cosine of any angle. 
The tangent may then be found in each case as the quotient 
of the sine divided by the cosine. 

This process need be carried only as far as 30°. For 


sin (30° + w)+ sin (80°—a#)= 2 sin. 30° cos: a = Gos.a, 
cos (30° + x) — cos (30° — x) =— 2 sin 30° sin « = — sin a. 
.. sin(30°+4+a)= cosa — sin(30° — x), 

cos (30° + x) =— sin x + cos (30° — a). 

Moreover, the sines and cosines need be calculated only to 
45°, since 

sin (45° + x) = cos (45° — a), 

cos (45° + x) = sin (45° — 2). 
In using this method, the multiplication by cos 1', which 


occurs at each step, can be simplified by noting that 
cos 1’ = 0.9999999 = 1 — 0.0000001. 


Nots. Simpson’s method is superseded in actual practice by much 
more rapid and convenient processes in which we employ the expansions 
of the trigonometric functions in infinite series. 


EXERCISE XXVIII 


1. Compute the sine and cosine of 6' to seven decimal places. 
In Formula (1) let y=1°. Assuming 
sin 1° = 0.017454+, cos 1° = 0.999848+; 
Compute the sine and cosine of two degrees. 
Compute the sine and cosine of three degrees. 


Compute the sine and cosine of four degrees. 


Ge ik oy 


Compute the sine and cosine of five degrees. 
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SECTION XLVII 
DE MOIVRE’S THEOREM 


Expressions of the form 
cos x + isin a, 


when i = V—1, play an important part in modern analysis. 
Given two such expressions, 


cose«+isinz, cosy+isiny 
their product is 
(cos x + isin x) (cos y + 7sin y) 
= cos & cos y — Sin x sin y + 7(cosa@ sin y + sin x Cos ¥) 
= cos(a#+y)+7sin(a + y). 
Hence, the product of two expressions of the form 
cosx+ising, cosy +isiny 


is an expression of the same form in which « or y is replaced 
by «+y. In other words, the angle which enters into such a 
product is the sum of the angles of the factors. 

If x and y are equal, we have at once, from the preceding, 


(cos x + 7sin x)* = cos 24+ ésin 2a; 
and again, 
(cos « + 7sin x)* = (cos x + isin x)? (cos x + 7 sin x) 
= (cos 2x4 + isin 2a) (cosa +2sin x) 
=cossa+tisnd«. 
Similarly, 
(cos x + isin x)* = cos4a% +7 sin 42, 
and in general, if 7 is a positive integer, 


(cos x + isin x)” = cos nz + isin na. (1) 
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Hence, 


To raise the expression cos x + isin x to the nth power when 
n is a positive integer, we have only to multiply the angle x by n. 


Again, if n is a positive integer as before, 


n 
cos -+zsin— ]=—cosx+25sIn@. 
n n 
1 


ae A ere ee 
*. (cos x +7 s8in x)" = cos— +78in -- 
n nN 


Since, however, « may be increased by any integral multiple 
of 27 without changing cos x + 7sin 2, it follows that all the 
nm expressions, 


oe ne AG a I Gre 
cos — +72s81n —> S08 ce See pee ae 
n n n n 


cos =t47 + isin 2 +47 +. 


(n —1)2 , + 
cos TO 1) GR et rfsnale. 1) 27 


n 


are nth roots of cos «+7sina. There are no other roots, since 


cos —————- + 2 sin 


xtn2mr,,. «+n27r 
n n 


= cos (E+20)+isin(Z 42m) = cos! + isin’, 
” 1) n nm 


2 ( 
and cog HOH DAT Yi sin + cabo EAs 


n 
= cos (427 F 2m) + isin (422 +20) 


et+2r,.. “+27 
+ 2 sln ———» 
n n 


= COS 


and so on. 
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Hence, if n is a positive integer, 


1 
(cos x + isin a)" 


= cos SHEET 4 i gin tt 2 he (i = 0, 1, 2,.--m—1). (2) 
From (1) and (2) it follows at once that if m and n are 
positive integers, 
(cos x + ¢sin Se §(cos x + 7 sin nyrym 
= cos (w + 2 kr) +isin™ (@ + 2km) 


(k=0, 1, 2,---n—1). (8) 


- ° mm. ° . 
Finally, if — — is a negative fraction, 
nN 


_m 1 
(cosa +ising) "= — 
(cos a + 7 sin a)” 
il cos x —7 sin x 
But SSS = aa aa 
cosx-+i7sin x (cos # + 7 sin x) (cos x — 7 sin ~) 
cos x — isin x 
~ gos?a + sin2a 
=cosx —isina 


= cos (— #) +7 sin (— 2). 


213 


Hence, (cosa +i sinz) "= $cos(—a#) +7 sin(—a)? 
cos (a + 2kn) +i (—2+2km), 
n nN 
(i= Opel 22 1) 


= cos {— "(e+ 2hn)}+isin{ —T@ +2km) jy 
(Ee ee en tee (4) 
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Consequently, if » is a positive or negative integer or 
fraction, 


(cosa +7 sina)” =cos[n (e+2k7r)]+7sin[n(«#+2kr)], 
- (k=0,1, 2,---%—1). () 


Exampte. Find the three cube roots of — 1. 


We have — 1=cos 180° + 7 sin 180°. 
180°+2knr .., 180°+4+2kz 
~(-pie cos e4 sin =" = 6,452): 
For the three cube roots of — 1 we find, therefore, 
cos 60° + 7 sin 60°, cos 180° + isin 180°, cos 300° + 7 sin 300°, 
1+iv3 ae iv3 
a REE Pah ees 


or 
2 2 


By aid of De Moivre’s Theorem, we may express sin »@ and 
cos n6, when m is an integer, in terms of sin 6 and cos @. 
Thus, cos n6 + 7 sin nO = (cos 6 + 7 sin 6)” 


n(n — 1) 
2 


= cos"@ + in cos"—!6 sin @ 4+ 7? cos*—?@ sin?6 


+ 7 we cos"—°@ sin? @ + --- 


Or, since ®=—1, ®=—7,4=+1, --., 
cos nO + 7 sin nO = cos"@ + in cos"—!6 sin 6 
_ na(m—1) .n(n—1)(n—2) 
[3 


n—2 72 
sas Cepia as 6 sin? — 7 


Equating now the real parts and the imaginary parts sepa- 
rately, we obtain 


cos”—°6 sin?@+..-. 


cos n6 = cos" 6 — cos"—? 6 sin?@ 


2 
4+ BOD 2) — 3) as 


n(n — 1) 
sine 


s*> 70 sin" = ~~ 
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sin n§ = n cos"—!@ sin 6 os je aes) cos"—*@ sin? @ 


aes == Fy —_ aaa 
+ n(n —1)(m os Divo) cos"~°6 sin’ é — --- 


EXERCISE XXIX 


Find the six 6th roots of —1; of +1. 

Find the three cube roots of 7. 

Find the four 4th roots of — 7. 

Express sin 46 and cos 46 in terms of sin 6 and cos 6. 


ike Se! Mee 


SECTION XLVUI 
EXPANSION OF SIN X, COS X, AND TAN X IN INFINITE SERIES 


Let one radian be denoted simply by 1, and let 
cos1+isinl=k. 
Then cos x + isin « =(cos1 + isin1)*= k*, 
and, putting — x for a, 
cos (— x) + 7 sin (— x) = cos x — tsi bee 
That is, cosa +isina = k*, 
and cos 2 — ising =k. 


By taking the sum and difference of these two equations, 
and dividing the sum by 2 and the difference by 27%, we have 


1 7 1 = — x 
cose = 5 (Lk? 4+- k-*), sin 2 = 5 4h"). 


But k= = (ele ®)e p= gee. k- a gn EF 


x? (log k)? a x (log k)? 


Mh Ue 


and «= ¢*sF§ — 1 + x2 log k + 
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— x 1o; k— vas a * (log k)* _ «* (log k)* aoe 
e~ elon — 1 log k + B + 


; Solo psy ye Ce eg ele ke 
- Cos w= 5 (hk +k ag ag ON an [4 a iO Or 


LE SE a® (log k)®? | x® (log k)® 


It only remains to find the value of 4, and this can be 
obtained by dividing the last equation through by @ and 
letting « approach 0 indefinitely. 


Then we have 
Ho (282) — Laog 


x 
limit (/sinaw\ _ 
But ma (SE) 
log Je =a. 
kh=e. 


Therefore, we have 


i at 
COs & = 5 (e+ eH OE ia ha etatet 


sin a 205 1727 
eat Mavi Sg ey 2+5 oe 


By the aid of these series the trigonometric functions of any 


angle are readily calculated. 
In the computation it must be remembered that a is the 


circular measure of the given angle. 
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EXERCISE XXX 


Verify by the series just obtained that: 
1. sin*a -+ cosa = 1. 
2. sin (— 2) = — sin# and cos (— x) = cosa. 
3. sin 2a = 2 sin x cos &. 
4. cos 2% = 1 — 2 sin*z. 


5. Find the series for sec as far as the term containing 
the 6th power of z. 


6. Find the series for x cot x, noting that 


a 
FCO id —— COS &. 
sin x 


7. Calculate sin 10° and cos 10° to five places of decimals. 
8. Calculate tan 15° to five places of decimals. 
9. From the exponential value of cos x show that 

cos 3a = 4 cos*x — 3 cosa. 


10. From the exponential value of sin x show that 
sin 32 =3 sing —4 sina. 


SPHERICAL TRIGONOMETRY 


CHAPTER. VII . 
THE RIGHT SPHERICAL TRIANGLE 
SECTION XLIX 
INTRODUCTION 


The object of Spherical Trigonometry 1s to explain the 
method of solving spherical triangles. To solve a spherical 
triangle is to compute any three of its parts when the other 
three parts are given. 


Fie. 75 Fic. 76 


The sides of a spherical triangle are ares of great circles. 
Thus, AB (Fig. 76) is an arc of a great circle. The sides of a 
spherical triangle are measured in degrees, minutes, and sec- 
onds, and therefore by the plane angles formed by radii of 

139 
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the sphere drawn to the vertices of the triangle. Therefore, 
the measures of the sides are independent of the length 
of the radius, which may be assumed to have any convenient 
numerical value; as, for example, unity. 

The angles of a spherical triangle are measuted by the 
dihedral angles made by the planes of the sides. Each angle 
is also measured by the number of degrees in the arc of a 
great cigcle, described from the vertex of the angle as a pole, 
and included between the sides of the angle. 

The sides may have any value from 0° to 360°; but in this 
work only sides that are less than 180° will be considered. 
The angles may have any value from 0° to 180°. 

A right spherical triangle may have one, two, or three right 
angles. 

When a spherical triangle has one or 
more of its sides equal to a quadrant it is 
called a quadrantal triangle (Fig. 77). 

If any two parts of a spherical triangle 
are either both less than 90° or both greater 
than 90°, they are said to be alike in kind; 
but if one part is less than 90°, and the 
other part greater than 90°, they are said to be unlike in kind. 


B > 
EX Ps 


Tsosceles Equilateral Right Oblique 


Fic. 77 


Fig. 78 


Spherical triangles are named isosceles, equilateral, equi- 
angular, right, and oblique, under the same conditions as plane 
triangles are named isosceles, equilateral, equiangular, right, 
and oblique. 
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The following propositions are proved in Geometry. (See 
Wentworth’s Geometry, §§ 815, 790, 795, 793.) 


1. If two angles of a spherical triangle are unequal, the 
sides opposite are unequal, and the greater side is opposite 
the greater angle ; and conversely. 


2. The sum of the sides of a spherical triangle is less 
than 360°. 


Fie. 79 Fig. 80 


3. The sum of the angles of a spherical triangle is greater 
than 180° and less than 540°. 

4. If, from the vertices of a spherical triangle as poles, 
arcs of great circles are drawn, another triangle is formed so 
related to the first that each angle of either triangle is the 
supplement of the side opposite it in the other triangle, 


Fira. 81 Fig. 82 
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Two spherical triangles, drawn as explained in Theorem 4, 
p. 141, are called polar triangles, or supplemental triangles. 

Let A, B, C (Fig. 83) denote the angles of one triangle; 
a, 6, ¢ the sides opposite these angles, respectively ; and let 
A', B', C' and a’, b', c' denote the corresponding angles and 
the corresponding sides of the polar triangle. Then Theorem 4 


gives the six following equations : 


A + a! = 180°, 
B+ b! = 180°, 
C +o! = 180°, 
Al ¥'@+=2180°, 
Bitb = 180°, 
C 4.6 == 480°. 


EXERCISE XXXI 


1. The angles of.a triangle are 70°, 80°,and 100°. Find the 
sides of the polar triangle. 


2. The sides of a triangle are 40°, 90°, and 125°. Find the 
angles of the polar triangle. 


3. Show that, if a triangle has three right angles, the sides 
of the triangle are quadrants. 


4. Show that, if a triangle has two right angles, the sides 
opposite these angles are quadrants, and the third angle is 
measured by the number of degrees in the opposite side. 


5. How can the sides of a spherical triangle, measured in 
degrees, be found in units-of length, when the length of the 
radius of the sphere is known ? 


6. Find the lengths of the sides of the triangle in Example 2 
if the radius of the sphere is 4 feet. 
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SECTION L 
FORMULAS RELATING TO RIGHT SPHERICAL TRIANGLES 


As is evident from Examples 3 and 4, Exercise XX XI, the 
only kind of right spherical triangle that requires further 
investigation is that which contains only one right angle. 


c 
i | | 
| 


hy 
Eo 


Fie. 84 Fie, 85 


Let ABC (Fig. 85) be a right spherical triangle having only 
one right angle; and let A, B, C denote the angles of the tri- 
angle; a, b, e, respectively, the opposite sides. 

Let C be the right angle; and for the present suppose that 
each of the other parts is less than Hy and that the radius of 
the sphere i isi: 

Let planes be passed through the sides, intersecting in the 
radii OA, OB, and OC. 

Also, let a plane 1 to OA be passed through B, cutting OA 
at E and OC at D. Draw BE, BD, and DE. 

BE and DE are each 1 to OA (Wentworth’s Geometry, § 501); 
therefore, 7BED=A. The plane BDE is | to the plane 40C 
(Weutworth’s Geometry, § 554) ; hence, BD, which is the inter- 
section of the planes BDE and BOC, is L to the plane AOC 
(Wentworth’s Geometry, § 556), and therefore L to OC and DE. 


144 SPHERICAL TRIGONOMETRY 


B . Now, 
cose = OE = OD x cos8, 


And OD) — Cosids 


a 
Therefore, 
g 0 cos c = cos acos b. [38] 
ey < Again, sna= BD= BE x sin A, 
a and “BE = ‘sic. 
FIG. 86 
Therefore, sina =sincsinA | _ [39] 
changing letters, sinb = sinc sinB 


DE _ OE tanb 


Again, cos. A = BE OEnee 
Hence, cos A = tan bcotc 
; : [40] 
ehanging letters, cos B = tanacotc } 
Again Se 
are - BE sine —— sin ¢ 
sin 6 


By substituting for = its value from [39], we obtain 


Nn ¢ 


cos A = cosasinB | 


changing letters, cos B =cosbsinA i [A 
F : DE BDcotA 
Again, sind = OD. 10D os tan a cot A. 
Hence, sinb =tanacot A 
[42] 
changing letters, sina = tan bcot B 


If in [38] we substitute for cosa and cosd their values 
from [41], we obtain 


cos c = cot A cot B. [43 | 


Nore. In order to deduce the second formulas in [89]-[42] geomet- 
rically, the auxiliary plane must be passed through A | to OB. 
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These ten formulas are sufficient for the solution of any 
right spherical triangle. In deducing these formulas, all the 
parts of the triangle, except the right angle, were assumed to 
be less than 90°. But the formulas hold when this hypothesis 
is not true. ; 

Let one of the legs a be greater than 90°, and construct a 
figure for this case (Fig. 88) in the same manner as Fig. 85. 


Fic. 87 ‘Fie. 88 


The auxiliary plane BDE will now cut both CO and AO 
produced beyond the centre 0; and we have 
cos ¢ =— OE =— OD cos DOE 
= — (— cos a) cos b = cos a cgs D. 
Likewise, the other formulas, [39]-[43 ], hold true in this case. 
Again, suppose that both the legs a and 0 are greater than 
90°. In this case the plane BDE will cut CO produced beyond 
0, and AO between A and O; and we have 
cos ¢ = OE = OD cos DOE 
= (— cos a) (— cos b) = cos a cos }, 
a result agreeing with [38]. 
Likewise the other formulas, [39 ]-[43], hold true in this case. 
Like results may be obtained in all cases. 
In other words, Formulas [38]-[43] are universally -true. 


- 


Fb = 
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EXERCISE XXXII 


1. Show, by aid of Formula [38], p. 144, that the hypote- 
nuse of a right spherical triangle is less than or greater than 
90°, according as the two legs are alike or unlike in kind. 


2. Show, by aid of Formula [41], that in a right spherical 
triangle each leg and the opposite angle are always alike in 
kind. 


3. What inferences may be drawn from Formulas [38 ]- 
[43] respecting the values of the other parts: (i) if e = 90°; 
(ii) if a= 90°; (ii) if ¢= 90° and @ = 90°; (Gv) if a= 90° 
and 6 = 90°? 

Deduce from Formulas [38 ]-[43] and Formulas [18 ]-(23] 
the following formulas: 

4, tan?4b = tand(c — a)tan¢(e+a). 

Hint. Substitute in Formula [18] the value of cos b from [88]. 

5. tan?(45° — 4 A) = tan (ce — a) cot $ (e+ a). 
. tan?4B = sin (¢— a) csc(e + @). 
. tan?dc =— cds (A + B)sec(A — B). 
. tan?da =tan[$(4 + B)— 45°] tan [4 (4 — B) + 45°]. 
» tan? (45° — $c) = tan $(A — a) cot$(4 + a). 
10. tan?(45° — $6) = sin(A — a) ese (A + @). 
11. tan?(45° — 4 B) = tan $(A — a) tan$(A +a). 


6 
tf 
8 
9 


SECTION LI 


NAPIER’S RULES 


ty 
The ten formulas deduced in Sect. L express the relations 


of five parts of a right triangle, the three sides and the 
two oblique angles. All these relations may be shown to 


‘ 
At te \ 
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follow from two very useful rules, devised by Baron Napier, 
the inventor of logarithms. , 

For this purpose the right angle (not entering the formulas) 
is not taken into account, and instead of the hypotenuse and the 
two oblique angles their respective complements are employed; 
so that the five parts considered by Napier’s Rules are: a, 6 
Co.a, Co. 6, -Co. B. 

Any one of these parts may be called a middle part; and then 
the two parts immediately adjacent are called adjacent parts, 
and the other two are called opposite parts. Napier’s Rules are 


d 


Rue I. The sine of any middle part is equal to the product 
of the tangents of the adjacent parts. 


Rue Il. The sine of any middle part is equal to the product 
of the cosines of the opposite parts. 


‘These rules are easily remembered by the expressions 
tan. ad. and cos. op. 

The correctness of these rules may be easily shown by 
taking in turn each of the five parts as middle 


part, and comparing the resulting equations with C9? 
the equations contained in Formulas [38]-[43], 
p. 144. 
For example, let Co. ¢ be taken as middle part ; 
then Co. A and Co. B are the adjacent parts, and 
a and b the opposite parts, as is very plainly seen ie 
in Fig. 89. Then, by Napier’s Rules, Co.c 
sin (Co. c) = tan (Co. A) tan (Co. B), 
or cos ¢ = cot A cot B; 
sin (Co. c) = cos a cos b, b 
or cos ¢ = cos a cos b. Co.A 
Fig. 89 


These results agree respectively with Formulas 
[45] and [38], p. 144. 
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EXERCISE XXXIII 


1. Show that Napier’s Rules lead to the equations contained 
in Formulas [39], [40], [41], and [42]. 


2. What will Napier’s Rules become if we také as the five 
parts of the triangle the hypotenuse, the two oblique angles, 
and the complements of the two legs ? 

SECTION LII 


SOLUTION OF THE RIGHT SPHERICAL TRIANGLE 


By means of Formulas [38]-[43], p. 144, we can solve a 
right triangle in all possible cases. In every case two. parts 
besides the right angle must be given. 


: 4 


Fig. 90 Fig. 91 


CasE I 
Given the two legs a and b. 


From Formulas [388] and [42], p. 144, eo 
cos ¢ = cos @ cos 0, 
tan A = tan a ese b, 
tan B = tan 6 ese a. 
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For a check use cos ¢ = cot A cot B, [43], p. 144. 


EXAMPLE. Given a = 27° 28' 36", 6 =51°12'8"; solve 
the triangle. 


log cos a = 9.94802 log tan a = 9.71605 
log cos 6 = 9.79697 log ese 6 = 0.10826 
log cos e = 9.74499 log tan A = 9.82431 

¢ = 56° 13' 41" A =ioa 42'51" 

Check. 

log tan 6 = 10.09476 log cot A = 10.17569 
log esea= 0.33594 log cot B= 9.56930 
logtan B = 10.43070 log cose = 9.74499 

B= 69° 38! 54" 

CasE II 


Given the hypotenuse ¢ and the leg a. 


From Formulas [38], [39], and [40], p. 144, we obtain 
cos 6 = cose sec a, 
sin A = sin acsc'e, 
cos B = tana cote. 

For a check use cos B = cos 6 sin A, [41], p. 144. 

Although two angles in general correspond to sin A, one 
acute, the other obtuse, yet in this case it is easy to determine 
whether 4 is acute or obtuse since A and a must be alike in 
kind. (See Example 2, Exercise XXXII, p. 146.) 


CAsE III 


Given the leg a and the opposite angle A. 

From Formulas [39], [42], and [41], we obtain 
sinc =—sin a cse A, 
sind’ = tana cot A, 
sin B = sec a cos A. 
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Or, from [38] and [40], p. 144, we obtain 


cos 6 = cos ¢ sec a, 
cos B = tan a cot ¢. 


For a check use sin 6 = sin ¢ sin B, [39], p. 144., 


When ¢ has been computed, 4 and B are determined by these 
values of their cosines; but, since ¢ must be found from its sine, ¢ 
may have, in general, two values which are supplements of each 
other. This case, therefore, really admits of two solutions. 

In fact, if the sides 6 and c are extended until they meet in 
A! (Fig. 91), the two right triangles ABC and A'BC have the 
side a in common, and the angle A = A’. Also, A'C = 180° — 3, 
A'B = 180° —c, and Z A'BC = 180°— B. Hence, if ABC is 
one solution, A'BC is the other. 


Case LV 


Given the leg a and the adjacent angle B. 

From Formulas [40], [42], and [41], p. 144, we obtain 
tanec = tana sec B, 
tan 6 = sin a tan B, 
cos d = cosa sin B. 


For a check use cos A = tan 6 cot ec, [40], p. 144. 


CASE V 


Given the hypotenuse c and the angle A. 

From Formulas [39], [40], and [43], p. 144, we obtain 
sina = sine sin 4, 
tan 6 = tance cos 4, 
cot B = cos ¢ tan A. 

Here a is determined by sin a, since a and A must be alike 

in kind. (See Example 2, Exercise XXXII, p. 146.) 
For a check use sin a = tan 6 cot B, [42], p. 144. 
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CasE VI 


Given the two angles A and B. 
From Formulas [43] and [41], p. 144, we obtain 
cos ¢ = cot A cot B, 


cosa = cos A ese B, 
cos 6 = cos B esc A. 


For a check use cos ¢ = cos a cos 6, [38], p. 144. 


Nore 1. In Case I (a and 6 given), if c is very near 0° or 180°, it may 
be found with greater accuracy by first computing B, and then computing 
c, as in Case IV. 


Nore 2. In Case II (c and a given), if b is very near 0° or 180°, it 
may be computed more accurately by means of the derived formula 
tan?46 = tan $(¢ — a) tan4(c 4+ a). (Ex. 4, Sect. L) 


If A is so near 90° that it cannot be found accurately in the tables, it 
may be computed from the derived formula 


tan? (45° — 4 A) = tan $(c — a) cotd (c+ a). (Ex. 5, Sect. L) 
If B cannot be found accurately, we may use the formula 
tan?4 B = sin (¢ — a) esc (¢ + a). (Ex. 6, Sect. L) 


Notr 3. In Case III (a and A given), when the formulas do not give 
accurate results, we may employ the derived formulas 


tan? (45° — $c) = tan4(A — a)cot4(A +a), (Ex. 9, Sect. L) 
tan? (45° — 4b) =sin(A — a)csc(A + a), (Ex. 10, Sect. L) 
tan? (45° —  B) = tan} (A — a) tan4(A + a) (Ex. 11, Sect. L) 


Nore 4, In Case IV (a and B given), if A is near 0° or 180°, it may 
be more accurately found by first computing b and then finding A. 


Norr 5. In Case V (c and A given), if ais near 90°, it may be found 
by first computing b, and then computing a by Formula [42], p. 144. 


Nore 6. In Case VI (4 and B given), for unfavorable values of the 
sides greater accuracy may be obtained by means of the derived formulas 


tan24c =— cos (A + B)sec(A — B), (Ex. 7, Sect. L) 
tan?4a = tan[4(A + B) — 45°] tan [45° + 4(A — B)], (Ex. 8, Sect. L) 
tan?4b = tan[4(A + B) — 45°] tan [45° — 4(A — B)], 
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Nore 7. In Cases I, IV, and V, the solution is always’ possible. 
In the other Cases, in order that the solution may be possible, it is 
necessary and sufficient that in Case II sina<sinc; in Case III, that 
aand A be alike in kind, and sin A>sina; in Case VI, that 4+ B+C 
> 180°, and the difference between A and B< 90°. 


Nore 8. It is easy to trace analogies between the formulas for solving 
right spherical triangles and those for solving right plane triangles. ‘The 
former become identical with the latter if we suppose the radius of 
the sphere to be infinite in length. Then the cosines of the sides 
become each equal to 1, and the ratios of the sines of the sides and 
of the tangents of the sides must be taken as equal to the ratios of the 
sides themselves. 


Note 9. In solving spherical triangles, the algebraic sign of the 
functions must receive careful attention. Write the sign of each func- 
tion just above the function. Then the sign of the function in the first 
member of the equation is + or — according as the law of signs makes 
the second member of the equation positive or negative. (See Example 1, 
p. 175.) 

If the function is a cosine, tangent, or cotangent, the + sign shows 
the angle < 90°; the — sign shows the angle > 90°, and the supplement 
of the angle obtained from the table must be taken. 

If the function is.a sine, since the sine of an angle and of its supple- 
ment are the same, the acute angle obtained from the table and its 
supplement must. be considered as solutions, unless there are other 

CoB conditions that remove the ambiguity. For conditions 
that remove the ambiguity, see Examples 1 and 2 in 
Exercise XXXII, p. 146. 


It is always easy to find the required formula 
by means of Napier’s Rules. In applying these 
rules we must choose for the middle part that one 
of the three parts which will make the two given 
parts either adjacent parts or opposite parts. 

Example: Given a and B; solve the triangle. 

To find 6,take a as the middle part; then 4 and 
h Co. B are the adjacent parts; and, by Rule I, 


Co.c 


Co.A sina = tan 6 cot B. 
Fig. 92 Whence, tan 6 = sin a tan B. 
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To find ¢, take Co. B as the middle part; then a and Co.c¢ 
are the adjacent parts; and, by Rule I, 


Whence, 


cos B = tan a cot c. 
tane = tan a sec B. 

To find A, take Co. A as the middle part; then a and Co. B 
are the opposite parts; and, by Rule II, 


cos Ad = cosa sin B. 


EXERCISE XXXIV 


i} 


Solve the following right triangles, taking for the given 
parts in each case those printed in columns I and II: 


a 
36° 27’ 
86° 40’ 
50° 
120° 10’ 


¢€ 


188 TE IV V 
b c A B 
43° 32’ 81” | 54°20/ 46° 59’ 43” | 57°59’ 19” 
g2e4y’ | 87911740” | 88°11758” | 32°42” 39” 
36° 54 49” | 59° 426” | 63°15713” | 44°96 22” 
150° 59 44” | 63°55/43” [105° 44’21” |147° 19’ 47” 
a m5: A B 
22°15 7” | 51°53’ 27° 28/38” | 73927711” 
14°16’ 35” | 19°17’ 87° 36’ 49” | 54° 49’ 23” 
32° 9°17” | 32°41’ 49° 20’ 16” | 50° 19’ 16” 
132° 14 12” | 79°13'38” |131° 43/50” | 81°58” 53” 
A © b B 
78° 53’ 20) | 28° 14’31”) | 28° 49” 57” 
90 / vt 
83° 56°40" |101° 6” 40” f|151° 45 20” [|151° 10” a 
40° 40’ 40” | impossible 


+59) (ie 5) 9 lan a 

Gi) 232497 517 

(| 2k SB eea Ge 

S| 97°13" 4” 

a 

Oi Ti 150” 
10% 779217 50” 

Norte. 


The values in the last three columns of Example 9 cannot be 


combined promiscuously with those given in columns I and II. 
If a < 90°, with the value of b > 90° must be taken B> 90° and ¢ > 90° ; 
while with the value of b<90° must be taken, for the same reason, 


B<90° and c< 90°. 


(See Examples 1 and 2, Exercise XXXII, p. 146.) 
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a 
92° 47’ 32” 

2 OebOm 
20° 20’ 20” 
54° 30/ 
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IL 


Ut 


IV 


Vv 


B 
iSO PAE Se 
12°40’ 
38° 10’ 10” 
35° 30° 


c 
69° 25’ 11” 
112° 48” 
46° 40/ 12” 
ISS 400 le? 


A 
54° 54’ 42” 
56° 11’ 56” 
37° 46° 9” 
1282 50% 


Cc 
91° 47’ 40” 
geo 3 56” 
25° 14’ 38” 
59° 61’ 21” 


b 
49° 59 58” 
0° 277 10” 
15° 16’ 50” 
30° 8’ 39” 


A 
92° 8’ 23” 
T°? 20° 287 
54° 35’ 17” 
70° 17’ 35” 


50° 

50° 

26° 2:77 24” 
136° 15’ 382” 


b 
56° 50’ 49” 
127° 4’ 30” 
39° 57’ 42” 
48° 23’ 38” 


B 
63°25’ 4” 
120° 3” 50” 
62° 0’ 4” 
58° 27% 4” 


VE 
63° 15’ 12” 

116° 48” 12” 
46° 59’ 42” 
90° 


B 
135° 33’ 39” 
116° 31’ 25” 
57° 59’ 17” 
88° 24’ 35” 


a 
50° 07 47 
1205 10% 3:5 
86° 277 
90° 


b 
148° 5’ 12” 
119° 59’ 46” 
43° 32’ 30” 
88° 24’ 35” 


c 


120° 55’ 34” 
75° 26’ 58” 
54° 20° 
90° 


23. Define a quadrantal triangle, and show how its solution 


may be reduced to that of the right triangle. 


24. Solve the quadrantal triangle the sides of which are 


@ == LTA? 12! 49" > 194" Sh 20 ea"! 


25. Solve the quadrantal triangle in which 
¢= 90°, A= 110° 47-00" (B= 150" ob Sao 


26. Given in a spherical triangle A, C, and ¢ each equal to 


90°; solve the triangle. 


27. Given A = 60°, C= 90°, and c= 90°; solve the triangle. 


28. In a right spherical triangle, given A = 42° 24! 9", 


B=9° 4'11"; solve the triangle. 


29. In a right spherical triangle, given a = 119° 11’, 


B = 126° 54’; solve the triangle. 


-- 


K 
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30. In aright spherical triangle, given c= 50°, b= 44°18'39"; Ee 


— solve the triangle. 


31. In a right spherical triangle, given A = 156° 20! 30", 
a = 65° 15' 45"; solve the triangle. 


32. In a right spherical trianele, given A = 74° 12! 31", 
¢ = 64° 28' 47"; solve thé triangle. 


33. In a right spherical triangle, given a = 112° 42! 38", 
B= 44° 28' 44"; solve the triangle. 

34. In a right spherical triangle, given 4 = 48° 12! 48", 
A = 108° 14' 44"; solve the triangle. 

35. In a right spherical triangle, given A = 122° 58' 47", 
B= 104° 17' 55"; solve the triangle. 

36. If the legs a and # of a right spherical triangle are 
equal, show that cos a = cot A = Veos ce. 


s 


37. In a right spherical triangle show that 
cos? A sin*¢ = sin (¢ + @)sin(¢ — a). 
38. In a right spherical triangle show that 
tan a cos¢c = sin b cot B. 
’ 39. In aright spherical triangle show that 
sin? A = cos? B + sin? a sin? B. 


-+~ 40. In aright spherical triangle show that 


sin (b + c)= 2 cos*4 A cos sine. 


Mn 41. In aright spherical triangle show that 


sin (¢ — b) = 2sin?4 A cos d sine. 

42. If in aright spherical triangle, p denotes the arc of the 
great circle passing through the vertex of the right angle and 
perpendicular to the hypotenuse, m and n the segments of the 
hypotenuse made by this are adjacent to the legs a and 6, show 
that (i) tan’ = tan ¢ tan m, (ii) sin’ p = tan m tan n. 
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SECTION LIII 


SOLUTION OF THE ISOSCELES SPHERICAL TRIANGLE 


An are of a great circle, passed through the vertex of an 
isosceles spherical triangle and the,middle point of the base 
(Fig. 94), divides the triangle into two equivalent right spher- 
ical triangles. Hence, the solution of an isosceles spherical 
triangle may be reduced to that of a right spherical triangle. 


Likewise the solution of a regular spherical polygon may be 
reduced to that of a right spherical triangle. Ares of great 


Fie. 93 Fie. 94 


Fie. 95 Fie. 96 


circles, passed through the centre of the polygon and the ver- 
tices (Fig. 96), divide the polygon into equal isosceles triangles ; 


. see iatiliadl 
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and each one of these equal isosceles trian- 
gles may be divided into two equivalent 
right triangles. 

A regular spherical polygon (Fig. 97) is 
the polygon formed by the intersections of 
the spherical surface with the faces of a 
regular pyramid whose vertex is at the 
centre of the sphere. 


EXERCISE XXXV 


1. In an isosceles spherical triangle, given the base } and 
the side a; find A the angle at the base, B the angle at*the 
vertex, and / the altitude. 


2. In an equilateral spherical triangle, given the side a; 
find the angle A. 

3. Given the side a of a regular spherical polygon of n sides; 
find the angle A of the polygon, the distance R from the centre 
of the polygon to one of the vertices, and the distance r from 
the centre to the middle point of one of the sides. 


se 


I | 


Tetrahedron Hexahedron Octahedron Dodecabhedron Icosahedron 


Fie. 98 


4. Compute the dihedral angles made by the faces of the 
five regular polyhedrons (Fig. 98). 

5. A spherical square is a regular spherical quadrilateral. 
Find the angle 4 of the square, having given the side a. 


CHAPTER VIII 
THE OBLIQUE SPHERICAL TRIANGLE 
SECTION LIV 
FUNDAMENTAL FORMULAS 


Let ABC (Fig. 99) be an oblique spherical triangle, a, b, ¢ 
its three sides, A, B, C the angles opposite a, 6, c, respectively. 

Through C draw CD, an are of a 
great circle, perpendicular to the 
side AB, meeting AB at D. For 
brevity let 


CDi) AD ee Dnt 
LACD = &, Z4,BCD=y. 


Cc 


1. By [39], p. 144, in the right 
triangles BDC and ADC, 


cep sin p = sina sin B, 
Fig. 99 and sin p=sin dé sin A. 
Therefore, sin asin B = sinbsin A 
similarly, sinasinC = sinc sinA >. [44] 
and sin b sinC = sinc sinB 


These equations may also be written in the form of 
proportions : 
sina:sind: sine = sin A: sin B: sin C. 


That is, the sines of the sides of a spherical triangle are 
proportional to the sines of the opposite angles. 
158 
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In Fig. 99 the are CD cuts the side 4B within the triangle. 
If CD falls without the triangle, for instance to the right of 
CB, sin (180°—B) would then be employed instead of sin B. 
But sin (180° — B) = sin B (Sect. XXV, p. 48). Hence, the 
Formulas [44] hold true in all cases. 


2. In the right triangle BDC, by [88], p. 144, 
COs &@ = COs p cos m 
= COS p Cos (¢ — n) 
by [9], p. 56, = COS p Cos ¢ COs n + COs p sinc sin n. 
Now, in the right triangle ADC, by [38], p. 144, 
COS p COS” = Cos b. 
Whence, cos p = cos b sec n, 
and cos p sin n = Cos b tan n. 
By [40], p. 144, tan = tan 6 cos A. 
.". COS p Sin nm = cos b tan b cos A 
= sind cos A. : 
Substituting these values of cos pcosn and cospsinn in 


the value of cos a, we obtain Fe 


cos a = cosbcosc-+sinbsinccosA) *~” wil } 
and similarly, cos b = cosacosc+sinasinccosB +. [45] 7 
4-cosc = cosacosb+ sina sinbcos C 


3. In the right triangle ADC, by [41], p. 144, 
cos A = cos p sin x 
= cos p sin (C — ¥) 
by [8], p. 56, = cos p sin C cos y — cos p Gos C' sin y 
Now, by [41], p. 144, 
cos psiny = cos B, 


Therefore, cos p =cos Bese y, 
and cos p cos y = cos B cot y 
by. [43], p. 144, = cos B tan B cos a 


= sin B cos a. 
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Substituting these values of cos p sin y and cos pcos y in 
the value of cos A, we obtain 


cos A= — cos BcosC + sin B sin C cos a } 
| 
and similarly, cos B =— cos Acos C + sin A sin C cos b f . [46] 
cos C = — cos AcosB + sin Asin Bcos c 


Formulas [45] and [46] are also universally true; for the 
same equations are obtained when the arc CD cuts the side 
AB without the triangle. 


EXERCISE XXXVI 


1. What do Formulas [44] become if 4 = 90°? if B=90°? 
if Cras G00 P ihlas= OU° 2, TE Ala Bie QU i a, 

2. What do Formulas [45] become if A = 90°? if B= 90°? 
1 O= O00? if ida BS C= 902 

3. What does the first of Formulas [45] become if A =0°? 
if dea 90°? 1 A= A802? 

4. From Formulas [45] deduce Formulas [46], by means of 
the relations between polar triangles (Theorem 4, p. 141). 


SECTION LV 
FORMULAS FOR THE HALF ANGLES AND SIDES 


From the first equation of [45], p. 159, 


cos a — cos 6 cos ¢ 
cos A = ——____—_—__- 
sin 6 sin ¢ 
sin 6 sin c + cos b cos ce — cos a 
Therefore, 1— cos A = ——___—__—_ 
sin 6 sin e 
cos (6 — c)— cos a 
a a > 
sin 6 sin ¢@ 
_ —2sin}(4+b—c) sin} (6—c—a) 
sin 6 sine 


by [9], p. 56, 


by [23], p. 59, 
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sin 6 sin c — cos b cose + cos a 


Also, 1+ cos A= : 
: sin 6 sine 


by [5], p. 54 __ cos a — cos(b + ¢) 


sin 6 sin ec 
: —2sini(a+6+c¢)sinl(a—b— 
by [23], p. 59, = —asn pe Fe rosin kato). 


Since by [16], p. 58, 
1 — cos A = 2sin*} A, 
sin?$ A = sin} (a+6—c)sin}(a—b+4 ec)escbesce; 
and since by [17], p. 58, 
1+ cos A = 2cos?1 A, 
cos*4 A =sin}(a+6+c)sin4(6+c¢ —a)escbesce. 


Now let 4(a+b+0)=s. 
Then, $(6 +¢—a)=s—a, 
$(@a—b+c)=s—4B, 
and 4(a+6b—c) =s—e. 


Then, by substitution and extraction of the square root, 


sin} A = Vsin (s — b) sin(s — c) csc bcscc 


es 
cos + A = Vsin s sin (s — a) csc b csc c , [47] : 
tan $A = Vcsc s csc (s — a) sin(s — b) sin (s — c) P P 
‘ae 
In like manner, it may be shown that mek eS i 
( 
ae. sin } B= Vsin(s — a) sin(s — c) csc acscc e s xs 
party) cos B= Vsin s sin(s — b) csc a csc ¢ fe ‘ ; ' 
Dees ite : mas Ay a ~S 
tan 4B = Vesc s csc (s — b) sin (s — a) sin(s — c) rary ag oe 
sin $C = Vsin (s — a) sin (s — b) csc a csc b Re, 


cos $ C= Vsin s sin (s —c) csc a csc b 
n $C = Vesc s csc (s — c) sin(s — a) sin(s — b) 


err 


Za~ ViGoS Gb-A] PK ise © 


ae Ruiz Cosh t Sel Bro 
a fo- po 6 


161 
{ft it 
+ 
P i 
fe 
‘<a. 
a i) 
ee 
Are: 
=|f 
e|s 
as 
4 


ad 


omen para ies 
(ar g -v)- 
@ 
ke 
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> 
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Again, from the first equation of [46], p. 160, 


cos B cos C' + cos A 


sated sin B sin C 
Therefore, 
sin B sin C' — cos Bcos C — cos A 
0 — —— ae 
sin B sin C 
_ cos (6 C) — cos A 
By etn. es, > sin B sin C 
_—2cos} (B+ C+ A)cos} (B+ C—A) 
Dees ae sin B sin C : 


sin B sin C + cos Bcos C + cos A 
and 14+ cosa= Se Ce OR EES ee 


sin B sin C 
cos(B — C)+ cos A 
RO wee 


a a 1 = —m 
by [22], p. 59, _ 200s $(B C +A)cos}(B—C A) 


sin B sin C 
Since by [16], p. 58, 
1 — cosa = 2sin*}a, 
sin?}.a =— cos }(B+ C + A)cos}(B+ C —A)ese Bese C; 
and since by [17], p. 58, 
1 + cos a = 2cos*h a, 
cos?}. a = cos }(B — C + A) cos }(B — C — A) ese Bese. 


Now let 4(44+B4 C)=5S. 
Then, (B+ C]H=S824, 
4(A—B+0C)=S—B, 
and 14 Pe GO ae 
Then, by substitution and extraction of the square root, 
sin 4 a= V — cos S cos(S — A) csc B csc C ) 
cos } a= Vcos (S — B) cos(S — C) csc B csc C - [48] 
tan }a= V—cos S cos (S — A) sec (S — B) sec (S — C) 


THE OBLIQUE SPHERICAL TRIANGLE 163 


And, in like manner, 
sin 3 b= V — cos S cos (S — B) csc A csc C~ ] 
cos 3 b= Vcos(S — A) cos (S — C) csc A csc C 
tan } b= V — cos S cos (S — B) sec (S — A) sec (S — C) 
2 sag} abaetaladcbe C) csc A csc B 


cos 1 ¢ = Vcos(S — A) cos (S — B) csc A csc B 
tanic= V — cos S cos (S — C) sec (S — A) sec(S — B) | 


L. [48] 


SECTION LVI 


GAUSS’S EQUATIONS AND NAPIER’S ANALOGIES 
By [5], p. 54, 
cos (4 + B)=cos $A cos$¢ B—sintA sind B; 


or, by substituting for cos 4A, cos4B, sin} A, sin} B, their 
values given in Formulas en), p- 161, and reducing, 


/sin s sin sin s sin(s — a) sin s sin sin s sin (s — 0) — 6) 
OE CaS phe See RN eta ae sin a sine 


eS (ae (s — b) sin (s — c) y ene ened 


sin 6 sin ¢ sin a sine 


_ sins. /sin(s—a)sin(s—) _ sin(s—c) Aas (s — a) sin (s — b) 
~ gine sin a sin b sin ¢ sin a sin b 


ie sin (s — ¢) vite (s — a) sin (s =D) 


gin ¢ sin a sin b 


By [21], p. 59, 
sin s — sin(s — ¢)= 2 cos 4 (s+s—c)sin}(s—s+ce) 
= 2 cos(s — }¢)sin $e. 


By [12], p. 58, sine = 2sin }ccos}e. 
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Again, by [47], p. 161, 
ade (s — a)sin(s — 6) 
sin @ sin 6 
Substituting in the value of cos (A + B), we have 


2 sin 3 ¢ cos(s — 
in 1 1 
2 sin $c cos} 


= sin} C. 


cos }(A + B)= 


oy 
gL COLE OT te 
cos $¢ 
.. cos £(A + B) cos }¢ = cos(s — $c) sin 3 C. 
Since s=}ce=}(a+ 5), 
cos $(A + B)cos$e = cos$(a + b)sin $C. 
By proceeding in like manner with the values of 
sin $(A + B), cos$(A — B), and sin}(4 — B), 
three analogous equations are obtained. 
The four equations, 
cos (A + B)cos $c = cos $(a + b)sin ae 
sin }(A + B)cos}c= cos $(a—b) cos $C [49] 
cos $(A — B)sin$}c=sin}(a+b)sin}C [’ 
sin} (A — B)sin}c= sin $(a—b)cos}C 
are called Gauss’s Equations. 

By dividing the second of Gauss’s Equations by the. first, 
the fourth by the third, the third by the first, and the fourth 
by the second, we obtain 
cos } (a — b) 


tan t(A+B)= apy tee 
tan }(A—B)= STEER cot $C | ct 
tan }(a + ) tandc 
tanta Spy ene 


sin (A+B) 
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There will be other forms in each case, according as other 
elements of the triangle are used. 

These equations are called Napier’s Analogies. 

In the first equation the factors cos $(a — 5) and cot $C are 
always positive; therefore, tan}(A + B) and cos }(a + 0) 
must always have like signs. 

Hence, if a+ 6< 180°, cost} (a+b) > 0, and tan$(A +B) >0. 
Hence, A + B< 180°. 

If a + 6>180°, then A + B> 180°. 

If a+6=180°, cos$(a+6)=0, and tan}(4A + B)= o. 
Hence, +(4 + B)= 90°, and A + B= 180°. 

Conversely, it may be shown from the third equation, that 
a+ is less than, greater than, or equal to 180°, according as 
A + Bis less than, greater than, or equal to 180°. 


SECTION LVILI 
Caszt I 


Given two sides a and b and the included angle C. 


The angles A and B may be found by the first two of Napier’s 
Analogies : 
cos 4 (a — b) 


pe Pee ae) ec 6 (8) 


cot $C; 
_ sin}(@ — 4) 


tand(A —B)= aay 


cot + C. 


After A and B have been found, the side ¢ may be found by 
[44], p. 158, or by [50], p. 164; but it is better to use for this 
purpose Gauss’s Equations, because they involve the functions 
of the same angles that occur in working Napier’s Analogies. 
Any one of the equations may be used; for example, 
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cos 4 ¢ =. 


cos $ (a + b) 
cos $(A + B) 


sin $C. 


Exampue. Given a = 73°58'54", b = 38°45', C = 46°33! 41"; 


solve the triangle. 


a = 78° 58’ 54”, 
b = 38° 45’ 0”, 


C= BG 83 04g. 


log cos 4(a — 6) = 9.97914 
log sec 4(a + b) = 0.25658 
log cot 4 C = 0.386626 

log tan4(A + B) = 0.60198 
log sec (A + B) = 0.61515 


Hence, 4 (a —b) = 17° 36’ 57”, 
$(a +b) = 56° 21’ 57”, 
$C = 28° 16’ 50.5”. 


log sin 4(a — b) = 9.48092 

log csc 4(a + b) = 0.07956 

log cot + C = 0.36626 

log tan4 (A — B) = 9.92674 
4(4 + B) = 75° 57’ 40.8” 


log cos $(a@ + b) = 9.74342 4(A4 — B)= 40° 11’ 25.4” 
log sin + C = 9.59685 {a sp Bi Shh ea 6S 


log cos$¢ = 9.95542 B= 35° 46’ 15” 
$€ = 25° 31/12” (eis SEIKO EOE ES 


To test the accuracy of the work we may use the Rule of 
Sine Proportion given in Sect. LIV, p. 158. 

If ¢ only is desired, it may be found from [45], p. 159, 
without previously computing A and B. But the Formulas 
[45] are not adapted to logarithmic work. Instead of chang- 
ing them to forms suitable for logarithms, we may use the 

following method, which leads to 

B the same results and has the ad- 

vantage that, in applying it, noth- 

ing has to be remembered except 
Napier’s Rules: 

Through B (Fig. 100) draw an 
are of a great circle perpendicu- 
lar to AC, cutting AC at D. Let 
BD=p, CD=m, AD=n. 

By Rule I, 


cos C = tan m cota. 


Whence, tanm = tan a cos C. 
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By Rule IT, 
COS @ = COS m cos p; whence, cos p = cos a sec m. 
cos ¢ = cos n cos p; whence, cos p = Cos ¢ sec n. 
Therefore, COS € S€C 2 = COS @ SEC mM. 
Since n=b—m, 
cos ¢ = Cos @ sec m cos (6 — m). 
Now ¢ may be computed from the two equations 
tanm = tan @ cos C; 
cos ¢ = Cos a sec m cos (b — m). 


Nore. If BD falls without the triangle, for instance to the right of 
BC, thenn =b+™m. 
-. COS C = COS @SeC mcos(b + mM). 


EXAMPLE. Givena=9T° 30!, b=55°12', C=39°58'; finde. 


log tan a = 0.88057 (n) log cos a = 9.11570 (n) 
log cos C = 9.88447 log sec m = 0.77135 (n) 
log tan m = 0.76504 (n) log cos (6 — m) = 9.85289 
m= 99° 44’ 49” log cos c = 9.73994 
b— m =— 44° 82’ 49” ¢ = 56° 40" 9” 


EXERCISE XXXVII 


w 


1. What are the formulas for computing a when 4, c, and A 
are given; and for computing 4 when a, c, and B are given ? 
2. Given a = 88° 12! 20", b = 124° 7'17", C = 50° 2! 1"; 
: find A = 63° 15! 11", B = 132° 17' 58"", ¢ = 59° 4/17", 
f 3. Given a = 120°55! 35", b = 88° 12' 20", C = 47° 42' 1"; 
find A = 129°58'2", B= 63° 15' 8",  ¢ = 55° 52’ 40". 
4, Given 6 = 63° 15! 12", ec = 47° 42'1", A= 59° 4! 25"; 
find B = 88°12! 24", C = 55° 52' 42", a = 50° 1' 40". 
5. Given 6 = 69° 25’ 11", c = 109°46'19", A = 54° 54' 42"; 
fnd B = 56° 11/57", C = 123° 21'12", a = 67° 11'47". 
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SECTION 


LVIIl 


Case II 


Given two angles A and B, and the included side ec. 


The sides a and 4 may be found by the third and fourth of 


Napier’s Analogies : 
tan $(a + b)= 


tan }(a — b)= 


cos 4(A — B) 
cos $(A + B) 
sin (A — B) 
sin 4(A + B) 


tan $c; 


tan 4¢. 


The angle C may be found by [44], p. 158, by Napier’s 
second Analogy, [50], p. 164, or by one of Gauss’s Equations, 


[49], p. 164. 


cos$¢ C= 


sin}(A + B) 
cos (a — b) 


Thus, Gauss’s second equation gives 


cos $e. 


Exampie. Given 4=107°47'7"", B=38°58'27"" c=51°41'14", 


solve the triangle. 


Wok MOOS Sis 
iSO 2108 2 oy 
Cr Okt ale as 


log cos (A — B) = 9.91648 
log sec $(A + B) = 0.54859 
log tan 4 ¢ = 9.68517 

log tan $(a + 6) = 0.14524 
log sin $(A + B) = 9.98146 
log see (a — b) = 0.01708 
log cos $c = 9.954238 

log cos + C = 9.95272 

$0 = 26° 16’ 10” 


Hence, $(A — B) = 34° 24” 20”, 
$(A + B) = 78° 22 47”, 
$e = 25° 50 87”. 


log sin 4(A — B) = 9.75208 
log ese $(A + B) = 0.01854 . 
log tan $¢ = 9.68517 
log tan (a — b) = 9.45579 
4 (a + b) = 54° 24’ 24.4” 
+ (a — b) = 15° 56’ 25.5” 
a = 70° 20° 50” 
\" = 88°27” 597 
C = 52° 30’ 20” 
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If the angle C alone is wanted, we proceed as in Case I, p. 166, 


when the side ¢ alone is desired. 


Let (Fig. 101) ZABD=2, ZCBD=y, BD=p; then, 
Rule I, cose =cotz cot A. ro 
Whence, cot x = tan A cose. 
Rule Il, cos A = cos p sin a. 
Whence, cos p = cos A ese a. & 

Rule II, cosC = cos p sin y. 

Whence, cos p = cos C ese y. 

.". cos C = cos A ese x sin y C 

=cos A ese xsin (B—2) Fia. 101 


Now C may be computed from the equations 
cot x = tan A cosc; 
cos C = cos A csc x sin (B — 2). 


Norr. When BD falls to the right of BC, the last equation becomes 
cos C = cos A csc xsin (x — B). 


ExamPpie. Given A= 35° 46'15", B=115°9'7"", e= 51°2'; 


find C, 
log tan A = 9.85760 log cos A = 9.90992 
log cos c = 9.79856 log esc « = 0.04056 
log cot « = 9.65616 log sin (B — x) = 9.88121 
a = 65° 37’ 35” log cos C = 9.83069 
eB ee 400 Sl od C = 47° 22’ 42” 


EXERCISE XXXVII 


1. What are the formulas for computing A when B, C, and 
a are given; and for computing B when A, C, and are given ? 
2. Given A = 26° 58’ 46", B=39° 45'10", ¢=154° 46' 48", 

find a= 37-44! 10", 6 = 121° 28'10",. C= 16IN 22671", 
Jf ide ie ” t y 4 a rp) J, 


’ 
4) 


ee 


170 SPHERICAL TRIGONOMETRY 
3. Given A = 128° 41! 49", B = 107°33!20", ¢ = 124°12'31"; 
find a = 125° 41! 43", 6 = 82° 47'34", OC = 127° 22), 
4. Given B = 153°17'6", C = 78° 43/36", a = 86°15'15"; 
* find 6 = 152° 43'51", ¢ = 88°12/21", A= 78°15! 48". 


6. Given A = 125° 41! 44", C = 82°47'35"", b = 52° 37! 57"; 
find a = 128° 41'46", ¢ =107°33! 20", B = 55° 47! 40". 


SECTION LIX 
Case III 
Given two sides a and b, and the angle A opposite a. 
The angle B is found from [44], p. 158; whence we have 
sin B= sin A sin b ese a. 


When B has been found, C and ¢ may be found from the 
fourth and the second of Napier’s Analogies : 


_ sin}(A + B) 
"_sin (A — B) 
__ sin} (a +d) 

~ sin }(a — b) on 
The third and first of Napier’s Analogies may also be used. 


tan }¢ tan 3 (a =) 5 


cot $C 4 (A — B). 


Nore 1. Since B is determined from its sine, the problem in general 
has two solutions; and, moreover, in case sin B >1, the problem is impos- 
sible. By geometric construction it may be shown, as in the correspond- 
ing case in Plane Trigonometry, pp. 71-738, under what conditions the 
problem really has two solutions, one solution, or no solution. Butin prac- 
tical applications a general knowledge of the shape of the triangle is known 
beforehand ; so that it is easy to see, without special investigation, which 
solution (if any) corresponds to the circumstances of the question. 

It can be shown that there are two solutions when A and a are alike 
in kind and sind>sina>sin A sinb; no solution when A and a are 
unlike in kind (including the case in which either A or a is 90°) and sin b 


Ca 
A 
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is greater than sin a or equal to sina, or when sin a is less than sin A sin b ; 
and one solution in every other case. 


Note 2. The side c or the angle C may be computed, without first 
finding B, by means of the formulas 


tan m = cos A tan b, and cos (ec — m) = cos asec b cos m; 
cot x =tan A cosb, andcos(C — x) = cot a tan b cos a. 


These formulas may be obtained by resolving the triangle into right 
triangles, and then applying Napier’s Rules; m is equal to that part of 
the side c included between the vertex A and the foot of the perpendicu- 
lar from C, and @ is equal to the corresponding portion of the angle C. 


Note 3. After the two values of B have been obtained, the number 
of solutions may be determined by Theorem 1, Sect. XLIX, p. 141. 
Tf log sin B is positive, there is no solution. 


ExamMpPLe. Given a = 57° 36’, b= 31° 14’, A = 104° 25’ 80”. 


In this case, tS Os log sin A = 9.98609 
and a+6<180°. log sin 6 = 9.71477 
Therefore, A+ B<180°, log esc a = 0.07349 
and B< 90°. log sin B = 9.77435 
Hence, there is only one solution. B = 36° 29’ 46” 
a+b = 88° 50’ 4(a + b) = 44° 25’ 
a — b = 26° 22’ $(a — 6) = 18° 11 
A + B= 140° 55’ 16” $(A + B) = 70° 27’ 38” 
A—B= 67° 55’ 44” 4(A — B) = 838° 57’ 52” 
logsin 4(A + B) = 9.97424 log sin 4(a + b) = 9.84502 
log esc $(A — B) = 0.25284 log esc $(a@ — b) = 0.64194 
log tan + (a — 6) = 9.36966 log tan4(A — B) = 9.82840 
log tan $¢ = 9.59674 log cot + C = 0.31536 
$6 = 21° 33’ 377 4+ C = 25° 48’ 58” 


C45" 16 14% C= 51237-5666 


EXERCISE XXXIX 


1. Given a = 73°49'38", & = 120°53! 35", A —88°52'42"; 
find B = 116° 42! 30", ¢e = 120°57'27", C =116° 47’. 
2, Given a = 150° 57'5", b= 134° 15' 54", A= 144°29'49", 
find B, = 120°47'45", ce, = 55°42! 8",, C,=97°42'55"; 
By = 59° 12! 15", cy = 23° 57'17", Cz=29°8'39", 
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3. Given a= 79° 0! 54", 6 = 82° 17' 4", A =82° 9 26"; 


find) 2= 90577 e = 45°12'19", C= 45° 44! 5". 


4. Given’ a = 30° 62!’ 37", b= 31°'9' 16" 22a)" othe 


show that the triangle is impossible. 


SECTION LX 


Case IV 
Given two angles A and B, and the side a opposite A. 
The side 6 is found from [44], p. 158; whence, 


sin 6 = sin a sin B ese A. 


The values of c and C may then be found by means of the 
fourth and second of Napier’s Analogies : 


A+B) 
tan go= SMEG TD ton yas b) ; 


sin (A — B) 


sin }(a + 4) 


ale = 
Got FC ain (a —b) 


tan }(A — B). 

Nore 1. In this case the conditions for one solution, two solutions, or 
no solution can be, deduced directly by the theory of polar triangles from 
the corresponding conditions of Case III, p. 170. There are two solutions 
when 4 and a are alike in kind and sin B>sin A>sinasin B ; no solu- 
tion when A and a are unlike in kind (including the case in which either 
A or a is 90°) and sin B is greater than sin A or equal to sin A, or 
when sin 4 <sin asin B; and one solution in every other case. 


Norr 2. By proceeding as indicated in Case III, Note 2, p. 171, formu- 
las for computing c or C, independent of the side b, may be found; viz., 
tan m = tan acos B, and sin (¢ — m) = cot A tan Bsinm; 
cot = cosa tan B, and sin (C — x) = cos A sec Bsin g. 
In these formulas m = BD, «= Z BCD, D being the foot of the per- 
pendicular from the vertex @. 


Norn 38. As in Case III, p. 171, only those values of 6 can be retained 
which are greater than or less than a, according as B is greater than 
or less than A, © If log sin b is positive, the triangle is impossible. 
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EXERCISE XL 


1: .G@iven A = 110° 10’, Ba=133° 48!) © oe = 1472 5.32! 
find 6 = 155° 5'18",  ¢ =33° 1' 37", C = 70° 20/40". 
2. Given A = 113°39' 21", B=123°40'18", a= 65° 89! 46"; 
find 6= 124° 7'20", ¢=159°50'15",C= 159° 43' 34!" 
3. Given A = 100° 2'11", B= 98°30'28" a = 95° 20' 39"; 
find 6 = 90°, e = 147°41'50"",C= 148° 5! 40". 
a Given 4 = 24-690 9", B= 38 012" a= 65-220" 13"; 
show that the triangle is impossible. 


SECTION LXI 
Cast V 


Given the three sides a, b, and c. 

The angles are computed by means of Formulas [47], p. 161, 
and the corresponding formulas for the angles B and C. 

The formulas for the tangent are, in general, to be preferred. 

If we multiply the equation 


tan 4 A = Vese s esc (s — a) sin (s — b) sin (s — ¢) 


= sin (s — a) 


by the equation Tey ey 


and put tan 7 for Vese s sin (s — a) sin (s — 6) sin (s — ¢), at the 
same time making analogous changes in the equations for 
tan} B and tan} C, we obtain 

tan 4 A = tan 7 csc (s — @), 

tan 4 B = tan r csc (s — 6), 

tan 4 C = tan r csc (s — 6), 
which are the most convenient formulas to employ when all 
three angles have to be computed. 
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Exampte 1. Given a = 50° 54! 32", 6 = 37° 47' 18", ¢ 


74° 51' 50"; find A. 


a= 50° 54’ 32” 
Cia lO AT aS 
c= 14251 507 
28s = 168° 33’ 40” 
Si 146550 
SG — sol b2 eee 
s—b= 48° 59’ 32” 
S70 621504 


A+; 


logescs= 0.00448 . 


log esc (s — a) = 0.28979 
log sin (s — 6) = 9.84171 
 logsin (s —c) = 9.08072 


2 )19.21670 

log tan$.4 = 9.60835 
fA = 22° 5/20” 
A = 44° 10’ 40” 


EXAMPLE 2. Given a = 124° 12' 31", 6 = 54° 18'16", c= 
97°12! 25"; find: A = 1275 22)", Babe 18)" Cae 


26! 40". 
(in Pe oak 
Di 04 S162 
C= SOT N2A2b4 
2.8 = 275° 43’ 12” 
SST ero S364 
log sin (s — a) = 9.87293 
log sin (s — b) = 9.99725 
log sin (s — c) = 9.81890 
logeses = 0.17331 
log tan? r = 9.85739 
log tan r = 9.67870 


$—a=18° 30% 5” 
8 — b = 83° 33” 20” 
s—c¢ = 40°39 117 
log tan $ A = 0.30577 
log tan 4 B = 9.68145 
log tan4 C = 9.86480 


4A =- 63°41’ 3.87 
+B =) 26°39" 5:68 


$C =~36° 13’ 20” 
AAO ae 
Tages Shes Res lie 
CS 122265 402 


EXERCISE XLI 


1. Given a =120°55'35", 6 = 59°4'25", 


find A = 116°44'50", B=63°10M0", C= 91°T/22" 


\* Given a = 50°12'4", 
find A = 59°4!28", 


3. Given a = 131°35'4", 


e = 106°10'22", 


b = 116°44'48"" ¢ = 129°11'49". 
B= 94223) 12" C= 12074'o2% 
b = 108°30'14"", c= 84°46'34"; 


find A = 182°14'21", B= 110°10'40". Cc = 99° 42124". 


4. Given a = 20°16'38", 
find “A’e= 20°9' 55", 


b = 56°19'40", 


c = 66° 20144"; 
B= 55° 52'35", © =114°20'21" 


nH 


¥ 
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SECTION LXII 


Casr VI 


Given the three angles A, B, and C. 


The sides are computed by means of Formulas [48], p. 162. 
The formulas for the tangents are, in general, to be preferred. 
If we multiply the equation 


tania = V— cos S cos (S — A) sec (S — B)sec(S — C) 

__ sec(S — A) 

~ gec(S — A)’ 

and put tan R for V— cos S sec(S — A)sec(S — B) sec(S—C), 


at the same time making analogous changes in the equations 
for tan 46 and tan 4c, we obtain 


by the equation 


tan $a = tan R cos(S — A), 
tan + 6 = tan R cos(S — B), 
tan $c = tan R cos(S — C), 
which are the most convenient formulas to use in case all 
three sides have to be computed. 
ExamptE 1. Given A = 222°, B= 130°, C=150°; find a. 


After we find the values of S, S— A, S— B, S—C, we write the 
formula for tan4a with the algebraic sign written above each function 
as follows : 


tanja= Nd aseecie= A) sec (S ~ B) sec (S — C). 


A = 220° log cos S = 9.53405 (n) 
B= 130° log cos (S — A) = 9.938753 
C= 1502 log sec (S — B) = 0.80103 (n) 
28 = 500° log sec (S — C/) = 0.76033 (n) 
S = 250° 2 ) 0.53294 
S— 4 = 30° log tan $a = 0.26647 
S— B= 120° ta= 61°34 6” 


S — C= 100° Ga 12382 8127 


Se 
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Nore. Here the effect, as regards algebraic sign, of three negative 
factors is canceled by the negative sign before the whole product. 


Exampie 2. Given A = 20° 9' 56", B= 55° 52!32", C= 
114°20'14". find @ = 20°16'38"", 6= 56° 19/41" c = 66°20'43". 
After we find the values of S, S— A, S— B, S—C, ‘we write the 


formula for tan R with the algebraic sign written above each function 
as follows: 


— + ~ + 
tan Rk = Ne cos S sec (S — A) sec (S — B) sec (S — C). 


Flees PAU Caio Siae 00. LAS 
B= “621627327 SAS pie ia 2b 
C = 114° 20 14” S—B= _ 39° 18’ 49” 


2S = 190° 22’ 42” S—C=—19° 8’ 58” 


log cos S = 8.95638 (n) 
log sec (S — A) = 0.58768 
log sec (S — B) = 0.11143 
log sec (S — C) = 0.02472 
log tan? R = 9.68021 
log tan R = 9.84010 


log tan $ a = 9.25242 

log tan $b = 9.72867 

log tan4c = 9.81538 
+a=10° 8 18.97 
$b=28° 9’ 50.3” 
$c= 383° 10’ 21.4” 


a = 20° 16’ 38” 
b= 56°, 105417 
c = 66° 20’ 43” 


EXERCISE XLII 


1. Given A = 130°, Pe 1107 SR Be 
find a = 139° 21! 22", 6 = 126° 57'52", c= 56° 51' 48". 


‘KX 2. Given 4 = 59°55'10", B = 85° 36' 50", C = 59° 55! LU. 
find a = 51°17! 31", 6 = 64° 2' 47", c=51° 17’ 31" 


8. Given 4 = 102° 14°12", B= 54° 32! 24", C = 89° 5! 46": 
find a = 104° 25.9", 6 = 53° 49! 25", ¢=97°44'19". 


4. Given A = 4° 23' 35", B = 8° 28! 20", C = 172° 17' 56"; 
find @ = 31° 9'13", b = 84° 18' 28", ¢ = 115° 10! 
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SECTION LXIII 
AREA OF A SPHERICAL TRIANGLE 


I. When the three angles A, B, C are given. 


Let R = the radius of the sphere, 

E = the spherical excess = A + B+ C — 180°, 
F = the area of the triangle. 

Three planes passed through the centre of a sphere, each 
perpendicular to the other two planes, divide the surface of 
the sphere into eight tri-rectangular triangles (Geometry, § 802). 

It is convenient to divide each of these eight triangles into 
90 equal parts, and to call each of these equal parts a spherical 
degree. The surface of every sphere, therefore, contains 720 
spherical degrees. 

Now in spherical degrees, the A ABC = E (Geometry, § 834), 
and the surface of the sphere is equal to 720 spherical degrees. 

Hence, A ABC: surface of the sphere = FE: 720. 

Since the surface of a sphere = 4 7R? (Geometry, § 824), 

ARABC 4 c7R? = E : T20. 
TR°E 
= ——. 1 
Whence, F 180 [51] 
Il. When the three sides a, b, © are given. 


A formula for computing the area is deduced as follows: 
From the first of Formulas [49], p. 164, 
cos$(A +B) _ cos¢(a+6) 
sine © Pe" Goede 
Now, sin + C = cos (90° — $C). 
cos$(4 +B) _cos$(a+b) 


Therefore, cos (90° — $C) ~~ cos $e 
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Then, by division and composition, 
cos $(A + B) — cos(90°—4C) _ cos $ (a+ 6) — Coste (a) 
cos 4(A + B)+cos(90°—4C) cos4(a + 6)+ coste 
Dividing [23], p. 59, by [22], p. 59, 
cos A — cos B _ 
cos A +cosB 
Substituting in (b) for 4 and B, $(A + B) and 90°—4C, 
respectively, we have 
cos $(A + B) — cos(90° — $C) 
cos 4(A + B) + cos (90° — $C) 
=—tan}($4+4$B+90°—4C) tan} ($4 +4B—90°+4$C) 
=—tan}(A + B— C+ 180°) tant(4 + B+ C — 180°). 
Now, E=A+B+C— 180°. 
.. tan$(4 + B— C+ 180°) =tan4 (860° — 2C+A+B+C—180°) 
= tan} (360°—2C+ E) 
= tan[90°—4(2C—E)] 
=cot}(2C — £). 
Now, substituting E for A + B+ C—180° and cot (2 C— EB) 
for tan $(A + B—C +4 180°), we have 


Gos (A sige) oor Os ee ane , 
cos 4(A + B) + cos (90°—4C) =—cot¢(2C—E)tan}FE. (c) 


— tag y (A + B)tan4(A — B). (b) 


Again substituting, in equation (b), for A and B the values 
x (a+ 6) and $c, and also substitute s for }(a+6-+e) and 
s —c for 4 (a+ 6 —c), we have 


cos $ (a + b)—coste | 
08 F(a HB) -Ncoshe 5 eee ame eee) 
Comparing (a), (c), and (d), we obtain 


cot ¢(2C — E)tangE=tan}stan}(s—c). (e) 


THE OBLIQUE SPHERICAL TRIANGLE 14) 


By beginning with the second equation of [49], p. 164, and 
treating it in the same way, we obtain as the result 


tan3(2C — £)tan} E = tan}(s—a)tan}(s—d). (f) 
By taking the product of (e) and (f) we obtain the elegant 
formula, known as l’Huilier’s Formula, 
tan? E = tan4stan}(s—a)tan}(s—b)tan}(s—c). [52] 
By means of [52] E may be computed from the three sides, 
and then the area of the triangle may be found by [51], p. 177. 
III. Jn all other cases, the area may be found by first solving 
the triangle so far as to obtain the angles or the sides, which- 
ever may be more convenient, and then applying [51] or [52]. 
Examprte 1. Given A = 102°14'12", B= 54° 32! 24", 
C = 89° 5' 46"; find the area of the triangle. 


A = 102°14’12” log R? = log R? 
B= 64°32’24” log Z = 5.37501 
C5800" br 467 U4 
ae * = Bite 
345° 59’ 22” log BiB000. = 4.68557 — 10 
E= 65° 52’ 22” log F = 0.06058 + log R? 
= 237142” ea Oe 


180° = 6480007” 


Hence, if we know the radius of the sphere, we can express 
the area of a spherical triangle in the ordinary units of area. 


EXAMPLE 2. Given @ = 133° 26'19", b = 64° 50! 538", c= 
144° 13' 45"; find E = 200° 46! 46". 


a& = 188° 26’ 19” log tan¢s = 1.11669 
b= 64°50’ 53” log tan 4(6 — a) = 9.53474 
C= ass a log tan $(s — b) = 0.12612 
2.8 = 342°30’ 57” log tan 4 (s — c) = 9.38083 
$= 171° 15’ 28.5” © log tan?+ EH = 0.15838 
Sh AO es OLO log tan + # = 0.07919 
s — b = 106° 24’ 35.5” +H= 50°11’ 41.5’ 
Si roaenc, 143567 E = 200° 46’ 46” 


* See Wentworth & Hill’s Logarithmic and Trigonometric Tables, p. 20. 
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EXERCISE XLII 


1, Given A = 84° 20'19", B = 27° 22' 40", C=7Tb° 33; find 
BE = 26159", F = 012682 be 
2. Gn @ = 69° 15'6" 6 120" A ATP ee dS eto 
find E = 216° 40' 18". 
: 3.. Given a = 33° 1'46%, 6 = 15575118") € = 7102 hie 
E = 133° 48! 53", 
Vi 4; Given ¢= TIE 2 OTe A =78 42055", Beedle home 
find the area. 
5. Given a = 76° 14' 47", b = 82° 40'15", A = 60° 22' 44"; 
find the area. 
6. Given 4d ='80° 12'35", B=TT- 38'22" a = 16 42'28", 
find the area. 
% Given 6 = 44°. 27' 40! ¢ = 15° 22" 44") A = 167° 42°27". 
find the area. 
8. Given 6 = 67°15' 42", A = 84° 55'8", C = 96° 18' 49"; 
find the area. 
9, (Givens = 72° Fo" 3er, ¢ = 04-58 52" ath Ti to aes 
find the area. 
10. Given B=127°16"4", C= 42° 34'19", 6 = 54° 4755" 
find the area. 
11. Given @ = 125°°42' 56", 6 = 107° 15'48"" «= 8837! 51" 
find the area. 
12. ° Given 4 =127°22'28", B=131°46'27", C=100°52'16"- 
find the area. 
13. Given a=116°19'45", A =160° 42'24" C=171° 27/15"; 
find the area. 
14. Find the area of a triangle on the earth’s surface 
(regarded as spherical) if each side of the triangle is equal 
to 1°. (Radius of earth = 3958 miles.) 


CHAPTER IX 
APPLICATIONS OF SPHERICAL TRIGONOMETRY 
SECTION LXIV 


PROBLEM 


To reduce to the horizon an angle measured in space. 


Let O (Fig. 102) be the position of the eye; DOC =h, the 
angle measured in space; OD! and OC’ the projections of the 
sides of the angle upon the horizontal plane; DOD' =m and 


Fie. 102 


Coc'=n, the angles of inclination of OD and OC, respec- 
tively, to the horizon. Required the angle D'OC'= ax made 


by the projections on the horizon. 
181 
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The planes of the angles DOD' and COC' intersect in the 
line OP, perpendicular to the horizontal plane (Wentworth’s 
Geometry, § 556). 

From O as a centre describe a sphere, and let its surface cut 
the edges of the trihedral angle O-DCP in M, N, and P. 

In the spherical triangle MNP, MN=A, MP = 90° — M, 
NP = 90° — n are known; and P = = is required. 

By [47], p. 161, 


sin (90°+ 44—4m—4n)sin(90°—}h—im—jin 
sin (90° — m) sin (90° — n) 


cos 4a = 
Putting $(4 + m + n) =, we obtain 
ene. Nee [90° + (s — h)] sin (90° — s) 


COS 7 COS 7 


— Vcos (s — h) cos s sec m sec n. 


SECTION LXV 
PROBLEM 


To find the distance between two places on the earth’s surface 
(regarded as spherical), given the latitudes of the places and the 
difference of their longitudes. 


pony 
| 


| 


Fig. 103 Fig. 104 


a 
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Let Mand N (Fig. 104) be the places. Then the distance 
MN is an arc of the great circle passing through the places. 
Let P be the pole, ARB the equator. The arcs MR and NS 
are the latitudes of the places, and the arc RS, or the angle 
MPN, is the difference of their longitudes. Let MR =d, 
NS=a, RS=1; then in the spherical triangle MNP two 
sides, MP = 90° — b, NP = 90° — a, and the included angle - 
MPN =} are given, and we have from Sect. LVII, p. 167, 

tan m = cot a cos J, 
cos MN = sin @ see m sin (6 + m). 


From these equations first find m, then the are MN, and 
then reduce MN to geographical miles, of which there are 60 
in each degree. 


SECTION LXVI 
THE CELESTIAL SPHERE 


The Celestial Sphere is an imaginary sphere of indefinite 
radius, upon the concave 
surface of which all the 
heavenly bodies appear to 
be situated. 

The Celestial Equator, or 
Equinoctial, AVBU (Fig. 
105), is the great circle in 
which the plane of the 
earth’s equator intersects 
the surface of the celestial 
sphere. 
=The Poles, .P and P! 
(Fig. 105), of the celestial 
equator are the points in which the earth’s axis produced cuts 
the surface of the celestial sphere. 


Fia. 105 
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The Celestial Meridian, PBP' (Fig. 106), of an observer is the 
great circle in which the plane of his terrestrial meridian 
produced meets the surface of the celestial sphere. 

Hour Circles, as PMP' (Fig. 106), or Circles of Declination, are 
great circles passing through the poles, perpendicular to the 
celestial equator. ; 

The Horizon, NWSE (Fig. 106), of an observer is the great 
circle in which the plane tangent to the earth’s surface, at the 
place where he is, meets the surface of the celestial sphere. 

The Zenith, Z (Fig. 106), of an observer is that pole of his 
horizon which is exactly above his head. 

Vertical Circles, as NPZS (Fig. 106), are great circles pass- 
ing through the zenith of an observer, perpendicular to his 
horizon. 

The vertical circle passing through the east and west points 
of the horizon is called the Prime Vertical; that passing 
through the north and south points coincides with the celes- 
tial meridian. 


Fie. 106 Fie. 107 


The Ecliptic, AVB (Fig. 107), is a great circle of the celes- 
tial sphere, apparently traversed by the sun in one year from 
west to east, in consequence of the motion of the earth around 
the sun. 


APPLICATIONS 185 


The Equinoxes are the points where the ecliptic cuts the 
celestial equator. They are distinguished as the Vernal 
equinox and the Awtwmnal equinox; the sun in his annual 
journey passes through the former on March 21, and through 
the latter on September 21. The Vernal equinox is shown 
here at V (Fig. 108). 

Circles of Latitude, as QMT (Fig. 108), are great circles passing 
through the poles of the 
ecliptic, perpendicular to 
the plane of the ecliptic. 

The angle which the 
ecliptic makes with the 
celestial equator is called 
the obliquity of the ecliptic; 
it is equal to 23° 27', nearly, 
and is often denoted by the 
letter e. 

The earth’s diurnal mo- 
tion causes all the heavenly 
bodies to appear to rotate 
from east to west at the 
uniform rate of 15° per hour. If in Fig. 106 we conceive the 
observer placed at the centre O, and his zenith, horizon, and 
celestial meridian fixed in position, and all the heavenly 
bodies rotating from east to west around PP! as an axis at 
the rate of 15° per hour, we form a correct idea of the 
apparent diurnal motions of these bodies. When the sun or 
a star in its diurnal motion crosses the meridian, it is said to 
make a ¢ransit across the meridian; when it passes across the 
part NWS of the horizon, it is said to set ; and when it passes 
across the part NES, it is said to rise (the effect of refraction 
being here neglected). Each star, as M, describes daily a 
small circle of the sphere parallel to the celestial equator, and 
called the diurnal circle of the star. ‘The nearer the star is to 


Fig. 108 
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the pole, the smaller is the diurnal circle; and if there were 
stars at the poles P and P’, they would have no diurnal 
motion. To an observer north of the equator the north pole P 
is elevated above the horizon (Fig. 108); to an observer south 
of the equator the south pole P’ is the elevated pole. 


SECTION LXVII 
SPHERICAL CO-ORDINATES 


Several systems of fixing the position of a star on the sur- 
face of the celestial sphere at any instant are in use. In each 
system a great circle and its pole are taken as standards of 
reference, and the position of the star is determined by 
means of two quantities called its spherical co-ordinates. 

I. If the horizon and the zenith are chosen (Fig. 109), the 
co-ordinates of the star are called its altitude and its azimuth. 


Fie. 109 Fig. 110 


The Altitude of a star is its angular distance, DM, measured 
on a vertical circle, above the horizon. The complement, MZ, 
of the altitude is called the Zenith Distance. 

The Azimuth of a star is the angle PZM at the zenith formed 
by the meridian of the observer and the vertical circle passing 
through the star, and is measured, therefore, by an arc of the 
horizon. It is usually reckoned from the north point of the 
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horizon in north latitudes, and from the south point in south 
latitudes; and east or west according as the star is east or 
west of the meridian. 

Il. Uf the celestial equator and its pole are chosen (Fig. 110), 
then the position of the star may be fixed by means of its decli- 
nation and its hour angle. 

The Declination of a star is its angular distance, RM, from 
the celestial equator, measured on an hour circle. The angular 
distance, PM, of the star, measured on the hour circle, from the 
elevated pole, is called its Polar Distance. 

The declination of a star, like the latitude of a place on the 
earth’s surface, may be either north or south; but, in practical 
problems, while latitude is always to be considered positive, 
declination, if of a different name from the latitude, must be 
regarded as negative. 

If the declination is negative, the polar distance is equal 
numerically to 90° + the declination. 

The Hour Angle of a star is the angle MPQ at the pole formed 
by the meridian, APB, of the observer and the hour circle, PMR, 
passing through the star. On account of the diurnal rotation 
the hour angle is constantly changing at the rate of 15° per 
hour. Hour angles are reckoned from the celestial meridian, 
positive towards the west, and negative towards the east. 

Ill. The celestial equator and its pole being still retained, we 
may employ as the co-ordinates of the star its declination and 
its right ascension. 

The Right Ascension of a star is the arc VR of the celestial 
equator included between the Vernal equinox and the point 
where the hour circle of the star cuts the celestial equator. 
Right ascension is reckoned from the Vernal equinox eastward 
from 0° to 360°. 

IV. The ecliptic, EVF, and its pole Q may be taken as the 
standards of reference. The co-ordinates of the star are then 
called its latitude and its longitude. 
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The Latitude of a star is its angular distance, MT (Fig. 112), 
from the ecliptic measured on a circle of latitude. 

The Longitude of a star is the are VT (Fig. 112) of the 
ecliptic included between the Vernal equinox and the point 
where the circle of latitude through the star cuts the ecliptic. 
The longitude of a star is always measured eastward from the 
Vernal equinox. 


Fia@. 111 Fie. 112 


For the star M (Figs. 111 and 112), let 

1 = the latitude of the observer, 

lee DM = the altitude of the star (Fig. 111), 

2—=  ZM=the zenith distance of the star, 

a= Z PZM =the azimuth of the star, 

t = Z ZPM = the hour angle of the star, 

a= RM = the declination of the star, 

p= PM = the polar distance of the star, 

r= VR = theright ascension of the star (Fig. 112), 

a MT = the latitude of the star, 

ch VT = the longitude of the star, 
NZS = the celestial meridian (Fig. 111), 
ARB = the celestial equator (Fig. 112), 
EVF = the ecliptic. 
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In many problems a simple way of representing the mag- 
nitudes involved is to project the sphere on the plane of the 
horizon, as shown in Figs. 114 and 115. 


qT 
| 


Fie. 113 Fie. 114 


NESW is the horizon, 7 the zenith, 
NZS the celestial meridian, WZE the 
prime vertical, WBE an arc of the 
celestial equator, P the pole, Wa star, 
DM its altitude, 7M its zenith dis- 
tance, ZPZM its azimuth, MF its 
declination, PM its polar distance, 
ZZPM its hour angle. 


: Fia@. 115 


SECTION LXVIII 


THE ASTRONOMICAL TRIANGLE 


The triangle ZPM (Fig. 111) is often called the astronom- 
ical triangle, on account of its importance in problems in 
Nautical Astronomy. 

The side PZ is equal to the complement of the latitude of 
the observer. For (Fig. 111) since O is the centre of the 
sphere, the angle ZOB between the zenith of the observer 
and the celestial equator is obviously equal to his latitude, 
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and the angle POZ is the complement of ZOB. Since the are 
NP is the complement of PZ, the altitude of the elevated pole 
is equal to the latitude of the place of observation. 

The triangle ZPM then (however much it may vary in 
shape for different positions of the star 1) always contains 


the following five magnitudes: ~~ 
PZ = theco-latitude of observer 
= 90° — J, 
ZM = the zenith distance of star 
=e 
Z PZM =the azimuth of star 
=i 


PM = the polar distance of star: 
See es) 
Z ZPM = the hour angle of star 
I 
A very simple relation exists between the hour angle of the 
sun and the local (apparent) time of day. The hourly rate at 
which the sun appears to move from east to west is 15°, and it 
is apparent noon at any place when the sun is on the meridian 
of that place. Hence, it is evident that if the hour angle is 
0°, the time of day is noon; if the hour angle is 15°, the 
time of day is 1 o’clock p.m.; if the hour angle is 75°,. the 
time of day is 5 o’clock p.m.; if the hour angle is — 15°, 
the time of day is 11 o’clock a.m.; if the hour angle is — 75°, 
the time of day is 7 o’clock a.m.; and so on. 
In general, if ¢ denotes the absolute value of the hour angle, 
when the sun is west of the meridian, 
t 
15 P. 


when the sun is east of the meridian, 


Fia. 116 


the time of day is M.; 


the time of day is 12 — vs A.M. 
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SECTION LXIX 
PROBLEM 


Given the latitude of the observer and the altitude and the 
zimuth of a star, to find its declination and its hour angle. 


In the triangle ZPM (Fig. 117), 
given 

PZ = 90° —1 =the co-latitude, 

ZM = 90° — h =the co-altitude, 


PZ = o = the azimuth ; 
to find 
PM = 90° —d =the polar distance, 
“AZPM—F = the hour angle. 
Draw MK 1 to NZS. 
Let LK = th. ee 
Then, if a< 90°, PK =90°—(1+m); 
and if a > 90°, PK = 90° —(1— m). 
By Napier’s Rules, 
cos a = + tan m tan h, Ge) 
sin d = cos PK cos MK, (2) 
sin h = cos m cos MK. - (8) 
From (1), tan m = + cot h cos a. (A) 
From (3), cos MK = sin fh sec m. (4) 
From (2), sin d = cos [90° — (J £ m) ] cos MK. 
.". sin d = sin (¢ + m) cos MK. (5) 
Substitute in (5) the value of cos MK. 
Then, sin d = sin (/ £ m) sin h sec m. (B) 


In equations (A) and (B) the — sign is to be used if a > 90°. 
The hour angle may then be found by means of [44], p. 158, 
whence sin ¢ = sin a cos hi sec d. 
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SECTION LXX 
PROBLEM 


To find the hour angle of a heavenly body when its declina- 
tion, its altitude, and the latitude of the place are known. 
In the triangle 7PM (Fig. 118), 
given PZ = 90" — 4, 
PM =90° —d =, 
ZM = 90° —h; 
required 
LPM =F. 
If, in the first formula of [47], 
p- 161, 
sin} A 
= Vsin(s — b)sin(s — e)esc 6 ese ¢, 
we put 4d =t,a=90°—h, b=p,c=90° —1, 


Fie. 118 


and 2s=a+t6-+e. 

Then, 2s=90°—-h+p+4+ 90° — J, 
or ; 2s=180°—l+p—h; 
whence, s=90°—41+4p—$h, 


s—b=90°—}(70+p+h), 
s—c=}3(+p—A); 
and the formula becomes 
sin $¢ 
=+ Vsin [90°—4 (2+p+h)] sin} (l+p—h) ese p ese (90° — 2) 
te 3 Veos }(1+-p +h) sin} (1+ p —h) esepseel, 


in which the — sign is to be taken when the body is east of 
- the meridian. 

If the body is the sun, how can the local time be found when 
the hour angle has been computed (Sect. LX VIII, p. 189) ? 
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SECTION LXXI 
PROBLEM 


To find the altitude and the azimuth of a celestial body when its 
declination, its hour angle, and the latitude of the place are known. 


In the triangle ZPM (Fig. 118), 


given PZ = 90° —7, 
PM =90° —d=p, 
ZZPM=t; 
required ZM = 90° —h, 
ZPZM = 4. 


Draw MK 1 to NZS and let PK =m. 
Then, if a < 90°, ZK =90°— (1+ m); 


and if a > 90°, ZK = (l+ m) — 90°. 
By Napier’s ‘Rules, 
cos t = tan m tan d, . (1) 
sin h = sin (J + m) cos MK, (2) 
sin d = cos MK cos m, (3) 
cos (1+ m) = cot a tan MK, (4) 
sin m = cot ¢ tan MK. | (5) 
From (1), tan m = cot d cos t. (A) 
From (3), cos MK = sin d sec m. (6) 
Substitute in (2) the value of cos MK, 
sin h = sin(/ + m) sin d sec m, (B) 
From (5), tan MK = sin m tan t. 
Substitute in (4) the value of tan MK, 
tan a = sec (J + m) sin m tan t. (C) 


Equations (A), (B), and (C) are the equations required. 
In (C) a is E. or W. to agree with the hour angle. 
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SECTION LXXII 
PROBLEM 


To find the latitude of the place when the altitude of a celes- 
tial body, its declination, and its hour angle are known. — 


In the triangle 7PM (Fig. 119), 


given ZM = 90° —h, 
PM = 90° — d, 
ZZPM=t; 


required BZ = 1. 
Draw MK 1 to NZS. 
Let PR = ow Kk =. 


Then, by Napier’s Rules, 
cost = tan m tan d, 
sin h = cos n cos MK, 
sin d = cos m cos MK; 
whence, ; tan m= cot d cos t, 
cos n = cos m sin h ese d. 
It is evident from the figure that 
l= 90° —(m+n), 

in which the sign + or the sign — is to be taken according as 
the celestial body and the elevated pole are on the same side 
of the prime vertical or on opposite sides. 

In fact, both the values of 7 shown above may be possible 
for the same altitude and the same hour angle; but, unless n 
is very small, the two values will differ largely from each 


other, so that the observer has no difficulty in deciding which 
of them should be taken. 
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SECTION LXXIII 
PROBLEM 


Given the declination, the right ascension of a star, and the 
obliquity of the ecliptic, to find the latitude and the longitude of 
the star. 


Let M (Fig. 121) be the star, P the pole of the celestial 
equator, and Q the pole of the ecliptic. 


Then, in the triangle PMQ, 
given PQ See 25° 27’, 
PM = 90° — d, 
Z MPQ=90° +7; 


required QM = 90° — u, 

and Z PQM = 90° —v; 

where vr = the right ascension = VR, 
u = the latitude of M = MT, 

and v = the longitude of M= VT. 


Fic. 120 Fig. 121 


Here, two sides and the included angle are given. Draw 
MH 1 to PQ, and meeting it produced at H. Let PH =n. 
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fa ize By Napier’s Rules, 
= sin r = tan 7 tan d, (1) 
Gas P sin u = cos(e + n) cos MH, (2) 
A Dt)s sin d= cosn cos MH, (3) 
Wee az sin(e+7) = tanv tan MH, (4) 
sin 7 = tan 7 tan MH. (5) 

From (1), 

ce arg tan n = cot d sin 7. (A) 


From (3), cos MH = sin d sec n. 
Substitute in (2) the value of cos MH, 

sin wu = cos(e + 7)sin d sec n. (B) 
From (4), tan v = sin (e + ») cot MH. (6) 
From (5), cot MH = tan r cse¢ n. 
Substitute in (6) the value of cot MH, 

tan v = sin (e + ) tan 7 ese n. (C) 
Equations (A), (B), and (C) determine w and v. 
To avoid obtaining w from its sine we may proceed as 

follows : 

In the right A QMH take Q as the middle part between 


the adjacent sides QM and QH. 
By Napier’s Rules, 


cos Q = tan QH cot QM. 


But Q = 90° — x, 
QH=e+n, 
and QM = 90° — u. 
Therefore, cos Q = tan QH cot QM 


may be written « 
sin v = tan(e + m)tan wu. 


.. tan u = sin v cot (e+ n). 
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EXERCISE XLIV 


1. Find the dihedral angle made by adjacent lateral faces 
of a regular ten-sided pyramid ; given the angle V = 18°, made 
at the vertex by two adjacent lateral edges. 


2. Through the foot of a rod which makes the angle 4 with 
a plane a straight line is drawn in the plane. This line makes 
the angle B with the projection of the rod upon the plane. 
What angle does this line make with the rod ? 


3. Find the volume V of an oblique parallelopipedon ; given 
the three unequal edges a, 6, c, and the three angles /, m, n, 
which the edges make with one another. 


4. The continent of Asia has nearly the shape of an equi- 
lateral triangle, the vertices being the East Cape, Cape Romania, 
and the Promontory of Baba. Assuming each side of this 
triangle to be 4800 geographical miles, and the earth’s radius 
to be 3440 geographical miles, find the area of the triangle: 
(i) regarded as a plane triangle; (11) regarded as a spherical 
triangle. 


5. A ship sails from a harbor in latitude / and keeps on the 
arc of agreat circle. Her course (or angle between the direction 
in which she sails and the meridian) at starting is a. Find 
where she will cross the equator, her course at the equator, and 
the distance she has sailed. 

6. Two places have the same latitude /, and the distance 
between the places, measured on an arc of a great circle, is d. 
How much greater is the arc of the parallel of latitude between 
the places than the arc of the great circle? Compute the 
results forié = 45°; 2.90", 
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7. The distance d between two places and the latitudes 7 
and /' of the places are-known. Find the difference between 
their longitudes. 


8. Given the latitudes and longitudes of three places on 
the earth’s surface, and also the radius of the earth; show 
how to find the area of the spherical triangle formed by ares 
of great circles passing through the three places. 


9. The distance between Paris and Berlin (the are of a 
great circle) is equal to 472 geographical miles. The latitude 
of Paris is 48° 50! 13"; that of Berlin, 52° 30'16". When 
it is noon at Paris what time is it at Berlin ? 


Nort. Owing to the apparent motion of the sun, the local time over 
the earth’s surface at any instant varies at the rate of one hour for 15° of 
longitude ; and the more easterly the place, the later the local time. 


10. Given the altitude of the pole 45°, and the azimuth 
of a star on the horizon 45°; find the polar distance of the 
star. 


11. Given the latitude 7 of the observer, and the declination 
d of the sun; find the local time (apparent solar time) of sun- 
rise and sunset, and also the azimuth of the sun at these times 
(refraction being neglected). When and where does the sun rise 
on the longest day of the year (at which time d = + 23° 27') 
in Boston (J = 42° 21'), and what is the length of the day’ from 
sunrise to sunset? Also, find when and where the sun rises 
in Boston on the shortest day of the year (when d = — 23° 27’), 
and the length of this day. 


12. When is the solution of the problem in Example 11 
impossible, and for what places is the solution impossible ? 


13. Given the latitude of a place and the sun’s declination ; 


refraction). Compute the results for the longest day of the 
year at Munich (/ = 48° 9'). 7 
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14. How does the altitude of the sun at 6 A.m. on a given 
day change as we go from the equator to the pole? At what 
time of the year is it a maximum at a given place ? (Given 
sin 4 = sin / sin d.) 

15. Given the latitude of a place north of the equator, and 
the declination of the sun; find the time of day when the sun 
bears due east and due west. Compute the results for the 
longest day at St. Petersburg (7 = 59° 56’). 


16. Apply the general result in Example 15 (cos ¢ = cot Z 
tan d) to the case when the days and nights are equal in length 
(that is, when d= 0°). Why can the sun in summer never be 
due east before 6 A.m., or due west after 6 p.m.? How does 
the time of bearing due east and due west change with the 
declination of the sun? Apply the general result to the cases 
where 7<dand/=d. What is it at the north pole? 

17. Given the sun’s declination and his altitude when he 
bears due east; find the latitude of the observer. 

18. At a point O in a horizontal plane MW a staff OA is 
fixed so that its angle of inclination AOB with the plane is 
equal to the latitude of the place, 51° 30! N., and the direction 
OB is due north. What angle will OB make with the shadow of 
OA on the plane, at 1 p.m., when the sun is on the equinoctial ? 

19. What is the direction of a wall in latitude 52° 30’ N. 
which casts no shadow at 6 a.m. on the longest day of the year ? 

20. Find the latitude of the place at which the sun rises 
exactly in the northeast on the longest day of the year. 

21. Find the latitude of the place at which the sun sets at 
10 o’clock on the longest day. 

22. To what does the general formula far the hour angle, 
in Sect. LX X, reduce when (i) h = 0°, (ii) 7 = 0° and d= 0°, 
(iii) ¢ or d = 90°? 
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23. What does the general formula for the azimuth of a celes- 
tial body, in Sect. LX XI, become when ¢ = 90° = 6 hours? 

24. Show that the formulas of Sect. LX XII, if ¢ = 90°, lead 
to the equation sin 2 = sinh ese d; and that if d = 0°, they lead 
to the equation cos / = sin hf sec t. 

25. Given the latitude of the place of observation 52°30'16", 
the declination of a star 38°, its hour angle 28° 17'15"; find 
the altitude of the star. 

26. Given the latitude of the place of observation 51°19'20", 
the polar distance of a star 67° 59'5", its hour angle 15° 8'12"; 
find the altitude and the azimuth of the star. 

27. Given the declination of a star 7° 54', its altitude 
22° 45' 12", its azimuth 129° 45! 37"; find the hour angle of 
the star and the latitude of the observer. 

28. Given e = 23° 27' and the longitude v of the sun; find 
the declination d and the right ascension 7. 

29. Given e= 23° 27', the latitude of a star 51°, its longi- 
tude 315°; find its declination and its right ascension. 

30. Given the latitude of the observer 44° 50’, the azimuth 
of a star 138° 58', its hour angle 20°; find its declination. 

31. Given the latitude of the place of observation 51°31'48", 
the altitude of the sun west of the meridian 35° 14' 27", its 
declination + 21° 27’; find the local apparent time. 

32. Given the latitude of a place /, the polar distance p of 
a star, and its altitude 4; find its azimuth a, 


FORMULAS 
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gin27A -¢0s2 Ar— Ie 


sin A 

tan A = : 

a os A 
sin A x ese A = ft. 
cos A x sec A = 1. 


tan A x cot A = 1. 


4. sin(x +-y)= sin x cos y + cos x sin y 


5. cos(a+ y) = cos x cos y — sin x sin y, 


a tan x + tan ¥ 
ee ot ae eee east) 
cot x cot y —1 
COE T eag ias cot y + cot x 
. sin(x — y)=sin x cos y — cosa siny, 


9. cos (# — y) = cosa cos y + sin & sin y, 


LO. 


ii. 


12: 
13. 


14. 


tan « — tan y 


7) 

eae) 1 + tan x tan y 

cot x coty +1 

t(e—y)= : 

bo EY) - cot y — cot x 
sin 2% = 2 sin x cos a. 


cos 2 # = cos* x — sin? x, 


2 tan x 
1 — tan?z 


202° 


tan 2a = 


15. 


16. 


17. 


26. 


27. 


29. 


oe 
te 
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conan | 


2 cot x 


a 


sind z= ae = 


cos pam tye tse. 


cot 2x2 = 


sin A + sin B= 2sin (A + B)cos}(A — B). 


. sin A — sin B= 2cos }(A + B)sin } (4 — B). 


cos A + cos B = 2 cos 4(A + B)cos }(A — B). 
cos A — cos B =— 2 sin }(A + B)sin }(A — B). 


sinA+sinB_ tan}(4 +B) 


"sn A—sinB tan}(A — B) 


sin A 
sin B 


a? = 6* + c*? — 2 bc cos A. 


a—6b_ tan}(A—B) 
a+b tan}(A +B) 


. sin} A ee ee) 


cos$ A = Noe 
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Se tanto fan PY sect ihn 3) 
j ha s(s — a) 


a Gee 


s 


r 


lee tail pe 
Sob) 


33. F= fac sin B. 


a* sin B sin C 
34. F = ———_.- 
2 sin (B + C) 


35. F = Vs(s — a) (s — b) (s — ©). 


Be) eee 


i 
o 


37. F=}r(a+b+o=rs. 
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38. cose =cosacos Bp. 


| sin a = sine sin A. 
a | sin 6 = sine sin B. 


39 


40 cos A = tan b cot ec. 
* ) cos B = tan a cot e. 


cos A = cos a sin B. 
cos B= cos 6 sin A. 


42 sin 6 = tan a cot A. 
“ ‘\ sin a = tan b cot B. 
cos ¢ = cot A cot B. - f 
| sinasin B = sind sin A. 
( 


sina sin C= sine sin A. 
sin 6 sin C = sin c sin B. 


FORMULAS 


( cos a= cos bd cose + sind sine cos A. 
45. <~ cos bd = cosacose + sinasinc cos B. 
cos ¢ = cosacos6 + sinasind cos C. 


( cos A =— cos B cos C + sin B sin C cos a. 
| . re , ; 

46. ~ cosB =— cos A cos C + sin A sin C cos b. 
| cos C=— eos A cos B + sin A sin B cose. 


( sin }4 = Vsin (s — b) sin (s — c) esc b ese ¢. 
47. + cos} A= Vsin s sin (s — a) ese b ese e. 


tan} A = Vesc s ese (s — a) sin (s — 6) sin (s — ¢). 


sin La = V— cos S cos(S — A)ecse B ese C. 
cost} a= V cos (S — B)cos(S — C)ese Bese C. 


48. 


tan is ERAT EERE VET TT TES 


L 
{ cos} (A + B)cos}e =cos}(a+b)sin} C. 
49. Sey FSP Ee eee arte: 
cos$(A — B)sin}¢=sin}(a+ 6)sn}C. 
sin (A — B)sin }¢ = sin} (a — b) cos} C. 
( 


cos 4.(a — 5) 


tan} (4 + B)= PEED cot 3 C. 
sin} (a — 6) 
tan 4(A — B)= int(a 4) cot 4 (Ge 
OES cos $(4 — B) , } 
tan} (a +b) ~ 08 (4 +B) an + ¢. 
sind (A—B),.. 
eta RAC ENe Ee tai dc 
BI pate. 
: an 1 SO) 


205 


C). 


52. tan? H = tan 4stan }(s — a) tan } (s — b)tan}(s—¢). 
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The following diagram shows Prof. Blakslee’s construction 
by which the direction ratios for plane right triangles give 
directly from a figure the analogies for a right trihedral or for 
a right spherical triangle : a 


The construction consists of two parts. 

1. Lay off from the vertex V a unit’s distance on each edge. 
. 2. Pass through’ the three extremities of these distances 
three planes perpendicular to one of the edges, as VA. Now 
these three parallel planes will cut out three similar right 
triangles. The first being constructed in either of the two 
usual ways, the construction of the others is evident. 

Since the plane angles A,, 4», A; all equal the dihedral 4, 
and the nine right triangles in the three faces give the values 
in the figure, we have: 


(1) sin A = sin a: sinh; similarly;sin B = sin 6 : sin h. 
(2) cos A = tan db: tanh; similarly, cos B= tana: tan h. 
(3) tan A = tana: sin d; similarly, tan B = tan 0 : sin a. 
(4) cos h = cosa cos b; by (8), cos h = cot A cot B. 

(5) sin A = cos B: cosd; sin B = cos A: cos a. 
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Norse. If a sphere of unit radius is described about V as a centre, 
the three faces will cut out a right spherical triangle, having the sides a, 
b, and A, and angles A, B, and H. The above formulas are thus seen to 
be the analogies of : 

(sein Aa hsineD — bis A 

(2)"c0s:4 = 6:3 cos B= a sh. 

(3) tan A=a:b; tanB=b:a. 

(4) h? =a? + b?; 1=sin? + cos?; 1 =cot A cot B. 
(5) sin 4 = cos B; sin B=cosA. 


Napier’s Rules give only the following, which follow from the analogies 
as numbered : - 


By ;sina =sin Asinh = aa (8) 
(1) { sin 6 = sin Bsinh = tanacot A 


5 Pe es arn (2) 
(5) ules Ae rp ee 


(4) {cos h =cosa cosb = cot A cot B} (4) 


GAUSS’S EQUATIONS 


cos (A + B)cos }¢ = cos (a + b)sin $C. 
sin }(A + B)cos }¢ = cos 3 (a — b) cos $C. 
cos }(A — B)sin }¢ = sin }(a + 5) sin $C. 
sin (A — B)sin }¢ = sin} (a — b)cos3C. 


ts 
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Exercise I. Page 2 


eae cla Maaco Dale 


33 573 SU; 1375 ees 1575 vy. 
120°; 185°; 112° 80’; 168° 45’; 84°. 
0.017453 ; 0.0002909. 8. 69.166 miles. 
206,265”. 9. 57 feet 3.55 inches. 
Sn; 27. 10. 3 hours 49 minutes 11 seconds. 
LIM DT 338s 11. 9 feet 2 inches. 
14° 27’ 28”, 12. +7, seconds. 
Exercise II. Page 5 
‘ b a b a c 
iS) sin bcos 5 = — > tal b= —* Cobb =—~ sec. b= —* C86. =. 
ee c’ a Bye ; b 
So) (i) sini — 3 COS'— +, tan — 2 coti— >) seC — 2) cee =a 
(ii) sin =7,, cos=7?, tan= 7, cot=42, sec = 13, csc= 13; 
(iii) sin =, cos=i7$, tan=,%, cot=45, sec =41%, csc= 41; 
(iv) sn = 2, cos=49, tan= 2, cot = 4°, sec = 44, csc = 41; 
(v) sin = 28, cos= 89, tan= 38, cot = $9, sec = 8%, csc = 82; 
(vi) sin = 432, cos = 429, tan = {13, cot = 428, 
=— 169 — 1869 
BEC = 779, CSC = T75- 
4. The required condition is that a? + b?=c%, It is 
Abs 2mn m2 — n2 2mn 
55-(1) sin — ——__ 7, (¢08 = ——————, tan) = ’ 
m2 + n? m? + n?2 m2 — n? 
m2 — n2 m? + n? m2 + n2 
COt = —— > SCC es C8 
2mn m2 — n? 2mn 
baal 2a xe? — ¥ Quy 
(ii) sin = Bek Dee ——,, _ tan= , 
a = a gr y4 ge ye 
2 — 72 x? + 2 x2 + y2 
cot = y sec = — y ECSOu— ; 
Quy x? — y? 2 ay 


1 


au 
r 
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8 
(iii) sin =4, cos = 3 tan = 2, oe sec = 


QI 


8 
2 cseS—, 
q 


fats ms mpv ns 
(iv) sin =—, cos= ’ n=—, 
qr nqr pr 

q qr 


pv ngr 
cot = —, sec= » ese = — 
ns mpv 


7. In (iii) p?q? + q?s? = p?s?; in (iv) m2n2s? + m2p2v? = n2q?r?. 


8. sn A= #4 =cosB; coed = 143 =sin B; tanA = 4, = cot B; 
cot A = 143 = tan B; sec A = 143 =csc B; csc A = 445 = sec B. 
9. sin A = 384 =cos B; cosd = 33, =sin B; tan A = 284 = cot B; 
cot A = 23, = tan B; secA = 285 — csc B; csc A = 283 = sec B. 
10. sin A = 4188 = cos B; cos A = 3, = sin B; tan A = 468 = cot B; 
cot A = 95, = tam B; sec Ad = 193 = ese B; esc A = 123 = sec B. 
V2 4. G2 VJ 
sbi sly At con B cos A = PY Sin Bs 
p+rq ai! 
V 92 2 
fond te cot Be cot A = 209 = tan B; 
Me a se a 
pce Ae ea B; csc Ar cul = Secs 
2 py Pee 
V2 + pq V q2 -- pg 
12. Sind ee cos B cog A => 2 TP i Rs 
p+rq Piste 
tan A = 7 = cot B; cot A = p= tanB; 
p+q > pt+q 
sec A = ———. = esc B; Csti4. = = Beek 
Vg? + pq Vip? + pq 
= Vv 
13. sin A =P — 4 ~ cog B; bosed ee ee 
p+q q 
tan. A = 2P—4 ~ cot B; cot A = — "4 — tan B; 
2V pq 
aec A = 2+ 4 — ogo B; esc A =P 14 — geo B 
2V pq 
14. sin A =? V5; cos A = 4-65; tan A = 2; cot A =i; 
sec A =V5;. esc A =1 V5. ; 
15. sin A>; cos A =4V5; tanA =2V5; cot A =1V5; 


sec A = 3 V5; csc A = 3. 


16. 


17. 


ry 


0. 
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sin A =1(5 + V7); cos A = 4(5 — V7); 
tan A =1(16 +5 V7); cot A = 1(16 —5 V7); 
sec A = 4(5 + V7); esc A = $(5 — V7), 
sin A = 1(V31+1); cos A = }(V31—1); 
tan A = 3. (16 + V31); cot A = 7 (16 — V31); 
sec A = +4 (V31 + 1); esc A = 34 (V31 — 1). 

a te. 205 a= 9. Se eee = 40, 
b = 1.54. 21. b= 68. 23. c = 229.62. 


. Construct a rt. A with legs equal to 3 and 2, respectively ; then con- 


struct a similar A with hypotenuse equal to 6. 


- @=1.5 miles; b= 2 miles. 
. a= 0.342, b= 0.940; a= 1.368, b= 3.760. 31. 142.926 yards. 


Exercise III. Page 9 


. Through A (Fig. 3) draw a tangent, and take AT equal to 3; the 


angle A OT is the required angle. 


. From O (Fig. 5) as a centre, with a radius equal to 2, describe an 


are cutting at S the tangent drawn through B; the angle AOS is 
the required angle. 


. In Fig. 3, take OM equal to 4, and erect MP 1 OA, intersecting the 


circumference at P; the angle POM is the required angle. 


. Since sinz =cosz, OM= PM (Fig. 3), and x = 45°; hence, con- 


struct x equal to 45°. 


. Construct a rt. A with one leg equal to twice the other; the angle 


opposite the longer leg is the required angle. 

Divide OA (Fig. 3) into four equal parts; at the first point of divi- 
sion from O erect a perpendicular meeting the circumference at 
some point P. Draw OP; the angle A OP is the required angle. 

ia) Le. 21. rsina. 22. a=mes D=—ne. 


Exercise IV. Page 12 


1. cos-60°; sin 45°; cot 1°; tan 75°; 

sec 71° 50’; sin 52° 36’; tan 7° 41’; sec 85° 14’. 
2. cos 30°; sin 15°; cot 38°; tan 6°; 

sec 20° 58’; sin 4° 21’; tan 0° 1’; sec 44° 59’, 


FP wo WO > 


omo rt DO OH 


10. 


11. 


he 


13. 
14, 
15. 
16. 


sec = 2(2 — V8) V2+4 V3; csc = 2(2 + V8) V2 — V3. 
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as. 6. 30°. 9. 22° 30’. We ak 
. 45°. ie Oe TO etc. Pacer: 
sete 8. 60°. LT Or: 
Exercise VI. Page 16 
. csA=5,; tand=+2; cot A=4; secd=ity “esc A =13. 
. cosA =0.6; tan A =1.3333; cot A=0.75; sec A =1.6667 ; csc A= 1.25. 
. sn A=H; tand=i; cot A=§9; secA=§t; esc A =$1, 
. sin A=0.96; tan A=8.4286; cotA=0.2917; secA=3.5714; 
esc A =1.0417. 
. sin A=—0:8; cos A=0.6; cot A=0.75; sec A =1.6667 ; csc A =1.25. 
: sin A=1V2; cosA=} 2;tand=1; secA=V2; cscA=V2. 
. sin A=0.90; cosA=0.45; tanA—2; secA—2.22; escA=1.11. 
. sm A=}V8; cosA=t; tan A= v3; cotA=1V3; esc A =3-V3 
. sin A=}V2; cos A =1-V2; tan A=1" cot A=1; sec. A= V2. 
cosA=V1—m?; tanA = i 1 — m?; et A= vi a 
1— m? m 
1 fh 
sec A =_——_—;; csc A = —. 
V1 — m2 m 
eS ’ — m2 
cy ee is, tan.A = oli ; ny ee : 
+ m — m? 2m 
2 
ees CsA aly . 
1— m? 2m 
2 2 2 2 
sin d= —_—~; ‘tan A= ae 
m2 + n2 2mn m2 — n2 
241 2 2 2 
sec A=” ae : ese A = ™ =8 5, 
mn m2 — n2 
sin = 4 V2; cos = 4 V2; cot =; sec = V2; ese = V2. 
cos = 4 V8; tan =} V3; cot = V3; sec = 3 V3; csc = 2. 
sin = 13; COs =a tan= V3; cot =1 V3; sec = 2, 
sin = } V2 —V3; cos =} V2 4 V3; cot =2+V3; 


aa 


18. 
19. 
20. 


21. 


22. 


23. 


24. 


25. 
26. 


2 Fw wo 


cos=0; tan=o; cot=0; 


Sin —-l5\cos = 0);) cot — 0) 
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sin = } V2—V2; cos = } V2+4V2; tan = V2—1; 
sec = (2 — V2) V2 + V2; ese = (2 + V2) V2 — V2. 


COS tani — 0): (Got =100;;, ‘sec: =! 5 cs¢ — 100. 


cos A = V1-— sin? A; tan 4 = 


BEG =o); ¢Sei— 1. 


pec ='oo) cse'= 1. 


sin A 


i) 


~ sin A 


V1 — cos? A 
RAS Sti cot A — 


cos A 


1 
sec A = ——_—__; esc A= 
V1 —sin?A 
sin A = Vj — cos?.A; tan A = 
1 
sec A = ; esc A = — 
os A 
tan A 
sn = cog A. 
Vi-ttan2A 


sec A =V1 + tan?4; csc A= 


1 


2.4 COS LAR 
Vi- cot2.A 
V1-+ cot? A 
sec A = ————_—_; 
cot A 


sin A=1V5; cos A=? V5. 


sin A =1V15; tan A=vV16. 


Ci=45-, 6. 
t= 80%. he 
Li 0S OL. O02, aS) 
= 45°. 9. 
== GOS: 10. 


Exercise VII. 


A? 
Ti—Abe: 
C= 46°. 
== 160%, 
v= 60°. 


——— ; cot 
NL + tan2.A- 
V1-+ tan? A 


1 


V1 — cos? A 


1 


tan A 


cot A 
—————— |; tan A 
V1 + cot? A 


esc. A = V1-+ cot? A. 


27. sin A = at ; 


1 — 3cos? A+ 3 cost A 


ee COb Ar 
V1 —sin2?A- 


V1 —sin? A ; 
sin A : 


cos A : 
Vi —cos? A’ 


tan A’ 


— 1 . 
eouts 


— 40 
cos A = #9. 


aes cos?.A — cost A 
Page 18 
11 Cie 0085 NG ore aS 
12. # = 45°. Lie r= 60s. 
18s 2 = 02,,07r/60°: 2 
1452’ = 30°. 
15. x = 30°, or 45°. 


5 GES ePas 
. &4= 8.6474; b = 6.58 ; 
. @= 10.283 9b = 19.449 5 A 27° 527; 
. 19° 28°17” and 70° 31’ 48”. 
50. 


PLANE TRIGONOMETRY 


8 and 5.1961. 


te} 
51°"a = c cos as 3 
n+1 
Oo 
b=csin 2 
n 


Exercise VIII. Page 24 
ea a Pee . 8. b=ccosA. 4. c= a ‘ 
cos A sin A sin A 
A= 90° — B; a@=ccosB; b=csin B. 
A= 90° — B; a =bcotB; plea 
sin B 
A= 90° — B; b =atan B; c =——_.- 
cos B 
yh Se B= 90° — A; a=V(c + db) (c — bd). 
c 
Exercise IX. Page 28 
C= .OLl2r A = 389° 48’ ; B= p02 FAs 
b = 69.997 ; ARO 2: B= 89° 29 48%; FW = 21.525. 
Hl Sor Yih == CBP OMS B= 46° 407; F = 0.74876. 
. b= 21.249 ; C= 22.372 ; B= Vi1o AG4: Teeth eave 
. &= 6.6882 ; c= 13.7388; B= 60° 52’; F = 40.129. 
. &= 63.859 ;sx b = 23.369 ; B= 20° 67. F = 746.15. 
+ &@=19.40; CS 1877s A= 45° 567; F = 182.15. 
& GS bey(Miye CLS Wns cA A Laie F = 1262.4. 
5 Wyss 1) eel 5 C= T5196. Arbor wlG F= 58.416. 
. a= 0.58046;° b= 8.442; Ae tOcmG a F = 2.4501. 
. F=}c*sin A cos A. 43. F=40b?tan A. 
F=}a? cota. 44. F=ta Vc? — a, 
ap Oi 1 6 se cl 1653.53 An 40° 457 48's 4 Ona 12 


c = 8.7658 ; A = 56° 13’ 20”; B= 34° 46’ 40”. 
¢ = 7.5288 ; 


B= 619. 

B— 622.8% 

52. 36° 52’ 12” and 58° 7’ 48”. 
53. 212.1 feet. 

54. 732.22 feet. 

55. 38270 feet. 

56. 37.3 feet. 


60. 
61. 


ANSWERS 

lo 2575677. 58. 59° 44’ 35”. 59. 95.34 feet. 
7.0712 miles in each direction. 

20.88 feet. 63. 685.9 feet. 65. 140 feet. 

. 56.65 feet. 64. 136.6 feet. 66. 84.74 feet. 

Exercise X. Page 33 
C=2(90°—A); c=2acos4A; h=asin A, 
2. A=}(180°— C); c=2acosA;h=asinJA. 
G@=2(90°— A); a=—" _; h=asin A. 
2 cos A 
A 180) 0) fas = h=asin A. 
2 cos A 
C = 2 (90° — A); Pi ae ; ¢=2a cos A. 
sin A 
- A=4(180°— C); Pee ee c=2acos A. 
sin A 
: dee C = 2 (90° — A); c=2acos A. 
a 
2h h 
. tan A =—; C = 2 (90° — A); = é 
ae c ( ) i sin A 
eA Oto 226D0C: C = 45° 14’ 207; iS 
c = 0.21943; h = 0.27384 ; F = 0.03004. 
a = 2.055; h = 1.6852 ; F = 1.9819. 
= 1.106; c = 3.6676 ; F = 13.726. 

edi 7 9730 BOC. C = 20° 47’; c = 2.4206 

SARS =e Loe Ls C= 25221738; a = 20.5 

pul = 25221 417s C= 129940267 - a= 81.41; 

By ie Valo BM Ph C = 17° 35’ 42” ; (ohne c 
FHicvid?—e. 22. 0.76536. 
F=a?sin+ CcosiC. 23. 94°20’, 
F=a?sin A cos A. 24. 2.7261. 
F=h?tan}C. 25. 38° 56’ 33”. 

. 28.284 feet; 4525.44 square feet. 26. 37.699. 


“A 


SotaoanF WD 


i) 
2 


PLANE TRIGONOMETRY 


Exercise XI. Page 35 


. r= 1.618; h = 1.5388 ; F = 7.694. 
h = 0.9848 ; p = 6.2514; F = 8:0782. 
h = 19.754; c = 6.257; F = 1236. 
r = 1.0824; c = 0.82842; F=8,3187. 
r= 2.5988; h=2.4882;° c=1.4616. 
r=1.5994; “h=1.441; p= 9.716. 
0.61803. 11. 0.2238. 16. 11.636. 
. 0.64984. 12. 0.310. 17. 99.640. 
. 0.51764. 13. 0.82842. 18. 1.0235. 
a ae 14. 94.63. 19. 0.635. 
Sr 15. 414.97. 
n 


Exercise XII. Page 45 


Two angles; one in Quadrant I,-one in Quadrant II. 


. Four values; two in Quadrant I, two in Quadrant IV. 
a may have two values in the first case, and one value in each of the 


other cases. 


If cos x = — 2, & is between 90° and 270°; if cota = 4, x is between 
0° and 90° or between 180° and 270°; if sec z = 80, x is between 0° 
and 90° or between 270° and 360°; if csex =— 3, z is between 


180° and 360°. 


. In Quadrant IIT; in Quadrant II; in Quadrant III. 
. 40 angles; 20 positive and 20 negative. 
. +, when @ is known to be in Quadrant Ior IV ; —, when & is known 


to be in Quadrant IT or II. 


. sng =+1V2; tang=—1; cote=—1; seca =— V2; 


esc e@ =+ V2. 


sing =— 1 V3; cose¢=—}; cote=+1V3 
eset = — ¢ V3. 
sina =— $ V3; ee ae tang =—4V 
pe take 

. sing =+7,V10; soe oe 10; tang 


csc & = + Vi 


~~ 


YS Ss 
* . : 4 a a 


os bid 


16. 


18. 


19. 
20. 
1. 
2. 
5 3. 
4 
4. 
5. 
6. 
7. 
20. 
21, 
, 
“ 


ANSWERS 9 


The cosine, the tangent, the cotangent, and the secant are negative 
when the angle is obtuse. 


sin90°=1, cos90° =0, cot 90° =0, sec90° =o, 
ese 902 == 
“sin180°=0, tan 180°=0, cot 180° = 0, sec 180° =— 1, 
esc 180° = oo; 
sin 270° = — 1, cos 270° = 0, tan 270° = o, ‘sec 270° = 0, 
ese 270° = — 1; 
sin 860°=0, cos 360°=1, tan360°=0, cot 860° = ow, 
sec 360° = 1. 
sin 450°=1; tan 540° =0; cos 630°=0; cot 720°= ow; 
sin 810° = 1; csc'900° = 00. 
0. 21. 0. 22. 0. 23. a®—b?+ 4ab. 
Exercise XIII. Page 51 
— cos 20° 8. —sin 24°. 15. — cos 15° 33’. 
sin 8°. 9. cos 1°. 16. cot 0° 45’. 
— sin 10°. 10. — cot 30°. 17. — cot 40° 48’. 
— cot 35°. 11. tan6°. 18. csc 29° 45’. 
— tan 1°. 12. — csc 26°. 19. sec 2° 257. 
— esc 20°. 13. —sec 1°. 
ese 23°. 14. sin 16° 11’. : 
sin (— 75°) = — cos 15°; 28. sin (— 345°) = sin 15°; 
cos (— 75°) = sin 15°; cos (— 845°) = cos 15°; 
tan (— 75°) =— cot 15°; tan (— 845°) = tan 15°; 
cot (— 75°) = — tan 15°. cot (— 845°) = cot 15°. 
sin (— 127°) = — cos37°; 24. sin (— 52°37’) = —cos 37° 28’; 
cos (— 127°) = — sin 37°; cos (— 52°37’) = — sin 37° 23’; 
n( = cot37°; tan (— 52° 37’) = —cot 87° 23’; 
tan 37°. cot (— 52°37’) = —tan 37° 23’. 
sin 20°; 25. sin (—196° 54’)= sin 16° 54’; 
cos 20° ; cos (—196° 54’) = —cos 16° 54’; 
eatan20° ; tan (— 196° 54’) = —tan 16° 64’; 
— cot 20°. cot (—196° 54’) = —cot 16° 54’. 


10 


26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 


34, 


35. 
36. 
37. 


38. 
39. 
40. 
41. 


42. 
45. 
46. 
47. 
51. 


52. 


53. 


54, 


PLANE TRIGONOMETRY 


sin 120°= +3 V3; cos120°=—4; tan 120°=— V3; cot120°= —4 V3, 
sin 135°= +4 V2; cos185°=—3} V2; tan 135°=—1; cot 135°=—] 
sin 150°=1; cos 150°=—i V8; tan150°=—1V38; cot150°= — V3. 
sin 210°= —}4; cos 210°= 3; tan210°=+4 V3; cot210°= + V3. 
sin 225°= —1 V2; cos ye 2; tan225°=1; cot225°= 

sin240°= —1-V8; cos 240°=—; tan 240°=+ a cot240°= +4 V3. 
sin 300°= —1 V3; cos300°=1; tan300°=— V3; cot300°= —1V3. 
sin (— 30°) = — 3; cos(— 30°) =+4-V3; tan(— 30°) =—1 V3; 

cot (— 30°) = — V3. 

sin (— 225°) = + }-V2; cos(— 225°) =— 4 V2; tan (— 225°) =— 1; 
cot (— 225°) =— 1. 

cose =—i V2; tanz=—1; cotx=1; x = 225° 

sina =4; cosx=—i V3; tana =—1V3; x = 150°. 

sin 8540° = — 1 V3; cos 3540° = 1; tan 3540° = — V3; 

cot 8540° = — + V3. 

210° and 330°; 120° and 300°. 

185°, 225°, and — 225°; 150° and — 30°. 

30°, 150°, 390°, and 510°. © 


sin 168°; cos 334°; tan 225°; cot 252°; 
sin 349°; cos 240°; tan 64°; cot 177°. 


0.8480. 48. — 1.9522. 44. (a — b)sing. 
m sin & COS &. 48. 0. 

(a — b) cot x — (a + b) tan a. 49. cosx sin y — sin 2 cos y. 

a? + 02+ 2abcos. 50. tan x. 


Positive between « = 0° and «= 135°, and between x = 315° and 
x = 360°; negative between 2 = 135° and z = 315°. 


Positive between = 45° and x = 225°; negative between x = 0° and 
% = 45°, and between x = 225° and xz = 360°. 


sin (7 — 90°) =— cosx; cos (x — 90°) = sing; 
tan (« — 90°) =— cot. cot (« — 90°) =— tana. 
sin (c — 180°) =— sinz; cos (« — 180°) =— cosz; 


tan (# — 180°) = tan x; cot (x — 180°) = cot a. 


15. 


16. 


. sin (+9) = 48; 
2. sin ( 90°—y)= 
8. sin ( 90°+ y)= 


. sin (180° — y) = 


- tan (180° + y) = 
. sin (270° — y) =— cosy; 


ANSWERS 


Exercise XIV. Page 60 


COs Y; 


COS Y; 
tan ( 90°+ y) =— coty; 
sin y; 
tan (180° — y) =— tany; 
sin (180° + y) =— siny; 
tany ; 


tan (270° — y) = 
sin (270° + y) =— cosy; 
tan (270° + y) =— coty; 


coty; 


sin (860° — y) =— siny; 
tan (860° — y) =— tany ; 


. sin (—y) =—siny; cos(—y) = 


cos («+ y) = 38. 


cos ( 90° —y)=_ siny. 
cos ( 90° + y) =— siny; 
cot ( 90°+ y) =— tany. 
cos (180° — y) =— cosy; 
cot (180° — y) =— cot y. 
cos (180° + vy) =— cosy; 
cot (180°+y)= coty. 
cos (270° — y) =—siny; 
cot (270°—y)= tany. 
cos (270° + y)=  siny; 
cot (270° + y) =— tan y. 
cos (360° —y)= cosy; 
cot (860° — y) =— cot y. 


. sin (360°+ y)=  siny; cos (860°+ y)= cosy; 
tan (860°+ y)= tany; cot (860°+ y)= coty. 
. sin (e— 90°) =—cosz; cos(@@— 90°)= sing; 
tan(e— 90°) =—cotz; cot(a— 90°) =— tane. 
. sin (x — 180°) =—sinz; cos (« — 180°) =— cosa; 
tan (x — 180°) = tana; cot («—180°)=  cotz. 
. sin (x — 270°) = cosa; cos (« — 270% =— sina; 
tan (x — 270°) =— cot; cot (x — 270°) =— tan z. 


COS Y; 


tan(— y) =—tany; cot(— y) =— coty. 


. sin (45° — y) = 1 V2 (cosy —siny); cos (45°— y) =} V2 (cosy+sin y); 


1 —tany coty +1 

45° — y) = ————; cot (45°— 7) = ———_ —. 

pt 1+tany ( ”) coty —1 
sin (45°+ y)= 1V2 (cosy +siny); cos (45°+ y)=2 V2 (cos y—sin Y); 

1+tany coty —1 

45° = —————_; 60t450-=7) = ———— 

coe tw) 1—tany ( y) coty +1 


sin (80° + y) = 4 (cosy + V3 sin y); cos (80°+ y)=1}(V3 cosy—sin Y); 
1v3+4tany . V3 cot y —1 
; eS 


tan 30°+ y)= - cot (80°+ y)= 
( ) —iv3tany coty + V8 


12 PLANE TRIGONOMETRY 


17. sin (60°—y)=}3 (V3 cos y — sin y); cos (60°—y) =}(cos y+ V3 sin Y); 
V3 — tan y - cot (60° y -EVB cot y +1, 
14+V3tany’ ‘. ~~ coty — 4 V3 
18. 3sinz—4sin’x, 19. 4cos%—S3cose. 20. 0. 21. 4V3. 


4/1 = 0.4 V6 4V6 
22. sinke = ~—0ANS = 0.10051 ; cos jo = atOSNS = 0.99495. 


23. cos2a=— i, tan2e% =— v3. 


24, sin 221° = 1 V2 — V2 = 0.3827; cos 221° = 4 V2 + V2 = 0.9239; 
tan 221° = V2 —1 = 0.4142; cot 22}° = V2 + 1= 2.4142. 


tan (60° — y) = 


25. sin 15° = 3 V2 — V3 = 0.2588; cos 15° = 1 V2 + V3 = 0.9659; 
tan 15° = 2 —-V3 = 0.2679; cot 15° =2 + V3 = 3.7321. 
34. sind +sin B+sin C =sin A + sin B + sin[180° — (A + B)] 
=sin A +sin B+sin(A + B) 
By [20] and [12], : 
= 2s8sin}(4 + B) cosi(A — B) +2sin}(A + B)cos}(A + B) 
= 2 sin }(4 + B) [cos}(A — B) + cos3(A + B)] 
By [22], 
= 2sin}(A + B) (2 cos }4 cos } B) 
= 4sin}(A + B)cos} Acosi B. 
But cos } C = cos[90° — }(4 + B)] =sin3(A + B). 
.. sin A+ sin B + sin C = 4cos}Acos} Beos}C. 
35, Proof similar to that for 34. 


2 > 
38. — 2 42. tan? a. 46. Cos oreey, 
sin 2% 43 cos (% — y) sin @ sin y 
89. 2cot2 a. ; Cos & COS y 47. tan xtany. 
Zoe Ws a4, TY), ; 
sin & COs ¥ COS & COS Y 
tilda 12 45) Ce) 
sin x cos y sin sin y 


Exercise XV. Page 63 


1. sin-14-V3 = 60° + 2 nz or 120° + Qn; 
tan—14 V3 = 30° + 2nzm or 210° + 2n7; 
vers—1}. = 60° + 2nm or 300° 4+ 2nz; 


ANSWERS 13 


cos—! (— $ V2) = 135° + 2nz or 225° + 2nz; 
esc—1 V2 = 45° + 2 nm or 185° +2n7; 
tan—lo = 90° + 2nz or 270° + 2n7; 
sec—12 = 60° + 2 mz or 300° 4 2nz; 
cos—!(— } V3) = 150° + 2 nz or 210° + 2nz. 


ie Bo 107 4 A 19. 44 V2. 

. 0°, 90°, 180°. livia ye 18. = 0 or +4V3. 
Exercise XVI. Page 67 

. If, for instance, C = 90°, [25] becomes = sin A. 

. 2 =+c?; 2 =?+c?—2bc; a=? +c? + 2b; aright triangle; 


a straight line ; a straight line. 


4. b=acosC+ccosA; a=becosC+ccosB; c=bcosA. 
6. 90°. 


. a—b 
i 
@) a+b 
(ii) a+6=(a—b)(24+ V3); an isosceles triangle with the angles 30°, 
30°, 120°. 


= tan(A — 45°); a right triangle. 


Exercise XVII. Page 69 


. 300 yards. 15. a=5; c= 9.6598. 

. AB = 59.564 miles ; 16. a=7; b=8.673, 
AC = 54.285 miles. 17. Sides, 600 feet and 1039.2 feet; 
4.6064 miles; 4.4494 miles ; altitude, 519.6 feet. 
3.7733 miles. 18. 855: 1607. 

. 4,1501 and 8.67. 19. 5.438 and 6.857. 

. 6.1433 miles and 8.7918 miles. 99. 15.588. 

. 8 and 5.4728. 


Exercise XVIII. Page 74 


. Two; one; no solution; one; two; no solution; one. 


alpt. 


420, 12. 124.617. 


14 


1t. 
12. 
14. 


Ly 


PLANE TRIGONOMETRY 

Exercise XIX. Page 78 
Guns 15. 25.: 18. 10.266 miles. 
10.392. 16. 3800 yards. 19. 6.0032 and 2.3385. 
8.9212. 17. 729.67 yards. 20. 26°0’ 10” and 14° 5’ 60”. 

21. 4380.85 yards. 

Exercise XX. Page 83 

ALT= 86°162712/0-8 B = Se 1487 Cre 90>, 


12. A = B= 38° 38 27”; C = 112° 58’ 6”. 
Veda — eb 00 
14. A = 28°57’ 18”; B=46° 346”; C= 104° 28’ 36”. 
15. 4 =45°; B= 120°; C= 15°. 21. 54.516 miles. 
16. A=45°; B= 60°; C= 75°. "22. 984° 14’ 34”. 
17. 4°23’2” W. of N., or W. of S. 23. 54° 48’ 54”. 
18. 60°. 24. 105°; 15°; 60°. 
20. 0.88877. 25. 12.434 inches. 
Exercise XXI. Page 87 
1. 4,333,600. 6. 26,208. 11. 0.19975. 
2. 365.68. ) 7. 15,540. 12. F=absin A. 
3. 13,260. 8. 29,450 or 6982.8. 18. F=}(a2—b%)tanA 
4. 8160. 9. 17.3206. 14. 2,421,000. 
5. 240. 10. 10.392. 15. 30°; 30°; 120° 
Exercise XXII. Page 88 
1, 21.166 miles; 24.966 miles. 4. 30°. 
2. 6.33899 miles. 5. 20 feet. 
119.29 feet. 6. 2.6247 or 21.4587. 
Exercise XXIII. Page 90 
1. 106.70 feet; &, 37°34’ 5”. 6. 2922.4 miles. 
142.86 feet. 4. 238,410 miles. 7. 60°. 
2. 1023.9 feet. 5.. 861,860 miles. 8. 3.2068. 


ANSWERS 


15 


. 14 acres 5.54 square chains. 


6.6031. $31. 13.657 miles per 47. 6.3397 miles. 
. 199.56 feet. hour, 48. 210.44 feet. 
. 43.107 feet. 33. 56.564 feet. 50. 757.50 feet. 
. 46 feet. 84. 51.595 feet. 51. 520.01 yards. 
. 26° 34’, 35. 101.892 feet. 52. 1866.4 feet. 
. 78.367 feet. 37. N. 76°56’ E.; 53. 658.36 pounds ; 
. 75 feet. 13.938 miles per 22° 23’ 47” with 
. 1.4446 miles. hour. first force. 
. 7912.8 miles. 38. 442.11 yards. 54. 88.326 pounds ; 
. 56.649 feet. 39. 255.78 feet. 45° 37’ 16” with 
. 69.282 feet. 40. 3121.1 feet; known force. ; 
. 260.21 feet; 3633.5 feet. 57. 536.28; 500.16. 
3690.3 feet. 41. 529.49 feet. 58. 345.48 feet. 
. 1.3438 miles. 42. 41.411 feet. 59. 345.46 yards. 
. 235.81 yards. 43, 234.51 feet. 60. 61.23 feet. 
. 8.0076 inches. 44. 25.433 miles. 62. 307.77 yards. 
. 460.46 feet. 45. 294.69 feet. 63. 19.8; 35.7; 44.5. 
88.936 feet. 46. 12,492.6 feet. 64. 45°, 135°, 225°, 
eel te} 
; pig teal: Shh ae Cue a OED 
2 
sey eS nS caae cos B= Bf 
y J — n2 1 — n2 
. 60°, 120°, 240°, or 300°. 83. 61 acres 4.97 square chains. 
. 0°, 60°, 180°, or 300°. 84. 4 acres 6.633 square chains. 
. 0°, 30°, 150°, 180°, 210°, 330°. 85. 13.93 chains; 23.21 chains ; 
a__, 180° Cmeeeug 32.50 chains. 
Blige a. ae 2 oe n 86. 9 acres 0.055 square chains. 
. M=+4 be sin A. 88. 876.34. 
. F=e?sin. Asin Besc(A+B). 89. 1229.5. 
. F=Vs(s-a)(s—b)(s—c). | 91. 1075.3. 
. 199 acres 8 square chains. 92. 2660.4. 
. 210 acres 9.1 square chains. 93. 16,281. — 
12 acres 9.78 square chains. 94. 435.76 square feet. 
. 8 acres 0.392 square chains. 95. 49,088 square feet. 
. 12 acres 3.45 square chains. 96. 749.95 square feet. 
. 4acres 6.634 square chains. 97. 422.38 square feet. 


79. 
80. 
83. 
84. 


86. 
87. 
88. 
89. 
90. 
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. 1834.95 square 108. 6086.4 feet. 111. 228.98 miles; 
feet. 109. 5° 25° 6” 8. 11°30" 6”’'S) 

. 26.88. - 457.49 miles. 112. S. 56° 7 32” E.; 

5 elt 110. 460.79 miles; 202.58 miles. 

+ 6 383.13 miles. 

. N.{17° 25’ 22” W.; 119, 38° 18/22” N.; 36°23’ 58” W. 
37° 46’ 18” N. 120. N. 28°47 26” E. ; 1292.8 miles. 

. 244.35 miles; $.56°10°49”E. 121. S. 50°39’ 44” W.; 

. 859.87 miles. 250.84 miles ; 20° 9’ 30” W. 

. Long. 68° 54’ 39” W. 122. 38° 20’ 34” N.; 55° 12’ 4” W. 

. 103.57 miles. 123. 171.14 miles; 32° 43’ 38” W. 


5 IN BIC! GRE IE Neg SIS GC ANG 

. 178.18 miles; 51° 16’ 16” S. ; 84° 12’ 43” E. 

. S. 50° 57’ 48” E.; 47° 14’ 35” N.; 20° 48’ 37” W. 

7 UNG 68°20" 217 E1626" 07° Wenor Noa. 20G2 LNW obo RVs 
. N, 47°42’ 33” E., 19°27’ 22” N., 121° 50’ 34” E. ; or N. 47° 42’ 33” W.., 


19° 27’ 22” N., 116° 9’ 26” E.; or S. 47° 42’ 33” E., 14° 32’ 38” N., 
121° 48’ 20” E. ; or S. 47° 42’ 88” W., 14° 82’ 88” N., 116° 11’ 40” E. 


. 859.82 miles; 359.73 miles; 359.50 miles. 

. 85° 49% 10” S., 22° 2’ 44” W.; N. 61° 42’ W.; 183.16 miles. 

. 42° 15’ 29” N., 69° 5’ 11” W.; N. 72° 82’ 40” E.; 44.9389 miles. 
132. 


82° 53’ 34” §., 18° 1’ 58” E.; N. 72° 3’ 438” W.; 287.16 miles. 


Exercise XXIV. Page 107 


(The solutions here given are for angles less than 360°.) 


sin¢a=+1V5; costa=+ 3 Vb. 81. +23. 

eV5 2; 62. + for +4. 

4+2V2, + jy (9 V8 + 8 V2), or + 3, (9 V3 — 8 V2). 

+t. 85. £(V5 — 1); (V5 +1). 
er Qa 

(ad + 08). 91. +— : 96. tan—! : 

: A V2a+1 1— 22? 

( =") (1¥2m). 92. 4. 97. 2. 

2 
+42 or + $3. 93. tan (+ y). 98. — tan‘z + cotta, 
i 
4. $4; . es 99. e=470r3z. 


sin y 
¢ or — 3. 95. —tanz. 100. « = 90° or 270°, 


ANSWERS 


101. 2 = 21°28’ or 158° 32’, 

102. 2= 0° or 90°. 

103. a = 30°, 150°, 199° 28’, or 340° 32’, 

104. 2 = 51°19, 180°, or 308° 41’. 

105. x —0°, 120°, 180°, or 240°. 

106. 2 = 45°, 161° 34’, 225°, or 341° 34’. 

107. 6 = 60°, 120°, 240°, or 300°. 

108. 6 = 26°34’ or 206°34’.. 110. a = 45° or 185°. 

109. « = 30° or 150°. 111. 2 = 30°, 150°, or 270°. 
112. x = 35°16”, 144°44’, 215° 16’, or 324° 44’, 

113. 2 = 75°58’ or 255° 58’. 

114. 6 = 60°, 180°, or 300°. 116. « = 30°, 150°, 210°, or 330° 
115. @ = 90° or 143°8’. 117. 2 = 30°, 150°, or 270°. 
118. « = 26°34’, 90°, 206° 34’, or 270°. 
119. a2 = 45°, 135°, 225°, or 315°. 

120. 2 = 45°, 135°, 225°, or 315°. 

121. « = 15°, 75°, 135°, 195°, 255°, or 315° 
122. z = 45°, 135°, 225°, or 315°. 

123. «= 0°, 60°, 120°, 180°, 240°, or 300°. 
124. a = 27° 58’, 135°, 242°2’, or 315°, 
125. 2 = 0°, 45°, 180°, or 225°. 

126. 2 = 32°46’, 147° 14’, 212° 46’, or 827° 14’, 

127. a = 0°, 45°, 90°, 180°, 225°, or 270°. 

128. 2 = 0°, 65°42’, 180°, or 204° 18’. 

129. z= 0°, 90°, 120°, 240°, or 270°. 

180. « = 0°, 36°, 72°, 108°, 144°, 180°, 216°, 252°, 288°, or 324° 
131. 2 = 30°, 150°, 210°, or 330° 

132. x = 60° or 240°. 

183. 2 = 54°44’, 125° 16’, 234° 44’, or 305° 16’, 

184. a = 105° or 345°. 


* 


| 
135. = tan-1-—_—. 
2a 


so ae Vals 8a+8 
Ss eae tae BT. 


186. x =cos— 
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187. a = 135°, 315°, or ¢sin—1(1 — a). 

138. x = 30°, 60°, 120°, 150°, 210°, 240°, 300°, or 330°. 

139. x — 60°, 90°, 120°, 240°, 270°, cr 300°. 

140. z= 60°, 90°, 120°, 240°, 270°, or 300°. 

141. 2 = 120°. 142. x = 14° 29’, 30°, 150°, or 165° 31’ 

143. 2 — 60°, 90°, 270°, or 300°... : 

144. «x — 0°, 20°, 100°, 140°, 180°, 220°, 260°, or 340°. 

145. « = 45°, 90°, 135°, 225°, 270°, or 315°. 

146. x — 30°, 60°, 90°, 120°, 150°, 210°, 240°, 270°, 300°, or 330°. 

147. x — 0°, 45°, 90°, 180°, 225°, or 270°. 

148. a — 30°, 60°, 120°, 150°, 210°, 240°, 300°, or 330°. 

149. a = 30°, 90°, 150°, 210°, 270°, or 330°. 

150. 1 — 0°, 45°, 180°, or 225°. 

151. a — 45°, 60°, 1202, 135°, 225°, 240°, 300°, or 315°. 

152. z= 0°, 45°, 135°, 225°, or 315°. 

153. « —30°, 90°, 150°, 210°, 270°, or 330°. 

154. x = 8° or 168°. 

155. a =40° 12’, 139° 48’, 220° 12’, or 319° 48”. 

156. 2 = 80° or 330°. 

157. x = 60°, 120°, 240°, or 300°. 

158. « = 30°, 60°, 120°, 150°, 210°, 240°, 300°, or 330°. 

159, x = 53° 8’, 126° 52’, 238° 8’, or 306° 52’. 

160. 2 = 30°. 161. x = 22° 37’ or 148° 8”. 

162. «x = 0°, 20°, 40°, 60°, 80°, 100°, 120°, 140°, 160°, 180°, 200°, 220°, 240°, 
260°, 280°, 300°, 820°, or 340°. 

168. a = 22° 30’, 45°, 67° 80’, 90°, 112° 30’, 135°, 157° 80’, 202° 80’, 225°, 
247° 30’, 270°, 292° 30’, 315°, or 337° 30’.” 


164. « = 45° or 225°, 169. «=1. 

165. c=+1 or +3 V21. L710 c— 0 ort 1: 
166. « =1-V3 or —} V3. 171. @=+4 V2. 
167. 2 =43V3. 172. «=1 V3. 

168. « =}. ~ 173. 6 = 120° or 240°. 


174. & = 60°, 120°, 240°, or 300°. 
175. % = 0°, 45°, 135°, 225°, or 315°, 


191. 


192, 


193. r 


194. 
196. 
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» &=0°, 180°, 220° 39’, or 319° 21’. 
. &=0°, 60°, 120°, 180°, 240°, or 300°. 
2G = 182902 5162°) 284°. 270°. or 806° 
eile oOr MOUs GOo roll. 2702 OL o80% 
. &=0°, 90°, 120°, 180°, 240°, or 270°. 
. 86=0°, 74° 5’, 127° 25’, 180°, 232° 35’, or 285° 55’. 
=» i='0°5 90>, 180°; or 2702: 
. &= 0°, 45°, 90°, 180°, 225°, or 270°. 
. &= 0°, 45°, 120°, 135°, 180°, 225°, 240°, or 315°. 
ae LO 2 ess 487 1908 127 187. 6 = 29° 197, 1052417, 2092 19" 
or 214° 48’. or 285° 41’. 
= &= 90° or 270°. 18855 a= 1- 
_ bsinB—acosB,  - acosa—bdsina 
sn(@—a) °’ ~  sin(@—a) 
= tan—1¢ + cos-14,Va?+ 62; y= tant — cos-11 Va? + 62. 
= tan—1 5; r=Vai-+ 0b. 
a as us b . 
a aa ae a Se ee ne 
sin (tan1 2008205 a +2) cos( tan 1 cos nen +8) 
asin8+bcosa sinB+bcosa@ 
ee pee cos 6 — bsin aw 
asinB + bcosa@ 
=Vae+ 0? +c?; g= tant"; ¢ = tan—1—— 2 
Vv a? + oe 
c= 1005 7 = 200. DOD ee On LOa ay oes On 
7 = 225.12, 6= 24° 13’; or r =— 225.12, 0 = 204° 18’. 
Pra bl d= 428 28o Ron a Lo lene = 2220 287, 
aor 108 dio nO 0-6 Bn — S002, 6 ==) 210e" 
r=— 108, ¢=120°, = 150°; or r=— 108, ¢ = 300%, @= 30°. 
L ay vers-1(%) -V2ry — y?. 
Exercise XXV. Page 121 
logio6 = 0.77815; logy 14 = 1.14613; logy 21 = 1.32222 ; 
logio4 = 0.60206 ; logio 12 = 1.07918 ; logio5 = 0.69897 ; 
logo} = 1.69897 ; logio} = 1.39794; logio } = 1.89086; 


logio 34 = 0.02119. 


20 


ao PF wo dD 


PLANE TRIGONOMETRY 


log, 10 = 3.3219; logeg5 = 2.8219; logs5 = 1.4650; 
log74 = — 0.3562 ; logs 325 =— 2.2620. 

. loge2 = 0.69315; ‘loge3 = 1.09862; log-5 = 1.60946 ; 
loge7 = 1.94598; log-8 = 2.07946; log.9 = 2.19724; 
loge? =— 0.40547; loget =—0.22315; log. $} = 0.25952; 
loge gp = — 2.14845. 


xv = 1.54396; 2 = 0.83048; 2 = 0.42062. 


Exercise XXVI. Page 126 
log.38 = 1.09861. 2. log-56 =1.60944. 3. log.7 = 1.94591. 


- loge10 = 2.3025850980. 
. logip2 = 0.301038 ; logio € = 0.43429 ; logio 11 = 1.04139. 


Exercise XXVII. Page 128 


. sin 1’ = 0.00029088820; cos 1’ = 0.99999995769 ; 


tan 1’ = 0.000290888212. 


. sin 2’ = 0.000581776. 3. sin 1°= 0.0175. 6. 0° 40’ 9” 


Exercise XXVIII. Page 130 


sin 6’ = 0.0017453 ; cos 6’ = 0.9999985. 
sin 2° = 0.034902; cos 2° = 0.999892. 
sin 3° = 0.052339; cos 8° = 0.998682. 
sin 4° = 0.069760; cos 4° = 0.997564. 


. sin 5° = 0.087160; cos 5° = 0.996198. 


Exercise XXIX. Page 135 


The 6 sixth roots of — 1 are: 


Viet. ae VES ev oud V3 —i 
Wem waxes Sas, 
The 6 sixth roots of + 1 are: 
pik tNi=s'8 —l+v—-—8 a = —VvV=3 boa = 80 
9 9 ’ Qs ’ ’ 2 ? 2 
Meu) Gaveaee 
’ 


2 2 
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3. cos 673° + isin 67}°, cos 157}° + isin 157}°, cos 2472° + isin 24719, 
cos 33874° + 7 sin 3371°. 


4. sin 4@ = 4cos*@sin 6 — 4 cos @ sin’ 6; 
cos 46 = cost 6 — 6 cos? @ sin? @ + sin‘ @. 


Exercise XXX. Page 137 


2 52t 6126 


5. seca = 1 + — 
2 24 720 
4 6 
6 ee as eae 
38 45 945 


7. sin 10° = 0.173648; cos 10° = 0.984808. 
8. tan 15° = 0.267949. 


SPHERICAL TRIGONOMETRY 


Exercise XXXI. Page 142 


LEP ELODe 100n .e0ss 2. 140°; 90°; 55°. 
5. Multiply their measures in degrees by ae 


6. Sm feet; 27 feet; 25 7 feet. 


Exercise XXXII. Page 146 
8. (i) Either a or b= 90°; (ii) A = 90° and B=b; 
(iii) A = 90° and B=b; (iv) c= 90° and b= B= 90°. 
Exercise XXXIII. Page 148 


2. Rute I. The cosine of any middle part is equal to the product of 
the cotangents of the adjacent parts. 
Rue II. The cosine of any middle part is equal to the product of 
the sines of the opposite parts. 


Exercise XXXIV. Page 153 
24. A =175° 57’ 10”; B= 135° 42’ 50”; C = 135° 34’ 7”. 
25. a= 104° 53’2”%; b= 138° 39’ 48”; C = 104° 41’ 39%. 


a8 


2. 


3. 


iM 


. The triangle is impossible. 


SPHERICAL TRIGONOMETRY 


. a=90°; b= B; band B are otherwise indeterminate. 
5 PMI. SC UOO Taya We 
. The triangle is impossible. 


B= 1302 414265 Cie (licen eas ame allo lie ie 
= 26213 Ol Gee As pose 0D 407 


a = 60° 16’ 17”; b = 29° 41’ 4”; B= 33° 16’ 54”. 
b = 42° 10 17”; c = 106° 87’ 37”; A = 105° 41’ 39”. 
a = 118° 51’ 5”; c = 105° 87’ 54”; B= 60° 44’ 19”. 


PO S242 1L0SS 1s Or Oia oe — Oe 20 ah Og. 


Exercise XXXV. Page 157 


cos A = cotatan4b; sin¢B=cscasin$b; cosh =cosasec tb. 
sin A =4sec $a. 


. te) 1 oO 
sin }.A = sec }acos-—; sin R = sin 4a cse = ‘ 


180° 
sin r = tan 4a COC ae 


Tetrahedron, 70° 31’ 46” ; hexahedron, 90°; octahedron, 109° 28”.14” ; 


’ 


dodecahedron, 116° 33’ 45” ; icosahedron 188° 11’ 36”. 


. cot¢ A= Vos a. 


Exercise XXXVI. Page 160 
(i) sin asin B= sin}, sinasin C= sinc; 
(ii) sin a = sin bsin A, sin bsin C = sinc; 


(iii) sin a = sin csin A, sinb = sinc sin B; 


(iv) sin B = sin bsin A, sin C=sincsin A; 
(v) sina = sin b, sine = sinasin C = sin bsin C; 
(vi) sin B= sin A, sin C= sincsin A = sincsin B. 
(i) cosa =cosbcosc; (ii) cosb=cosacosc; (iii) cose = cosacosb; 
(iv) cosa = cos b cos c, cos b = Cos a COs Cc, Cos ¢ = Cos a Cos b. 


(i) cosa = cos(b —c) ; (ii) cosa=cosbcosc; (iii) cosa = cos(b +c). 


Exercise XXXVII. Page 167 


(i) tan m = tan b cos A, cos a = cos b sec m cos (¢ — m) ; 
(ii) tan m = tan c cos B, cos b = cos c sec m cos (a — m). 


ANSWERS Des 


_Exercise XXXVIII. Page 169 


(i) cot x = tan Bese a, cos A = cos Besea sin (C — 2) ; 
(ii) cot x = tan Cesc b, cos B = cos C ese a sin(A — 2). 


Exercise XLIII. Page 180 


2.2298 R?. 8. 1.1891 R. 12. 3.1416 R?. 
. 1.4956 R? or 0.17058 R%. 9. 0.7105 R2. 18. 5.4206 R?, 
. 0.95484 R?. _ 10. 0.09801 Rh. 14. 2070.1 square miles. 
. 0,024832 R?, 11. 2.8624 R?. 


Exercise XLIV. Page 197 
148° 42’. 2. cosx =cos A cos B. 


. Let w equal the inclination of the edge ¢ to the plane of a and b. 


Then it is easily shown that V = abe sinlsinw. Now, conceive 
a sphere constructed having for centre the vertex of the trihedral 
angle whose edges are a, b, c. The spherical triangle, whose 
vertices are the points where a, 6, c meet the surface of this 
sphere, has for its sides, 1, m, n; and w is equal to the perpen- 
dicular arc to the side J from the opposite vertex. Let ZL, M, NV 
denote the angles of this triangle. Then, by [89] and [47], 
sin w = sin m sin NV 
=2sinmsin+Ncos}N 
=e oe Vsin s sin (s — 1) sin(s — m)sin (s — n), 
sin 1 
where s=t(l+m-+n). 
-. V = 2abe Vsin s sin (s — l)sin(s — m)sin(s — n). 


. (i) 9,976,500 square miles; (ii) 13,316,560 square miles. 
. Let m equal the longitude of the point where the ship crosses the 


equator, B her course at the equator, d the distance sailed. 
Then, tan m = sin / tana, 
cos B = cos lsina, 
cot d = cot l cos a. 


Let & equal the arc of the parallel between the places, x the difference 
required. ‘ 
Then, x = 2coslsin—! (sin 4d sec l) —d. 
2 = 90°(V2 — 1). 


24 


x 


it 


12. 


13. 


14. 


15. 


16. 


SPHERICAL TRIGONOMETRY 


. tang (m —m’) = Vsec 8 sec (s — d) sin (s — 1) sin (s — l’); where 2s 


=1+U+d, and mand m’ are the longitudes of the places. 


44 minutes past 12 o’clock. 1052607 


, t ‘ 
cost =— tand tanl; time of-sunrise = 12 — 16 o’olock a.m. ; time 


of sunset = fe o’clock p.m.; cosa=sindsecl. For longest day 


at Boston: time of sunrise, 4 hr. 26 min. 50 sec. a.m.; time of 
sunset, 7 hr. 33 min. 10 sec. p.m. Azimuth of sun at these times, 
57° 25’ 15”; length of day, 15 hr. 6 min. 20sec. ; for shortest day, 
times of sunrise and sunset are 7 hr. 33 min. 10 sec. a.m. and 4 hr, 
26 min. 50 sec. p.m. ; azimuth of sun, 122° 34’ 45”; length of day, 
8 hr. 53 min. 40 sec. 


The problem is impossible when cotd <tanl; that is, for places in 
the frigid zones. 


For the northern hemisphere and positive declination, 
sinh=sinlsind, cota=cosltand ; h=17°14’ 35”, a=78° 51’ 34” KE. 


The farther the place from the equator, the greater the sun’s altitude 
at 6 a.m. in summer. At the equator itis 0°. At the north pole 
it is equal to the sun’s declination. At a given place the sun’s 
altitude at 6 a.m. is a maximum on the longest day of the year, 
and then sin h = sin/ sin e (where e = 23° 27’). 


cost=cotltand. Times of bearing due east and due west are 
t t 
12 ay o’clock a.m. and ie o’clock p.m., respectively; 6 hr. 


58 min. 10 sec. a.m. and 5 hr. 1 min. 50 sec. p.m. 


When the days and nights are equal, d = 0°, cost = 0, t = 90°; that 
is, sun is everywhere due east at 6 a.m:, and due west at 6 p.m. 
Since J and d must both be less than 90°, cost cannot be negative, 
therefore ¢ cannot be greater than 90°. As d increases, ¢ decreases ; 
that is, the times in question both approach noon. , 

If l<d, then cost>71; therefore this case is impossible. 

If /=d, then cost = 1, and t = 0°; that is, the times both coincide 
with noon. The explanation of this result is, that for = d the 
sun at noon is in the zenith, and north of the prime vertical at 
every other time. 


17. 
19. 


20. 
22. 
23. 
25. 
26. 
27. 
32. 
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Tf 1>d, the diurnal circle of the sun and the prime vertical of the 
place meet in two points which separate farther and farther as | 
increases. At the pole the prime vertical is indeterminate ; but 
near the pole, ¢ = 90°, and the sun is always east at 6 a.m. 


sin 1 = sind csc h. 18. 11° 50’ 35”. 


The bearing of the wall, reckoned from the north point of the hori- 
zon, is given by the equation cotz = cos! tand; whence, for the 
given case, x = 75° 12’ 28”. 


55° 45’ 6” N. 21. 63° 23’ 41” N. or S. 

(i) cost = — tanl cotp; (ii)t = z; (iii) the result is indeterminate. 
cot a = cosl tan d. 28. sind=sinesinv; tanr = cose tan v. 
h = 65° 387’ 20”. 29. d= 32°24’ 12”; r = 301° 48’ 17”. 
h= 58° 25’ 8”; a= 152°28’. 30. d = 20° 48’ 38”. 


t = 45° 42’; 1 = 67° 58’ 54”. 31. 3hr. 59 min. 27,54 sec. P.m- 
cos4a = Veos $ (I +h-+p)cos4(l + h — p)seclsec h. 


f a . > * 
1 Tp. y I ( 


FIV E-PLACE 


TABLES - 


ARRANGED BY 


G. A. WENTWORTH, A.M 


AND 


GAS HIDES Aes, 


GINN & COMPANY 


BOSTON - NEW YORK - CHICAGO . LONDON | 


es) 


LOGARITHMIC AND TRIGONOMETRIC 


> 


we 


* 


; ta 
} + 
i = ee 7 ‘i ‘ 
r 
- _. 
Entered according to Act of Congress, in the year 1882, by 
- G. A. WENTWORTH anp G. A. HILL ay ; 
in the office of the Librarian of Congress at Washington a 
— . ; a : 
_ Copyright, 1895, by G. A. WENTWORTH and G. A. HILL. a 
; 5 ‘ SS 
eer 36.5 = 
~ 


The Athenaeum Press 


GINN & COMPANY PRO. 
PRIETORS + BOSTON + U.S.A. 


LVERODU CTION. 


1. If the natural numbers are regarded as powers of ten, the 
exponents of the powers are the Common or Briggs Logarithms of 
the numbers. If 4 and B denote natural numbers, a and 0 their 
logarithms, then 10*= A, 10°= B; or, written in logarithmic form, 


log A=a, log B=6. 


2. The logarithm of a product is found by adding the logarithms 
of its factors. 


For, AX B =10¢X 10°= 104+, 
Therefore, log (A.X B) =a+b=log A+ log B. 


3. The logarithm of a quotient is found by subtracting the 
logarithm of the divisor from that of the dividend. 


A 10¢ 
+= -— = 10a-d 
For, B10 10¢—, 
A 
Therefore, loge =a—b=logA—log B. 


4. The logarithm of a power of a number is found by multiply- 
ing the logarithm of the number by the exponent of the power. 


For, An = (10%)n = 100”, 


Therefore, log A” = an = n log A. 


5. The logarithm of the root of a number is found by dividing 
the logarithm of the number by the index of the root. 


For, VA = V104 = 100, 
ny log A 
Therefore, log VA = = Se 


6. The logarithms of 1, 10, 100, ete., and of 0.1, 0.01, 0.001, 
etc., are integral numbers. The logarithms of all other numbers 
are fractions. 


Se a Fog Oy Ta) | eee tied ee, Oa es 


iv LOGARITHMS. 

For, 10°= 1, hence log 1=0; 10-1= 0.1, hence ~log0.1=—1; 
101.= 10, hence log10=1; 10-= 0.01, hence log0.01= —2; 
102?= 100, hence log 100= 2; 10-3 = 0.001, hence log 0.001 = — 3; 
103 = 1000, hence log 1000 = 3; and so on. 


If the number is between -land_ 10, the logarithm is between Oand 1. 
If the number is between 10 and _ 100, the logarithm is between land — 2. 
If the number is between 100 and 1000, the logarithm is between 2and 3. 
If the number is between land 0.1, the logarithm is between 0 and —1. 
If the number is between 0.1 and 0.01, the logarithm is between —1 and —2. 
If the number is between 0.01 and 0.001, the logarithm is between —2 and —38, 
And so on. 


7. If the number is less than 1, the logarithm is negative (§ 6), 
but is written in such a form that the fractional part is always positive. 

For the number may be regarded as the product of two factors, one of 
which lies between 1 and 10, and the other is a negative power of 10; the 
logarithm will then take the form of a difference whose minuend is a positive 
proper fraction, and whose subtrahend is a positive integral number. 


Thus, 0.48 = 4.8 X 0.1. ne 
Therefore (§ 2), log 0.48 = log 4.8 + log 0.1 = 0.68124—1. (Page 1.) 
Again, 0.0007 = 7 X 0.0001. 


Therefore, log 0.0007 = log 7 + log 0.0001 = 0.84510 — 4. 
The logarithm 0.84510 —4 is often written 4.84510. 


8. Every logarithm, therefore, consists of two parts: a positive 
or negative integral number, which is called the Characteristic, and 
a positive proper fraction, which is called the Mantissa. 


Thus, in the logarithm 3.52179, the integral number 3 is the characteristic, 
and the fraction .52179 the mantissa. In the logarithm 0.78254 — 2, the inte- 
gral number — 2 is the characteristic, and the fraction 0.78254 is the mantissa. 


9. If the logarithm is negative, it is customary to change the 
form of the difference so that the subtrahend shall be 10 or a multiple 
of 10. This is done by adding to both minuend and subtrahend a 
number which will increase the subtrahend to 10 or a multiple of 10. 


Thus, the logarithm 0.78254 — 2 is changed to 8.78254 — 10 by adding 8 to 
both minuend and subtrahend. The logarithm 0.92737 —18 is changed to 
7.92737 — 20 by adding 7 to both minuend and subtrahend. 


10. The following rules are derived from § 6: — 


If the number is greater than 1, make the characteristic of the 
logarithm one unit less than the number of figures on the left of 
the decimal point. 

If the number is less than 1, make the characteristic of the loga- 
rithm negative, and one unit more than the number of zeros between 
the decimal point and the first significant figure of the given number. 


ae shee, 


INTRODUCTION. v 


If the characteristic of a given logarithm is positive, make the 
number of figures in the integral part of the corresponding number 
one more than the number of units in the characteristic. 

If the characteristic is negative, make the number of zeros between 
the decimal point and the first significant figure of the correspond- 
ing number one less than the number of units in the characteristic. 

Thus, the characteristic of log 7849.27 = 8; 3 

the characteristic of log 0.037 = — 2 = 8.00000 — 10. 
If the characteristic is 4, the corresponding number has five figures in its inte- 


gral part. If the characteristic is — 3, that is, 7.00000 — 10, the corresponding 
fraction has two zeros between the decimal point and the first significant figure. 


11. The logarithms of numbers that can be derived one from 
another by multiplication or division by an integral power of 10 
have the same mantissa. 

For, multiplying or dividing a number by an integral power of 10 will 
increase or diminish its logarithm by the exponent of that power of 10; and 


since this exponent is an integer, the mantissa of the logarithm will be 
unaffected. ; 


Thus, log 4.6021 =0.66296. (Page 9.) 
log 460.21 = log (4.6021 x 102) = log 4.6021 + log 10? 
= 0.66296 + 2 = 2.66296. 
log 460210 = log (4.6021 x 10°) = log 4.6021 + log 106 
= 0.66296 + 5 = 5.66296. ; 
log 0.046021 = log (4.6021 + 10?) = log 4.6021 — log 10? 
= 0.66296 — 2 = 8.66296 — 10. 


TABLE I. 


12. In this table (pp. 1-19) the vertical columns headed N con-. 
tain the numbers, and the other columns the logarithms. On page 1 
both the characteristic and the mantissa are printed. On pages 
2-19 the mantissa only is printed. 

The fractional part of a logarithm can be expressed only approx- 
imately, and in a five-place table all figures that follow the fifth are 
rejected. Whenever the sixth figure is 5, or more, the fifth figure 
is increased by 1. The figure 5 is written when the value of the 
figure in the place in which it stands, together with the succeeding 
figures, is more than 44, but less than 5. 

Thus, if the mantissa of a logarithm written to seven places is 5328782, it is 
written in this table (a five-place table) 53287. If it is 5828751, it is written 
63288. If it is 5328461 or 5328499, it is written in this table 638285. 

Again, if the mantissa is 5324981, it is written 538250; and if it is 4999967, it 
is written 50000 
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This distinction between 5 and 5, in case it is desired to curtail 
still further the mantissas of logarithms, removes all doubt whether 
a 5 in the last given place, or in the last but one followed by a 
zero, should be simply rejected, or whether the rejection should 
lead us to increase the preceding figure by one unit. 


Thus, the mantissa 18925 when reduced to four places should be 1892 ; but 
13925 should be 1393. 


To Finp tHe LoGARITHM OF A GIVEN NUMBER. 


13. If the given number consists of one or two significant 
figures, the logarithm is given on page 1. If zeros follow the 
significant figures, or if the number is a proper decimal fraction, 
the characteristic must be determined by § 10. 


14. If the given number has three significant figures, it -will be 
found in the column headed N (pp. 2-19), and the mantissa of its 
logarithm in the next column to the right, and on the same line. 
Thus, 

Page 2. log 145 = 2.16137, log 14500 = 4.16137. 
Page 14. log 716 = 2.85491, log 0.716 = 9.85491 — 10. 


\5. If the given uumber has four significant fetes, the first 
three will be found in the column headed N, and the fourth at the 
top of the page in the line containing the figures 1, 2, 3, ete. The 
mantissa will be found in the column headed by the fourth figure, 
and on the same line with the first three figures. Thus, 


Page 15. log 7682 = 3.88547, log 76.85 = 1.88564. 
Page 18. log 93280 = 4.96979, log 0.9468 = 9.97626 — 10. 


16. If the given number has five or more significant figures, a 
process called interpolation is required. 

Interpolation is based on the assumption that between two con- 
secutive mantissas of the table the change in the mantissa is directly 
proportional to the change in the number. 


Required the logarithm of 34237. 


The required mantissa is (§ 11) the same as the mantissa for 3423.7; there- 
fore it will be found by adding to the mantissa of 8423 seven-tenths of the 
difference between the mantissas for 3423 and 8424. 

The mantissa for 3423 is 53441. 

The difference between the mantissas for 3423 and 3424 is 12. 

Hence, the mantissa for 3423.7 is 53441 + (0.7 X 12) = 53440 

‘\herefore, the required logarithm of 84237 is 4.538449. ~ 
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Required the logarithm of 0.0015764. 


The required mantissa is the same as the mantissa for 1576.4; therefore 
it will be found by adding to the mantissa for 1576 four-tenths of the difference 
between the mantissas for 1576 and 1577. 
The mantissa for 1576 is 19756. 
The difference between the mantissas for 1576 and 1577 is 27. 
Hence, the mantissa for 1576.4 is 19756 + (0.4 x 27) = 19767. 
Therefore, the required logarithm of 0.0015764 is 7.19767 — 10. 


Required the logarithm of 32.6708. 


The required mantissa is the same as the mantissa for 8267.08; therefore 
it will be found by adding to the mantissa for 3267 eight-hundredths of the 
difference between the mantissas for 3267 and 3268. 

The mantissa for 3267 is 51415. 

The difference between the mantissas for 3267 and 8268 is 13. 

Hence, the mantissa for 3267.08 is 51415 + (0.08 x 13) = 51416. 

Therefore, the required logarithm of 32.6708 is 1.51416. 


17. When the fraction of a unit in the part to be added to the 
mantissa for four figures is less than 0.5 it is to be neglected; when 
it is 0.5 or more than 0.5 it is to be taken as one unit. 

Thus, in the first example, the part to be added to the mantissa for 34238 is 


8.4, and the .4 is rejected. In the second example, the part to be added to the 
mantissa for 1576 is 10.8, and 11 is added. 


To Finp THE ANTILOGARITHM; THAT IS, THE NUMBER CORRE 
SPONDING TO A GIVEN LoGARITHM. 


18. If the given mantissa can be found in the table, the first 
three figures of the required number will be found in the same line 
with the mantissa in the column headed N, and the fourth figure at 
the top of the column containing the mantissa. 

The position of the decimal point is determined by the charac- 
teristic (§ 10). 


Find the number corresponding to the logarithm 0.92002. 

Page 16. The number for the mantissa 92002 is 8318. 

The characteristic is 0; therefore, the required number is 8.318, 

Find the number corresponding to the logarithm 6.09167. 

Page 2. The number for the mantissa 09167 is 1235. 

The characteristic is 6; therefore, the required number is 1255000. 

Find the number corresponding to the logarithm 7.50325 — 10. 


Page 6. The number for the mantissa 50825 is 3186. 
The characteristic is — 3; therefore, the required number is 0.003186, 
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19. If the given mantissa cannot be found in the table, find 
in the table the two adjacent mantissas between which the given 
mantissa lies, and the four figures corresponding to the smaller of 
these two mantissas will be the first four significant figures of the 
required number. If more than four figures are desired, they may 
be found by interpolation, as in the following examples: 


Find the number corresponding to the logarithm 1.48762. 


Here the two adjacent mantissas of the table, between which the given man- 
tissa 48762 lies, are found to be (page 6) 48756 and 48770. The corresponding 
numbers are 3073 and 3074. The smaller of these, 3073, contains the first four 
significant figures of the required number. 

The difference between the two adjacent mantissas is 14, and the difference 
between the corresponding numbers is 1. 

The difference between the smaller of the two adjacent mantissas, 48756, 
and the given mantissa, 48762, is6. Therefore, the number to be annexed to 
3078 is 8, of 1 = 0.428, and the fifth significant figure of the required number 
is 4. 

Hence, the required number is 30.734. 


Find the number corresponding to the logarithm 7.82326 — 10. 


The two adjacent mantissas between which 82326 lies are (page 13) 82821 
and 82328. The number corresponding to the mantissa 82321 is 6656. 

The difference between the two adjacent mantissas is 7, and the difference 
between the corresponding numbers is 1. 

The difference between the smaller mantissa, 82321, and the given mantissa, 
82326, is 5. Therefore, the number to be annexed to 6656 is 3 of 1=0.7, and 
the fifth significant figure of the required number is 7. 

Hence, the required number is 0.0066567. 


In using a five-place table the numbers corresponding to man- 
tissas may be carried to five significant figures, and in the first 
part of the table to six figures.* 


20. The logarithm of the reciprocal of a number is called the 
Cologarithm of the number. 
If A denotes any number, then 


colog A =log 4 =log 1—log A (§ 3) =— log A. 


Hence, the cologarithm of a number is equal to the logarithm of 
the number with the minus sign prefixed, which sign affects the 
entire logarithm, both characteristic and mantissa. 


*In most tables of logarithms proportional parts are given as an aid to 
interpolation ; but, after a little practice, the operation can be performed nearly 
as rapidly without them. Their omission allows a page with larger-faced type 
and more open spacing, and consequently less trying to the eyes. 


ek 


INTRODUCTION. ix 


In order to avoid a negative mantissa in the cologarithm, it is 
customary to substitute for —log 4 its equivalent 


(10 —log A) —10. 


Hence, the cologarithm of a number is found by subtracting the 
logarithm of the number from 10, and then annexing — 10 to the 
remainder. : 

The best way to perform the subtraction is to begin on the left 
and subtract each figure of log A from 9 until we reach the last 
significant figure, which must be subtracted from 10. 

If log A is greater in absolute value than 10 and less than 20, 
then in order to avoid a negative mantissa, it is necessary to write 
— log A in the form ; 

(20 — log 4) — 20. 


So that, in this case, colog A is found by subtracting log A from 
20, and then annexing — 20 to the remainder. 


Find the cologarithm of 4007. 


10 = iy) 
Page 8. log 4007 = 3.60282 
colog 4007 = 6.39718 — 10 


Find the cologarithm of 103992000000. 


20 — 20 
Page 2. log 103992000000 = 11.01700 
colog 103992000000 = 8.98300 — 20 


If the characteristic of log A is negative, then the subtrahend, 
—10 or — 20, will vanish in finding the value of colog A. 


Find the cologarithm of 0.004007. 


10 ll) 
log 0.004007 = 7.60282 — 10 
colog 0.004007 = 2.39718 


With practice, the cologarithm of a number can be taken from 
the table as rapidly as the logarithm itself. 

By using cologarithms the inconvenience of subtracting the log- 
arithm of a divisor is avoided. For dividing by a number is 
equivalent to multiplying by its reciprocal. Hence, instead of 
subtracting the logarithm of a divisor its cologarithm may be 
added. 
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EXERCISES. 
Find the logarithms of : 
Le Ols0: 4, 85.76. 7. 0.8694. 10. 67.3208. 
Per Ole 5. 296.8. 8. 0.5908. 11. 18.5283. 
8. 2867. 6. 7004. 9. 78243. y 12. 0.00420038. 


Find the cologarithms of : 


13. 72438. 16. 869.278. 19. 0.002403, 
14. 802.376. 17. 154000. 20. 0.000777. 
15. 15.7643. 18. 70.0426. 21. 0.051828. 


Find the antilogarithms of : 


22. 2.47246. 25. 1.26784. 28. 9.79029 — 10: 
23. 7.89081. 26. 3.79029. 29. 7.623828 — 10. 
24, 2.91221. 27, 5.18752. 30. 6.15465 — 10. 


COMPUTATION BY LOGARITHMS. 


21. (1) Find the value of a, if ~=72214 X 0.08208. 


Page 14. log 72214 = 4.85862 
Page 16. log 0.082038 = 8.91397 — 10 
By § 2. log & = 3.77259 
Page 11. % = 5923.63 


(2) Find the value of a, if «5250 + 23487. 


Page 10. log 5250 = 3.72016 

Page 4. colog 23487 = 5.62917 — 10 

Page 4. log « = 9.34933 — 10 = log 0.22358 
a7 = 0.22353 


7.56 X 4667 X 567 


3) Find the value of 2, if 2 = ————>\—__-——__. 
9) Hand the valts.0: 1 e555 1 eee eon 


Page 15. log 7.56 =0.87852 

Page 9. log 4667. = 3.66904 

Page 11. log 567 = 2.753858 

Page 17. colog 899.1 = 7:04619 — 10 

Page 6. colog 0.00887 7 2.47237 

Page 4. colog 23435 = 5.63013 — 10 

Page 5. log a = 2.44983 = log 281.738 


are == Ol eiioe 


INTRODUCTION. xi 
_ (4) Find the cube of 376. — 
Page 7. log 376 = 2.57519 


Multiply by 38 (§ 4), 8 
Page 10. —— log 8768 = 7.72557 = log 538158600 
-. 3763 = 53158600. 


(5) Find the square of 0.003278. 


Page 6. log 0.003278 = 7.51561 — 10 
; 2 
é Page 2. log 0.0032782 = 15.03122 — 20 = log 0.000010745 


«. 0.0032782 = 0.000010745. 


(6) Find the square root of 8322. 
, Page 16. log 8322. = 3.92023 
i Divide by 2 ($5), ___—_-2)3.92028 


log V8322 = 1.96012 = log 91.226 
8392 ~= 91.226. 


_If the given number is a proper fraction, its logarithm will have 

as a subtrahend 10 or a multiple of 10. In this case, before divid- 
ing the logarithm by the index of the root, both the subtrahend and 

_ the number preceding the mantissa should be increased by such a 
,: number as will make the subtrahend, when divided by the index of 
the root, 10 or a multiple of 10. 


(7) Find the square root of 0.000043641. 


Page8. —_—— log. 0.000043641 = 5.63989 — 10 
; Petes SI ae 
Divide by 2 (§ 5), 2)15.63989 — 20 
_ Page 18. log V0.000043641 = 7.81995 — 10 = log 0.0066062 


., V0.000043641 = 0.0066062. 


(8) Find the sixth root of 0.076553. 


Page 15. log 0.076553 = 8.88397 — 10 
& 50 — 50 
Divide by 6 (§ 5), , 6)58.88397 — 60 
Page 13. log Y0.076553 = 9.81400 — 10 = log. 0.65163 


-. V0.076558 = 0.65163. 


EXERCISES. 


Find by logarithms the value of: 


45607 5.6128 9 2.567 
* 31045 ° * 0.01987 “0.05786 
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0.06547, 
74.938 X 0.05938 


4.657 X 0.03467 | 
3.908 X 0.07189 


0.0075889 x 0.0079 | 
().00907 x 0 009784 


312 X 7.18 x 31.82, 
519 X 8.27 X 5.132 


0.007 X 57.83 X 28.13. 
9.817 X 00.28 X 476.5 


5.55 X 0.0007632 x 0.87654 | 
2.79 X 0.0009524 x 1.46785 


Gee X 43.387 X 99.2 x 0.00025 


ve 0.005824 X 15.724 X 1.38 X 0.00089 


Bi ° [28.815 X 29.36 X 0.007 X 0.62487 | 
* 0.00072 x 9.236 x 5.924 x 3.0007 


aes x 0.081416 x 0.0031416 


1.7285 X 0.017285 X 0.0017285— 


TABLE II. 


22. This table (page 20) contains the value of the number 7+ 
its most useful combinations, and their logarithms. 


Find the length of an are of 47° 32' 57" in a unit circle. 


47° 32’ 67” = 171177” 


log 171177 = 6.28844 
log a = 4.68557 — 10 


log are 47° 82’ 57” = 9.91901 — 10 = log 0.82994 
«length of are = 0.82994. 
Find the angle if the length of its are in a unit circle =0,.54936. 


log 0.549386 = 9.78986 — 10 
colog “; = log a” = 5.31443 


log angle = 6.05429 = log 113316 
. angle = 1133816” = 381° 28’ 36”. 
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23. The relations between arcs and angles given in Table II. 
are readily deduced from the circular measure of an angle. 
In Circular Measure an angle is defined by the equation 


are 
° ) 
radius 


angle = 


in which the word are denotes the length of the are corresponding 
to the angle, when both are and radius are expressed in terms of 
the same linear unit. 

Since the are and radius for a given angle in different circles 
vary in the same ratio, the value of the angle given by this equa- 
tion is independent of the value of the radius. 

The angle which is measured by a radius-arc is called a Radian, 
and is the angular unit in circular measure. 


1 
Since C=27R, it follows that C=2 TT, and ad =7. Therefore, 
If the arc = circumference, the angle = 2 7. 
If the arc =semicircumference, the angle=7. 
If the arc = quadrant, the angle=47. 
If the are = radius, the angle = 1. 


Therefore, 7 = 180°, 47 = 90°, 47 = 60°, 4 7 = 45°, } r= 30’, 

y 7 = 224°, and so on. 
Sinee 180° in common measure equals 7 units in circular measure 
q ; 


f T See 
1° in common measure = 80 units in circular measure ; 


° 


in common measure. 


1 unit in circular measure = 


By means of these two equations, the value of an angle expressed 
in one measure may be changed to its value in the other measure. 


Thus, the angle whose are is equal to the radius is an angle of 


ga : 180 oY 
1 unit in circular measure, and is equal to sem is 5T- LT 45" 


very nearly. 


TABLE III. 

24, This table (pp. 21-49) contains the logarithms of the trigo- 
nometric functions of angles. In order to avoid negative character- 
istics, the characteristic of every logarithm is printed 10 too large. 
Therefore, —10 is to be annexed to each logarithm. 

On pages 28-49 the characteristic remains the same throughout 
each column, and is printed at the top and the bottom of the column. 
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But on pp. 40, 49, the characteristic changes one unit in value at the 
places marked with bars. Above these bars the proper characteristic 
is printed at the top, and below them at the’ bottom, of the column. 


25. On pages 28-49 the log sin, log tan, log cot, and log cos, of 
1° to 89°, are given to every minute. Conversely, this part of the 
table gives the value of the angle to the nearest minute when 
log sin, log tan, log cot, or log eos is known, provided log sin or 
log cos lies between 8.24186 and 9.99993, and log tan or log cot 
lies between 8.24192 and 11.75808. 

If the exact value of the given logarithm of a function is not 
found in the table, the value nearest to it is to be taken, unless 
interpolation is employed as explained in § 26. 

If the angle is less than 45° the number of degrees is printed at 
the top of the page, and the number of minutes in the column to 
the left of the columns containing the logarithm. If the angle 
is greater than 45°, the number of degrees is printed at the bottom 
of the page, and the number of minutes in the column to the right 
of the columns containing the logarithms. 

If the angle is less than 45°, the names of its functions are 
printed at the top of the page; if greater than 45°, at the bottom 
of the page. Thus, 


Page 88. log sin 21° 37’= 9.56631 — 10. 

Page 45. log cot 86° 53’ = 10.12473 — 10 = 0.12478. 

‘Page 387. log cos 69° 14’= 9.54969 — 10. 

Page 49. log tan 45° 59’ = 10.01491 — 10 = 0.01491. 

Page 48. If log cos = 9.87468 — 10, angle = 41° 28”, 

Page 34. If log cot = 9.89353 — 10, angle = 76° 6’. 

If log sin = 9.47760 — 10, the nearest log sin in the table is 9.47774 — i0 
(page 36), and the angle corresponding to this value is 17° 29’. 

If log tan = 0.76520 = 10.76520 — 10, the nearest log tan in the table is 
10.76490 — 10 (page 32), and the angle corresponding to this value is 80° 15’. 


26. If it is desired to.obtain the logarithms of the functions of 
angles that contain seconds, or to obtain the value of the angle in 
degrees, minutes, and seconds, from the logarithms of its functions, 
interpolation must be employed. Here it must be remembered 
that, 

The difference between two consecutive angles in the table 
is 60". 

Log sin and log tan increase as the angle increases; log cos and 
log cot diminish as the angle increases. 


INTRODUCTION. ic xXV 


Find log tan 70° 46: 8". 


Page 87. log tan 70° 46’ = 0.45731. 

The difference between the mantissas of log tan 70° 46’ and log tan 70° 47’ . 
is 41, and §, of 41=5. 

As the function is increasing, the 5 must be added to the figure in the fifth 
place of the mantissa 45731; and 

Therefore log tan 70° 46’ 8” = 0.45736. 


Find log cos 47° 35! 4". 


Page 48. log cos 47° 35’ = 9.82899 — 10. 

The difference between this mantissa and the mantissas of the next log cos 
is 14, and 4 of 14=1. 

As the function is decreasing, the 1 must be subtracted from the figure in the 
fifth place of the mantissa 82899; and 

Therefore log cos 47° 35’ 4” = 9.82898 — 10. 


Find the angle for which log sin= 9.45359 — 10. 


Page 35. The mantissa of the nearest smaller log sin in the table is 45334. 

The angle corresponding to this value is 16° 30’. 

The difference between 45334 and the given mantissa, 45359, is 25. 

The difference between 45334 and the next following mantissa, 45377, is 43, 
and 23 of 60” = 365”. 

As the function is increasing, the 35” must be added to 16° 30’; and the 
required angle is 16° 30’ 35”. 


Find the angle for which log cot = 0.73478. 


Page 32. The mantissa of the nearest smaller log cot in the table is 73415, 

The angle corresponding to this value is 10° 27’. 

The difference between 73415 and the given mantissa is 63. 

The difference between 73415 and the next following mantissa is 71, and $3 
of 607 = 53”. 

As the function is decreasing, the 53” must be subtracted from 10° 27’; and 
the required angle is 10° 26’ 7%. 


EXERCISES. 
Find 

1. Jog sin 30°, 8% 9%. 9. log tan 25° 27’ 47”. 
2. log sin 54° 54’ 40”. 10. log cos 56° 11’ 57”. 
3. log cos 43° 32’ 31”. 11. log cot 62° 0% 4” 
4. log cos 69° 25’ 11”. 12. log cos 75° 26’ 587 

5. log tan 32° 9/17”. 18. log tan 33° 27’ 13”. 
6. log tan 50° 2’ 2”. 14. log cot 81° 55’ 24”. 
7. log cot 44° 33’ 17”. 15. log tan 89° 46’ 35”. 
8. log cot 55° 9% 32”, 16, log tan 1° 25’ 56”. 
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.Find the angle A if 


17. log sin A= 9.70075. 25. log cos A= 9.40008. 
18. logsin A= 9,91289. 26. log cot A= 9.78815. 
19. log cos A = 9.86026. 27. log cos A= 9.34301. 
20. log cos A = 9.54596. 28. log tan.A = 10.52288. 
21. log tan A= 9.79840. 29. log cot A= 9 65349. 
22. log tan.A = 10.07671. 30. log sin A= 8.39316. 
23. log cot A = 10.00675. 31. log sin d= 8.06678. 
24. log cot A= 9.84266. 82. log tan A= 8.11148. 


27. If log sec or log esc of an angle is desired, it may be found 
from the table by the formulas, 


us 
a ; Ax ; 
sec A ae? hence, log sec 4 =colog cos A 


Lay, nk 
ese 4 — cave hence, log ese Ad =colog sin A. 


Page 31. logsec 8° 28’ =colog cos 8° 28’ = 0.00476. 
Page 42. log ese 59° 386’ 44” = colog sin 59° 36’ 44” = 0.06418. 


28. If a given angle is between 0° and 1°, or between 89° and 90°; 
or, conversely, if a given log sin or log cos does not lhe between the 
limits 8.24186 and 9.99993 in the table; or, if a given log tan or 
log cot does not lie between the limits 8.24192 and 11.75808 in the 
table; then pages 21-24 of Table III. must be used. 

On page 21, log sin of angles between 0° and 0° 3’, or log cos of 
the complementary angles between 89° 57! and 90°, are given to 
every second; for the angles between 0° and 0° 3’, log tan = log sin, 
and log cos = 0.00000; for the angles between 89° 57’ and 90°, 
log cot = log cos, and log sin= 0.00000. 

On pages 22—24, log sin, log tan, and log cos of angles between 
0° and 1°, or log cos, log cot, and log sin of the complementary 
angles between 89° and 90°, are given to every 10", 

Whenever log tan or log cot is not given, they may be found by 
the formulas, 


log tan=colog cot. log cot = colog tan. 


Conversely, if a giverlog tan or log cot is not contained in the 
table, then the colog must be found; this will be the log cot or 
log tan, as the case may be, and will be contained in the table. 

‘On pages 25-27 the logarithms of the functions of angles 
between 1° and 2°, or between 88° and 90°, are given in the manner 
employed on pages 22-24. These pages should be used if the angle 
lies between these limits, and if not only degrees and minutes, but 
degrees, minutes, and multiples of 10" are given or required. 
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When the angle is between 0°:and 2°, or 88° and 90°, and a 
greater degree of accuracy is desired than that given by the table, 
interpolation may be employed; but for these angles interpolation 
does not always give true results, and it is better to use Table IV. 


Find log tan 0° 2' 47", and log cos 89° 37! 20". 


Page 21. logtan 0° 2’ 47”= log sin 0° 2’ 47” = 6.90829 — 10. 
Page 28. log cos 89° 37’ 20” = 7.81911 — 10. 


Find log cot 0° 2' 15". 


10 10 
Page 21. log tan 0°2’15” = 6.81591—10 
Therefore, log cot 0° 2/15” = 8.18409 
Find log tan 89° 38! 30". 
10 == iki) 


Page 23. log cot 89° 38’ 30” = 7.79617 — 10 
Therefore, log tan 89° 38’ 30” = 2.20383 

Find the angle for which log tan =6.92090 — 10. 
Page 21. The nearest log tan is 6.92110 — 10. 
The corresponding angle for which is 0° 2’ 52”. 

Find the angle for which log cos =7.70240 — 10. 
Page 22. The nearest log cos is 7.70261 — 10. 
‘The corresponding angle for which is 89° 42’ 40”. 

Find the angle for which log cot = 2.37368. 


This log cot is not contained in the table. 

The colog cot = 7.62632 — 10 = log tan. 

The log tan in the table nearest to this is (page 22) 7.62510 — 10, and the 
angle corresponding to this value of log tan is 0° 14’ 30”. 


29. If an angle x is between 90° and 360°, it follows, from 
formulas established in Trigonometry, that, 


between 90° and 180°, between 180° and 270°, 
log sin «=log sin (180°— 2), log sin x=log sin (# —180°),, 
log cos x =log cos (180° — z),, log cos #=ldg cos (« —180°),, 
log tana = log tan (180° —2),, log tan « = log tan (a — 180°), 
log cot x= log cot (180°—z),; log cot «=log cot («# —180°); 


between 270° and 360°, 
log sin «=log sin (360° — z),, 
log cos x= log cos (360° — 2), 
log tan x =log tan (360° —2),, 
log cot «=log cot (360° — 2),,. 
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The letter m is placed (according to custom) after the logarithms 
of those functions which are negative in value. 

The above formulas show, without further explanation, how to 
find by means of Table III. the logarithms of the functions of any 
angle between 90° and 360°. 

Thus, log sin 187° 45’ 22” = log sin 42° 14’ 38” = 9.82756 — 10. 

log cos 137° 45’ 22” = log, cos 42° 14’ 38” = 9.86940, — 10. 
log tan 137° 45’ 22” = log, tan 42° 14’ 38” = 9.95815, — 10. 
log cot 187° 45’ 22” = log, cot 42° 14’ 38” = 0.04185,. 

log sin 209° 82’ 50” = log, sin 29° 32’ 50” = 9.69297, — 10. 
log cos 330° 27’ 10” = log cos 29° 82’ 50” = 9.93949 — i0. 

Conversely, to a given logarithm of a trigonometric function 
there correspond between 0° and 360° four angles, one angle in 
each quadrant, and so related that if x denote the acute angle, the 
other three angles are 180° —z, 180° +a, and 360° —z. 

If besides the given logarithm it is known whether the function 
is positive or negative, the ambiguity is confined to two quadrants, 
therefore to two angles. 

Thus, if the log tan = 9.47451 — 10, the angles are 16° 36’ 17” in Quadrant I. 
and 196° 36’ 17” in Quadrant III.; but if the log tan = 9.47451, — 10, the angles 
are 163° 23’ 48” in Quadrant II. and 348° 23’ 43” in Quadrant IV. 

To remove all ambiguity, further conditions are required, or a 
knowledge of the special circumstances connected with the problem 
in question. 


TABLE IV. 


30. This table (page 50) must be used when great accuracy is 
desired in working with angles between 0° and 2°, or between 88° 
and 90°. 

The values of S and T are such that when the angle a is 
expressed in seconds, 

= log sina—loga", 
T = log tan a — log a". 
‘Hence follow the formulas given on page 50. 

The values of S and T are printed with the characteristic 10 too 

large, and in using them —10 must always be annexed. 


Find log sin 0° 58' 17". Find log cos 88° 26! 41.2". 
0° 58’ 17” = 3497” 90° — 88° 26’ 41.2” = 1° 33’ 18.8” 
log 3497 = 3.54370 = 5598.8” 
S = 4.68555 — 10 log 5598.8 = 3.74809 
log sin 0° 58’ 17” = 8.22925 — 10 S = 4.68552 — 10 


log cos 88° 26’ 41.2” = 8.48361 — 10 


INTRODUCTION. xix 


Find log tan 0° 52! 47.5". Find log tan 89° 54' 37.362". 
0° 52’ 47.5” = 3167.5” 90° — 89° 54’ 37.362” = 0° 5 22.638” 
log 3167.5 = 3.50072 . = 322.638” 
T = 4.68561 — 10 log 322.638 = 2.50871 
log tan 0° 52’ 47.5” = 8.18633 — 10 T = 4.68558 — 10 


log cot 89° 54’ 87.362” = 7.19429 — lu 
log tan 89° 54’ 37.362” = 2.80571 


Find the angle, if log sin = 6.72306 — 10. 


6.72806 — 10 
S = 4.68557 — 10 
Subtract, 2.03749 = log 109.015 
109.015” = 0° 1’ 49.015”. 


Find the angle for which log cot = 1.67604. 
colog cot = 8.382396 — 10 
T = 4.68564 — 10 
Subtract, 3.63832 = log 4348.3 
4348.3” 1122853 
Find the angle for which log tan = 1.55407. 


colog tan = 8.44593 — 10 
T = 4.68569 — 10 
Subtract, 3.76024 = log 5757.6 
5757.67 = 1° 35’ 57.6”, 
and 90°— 1° 35’ 57.6” = 88° 24’ 2.4”. 
Therefore, the angle required is 88° 24’ 2.4”. 


TABLE V. 


31. This table (p. 51), containing the circumferences and areas 
of circles, does not require explanation. 


TABLE VI. 


32. Table VI. (pp. 52-69) contains the natural sines, cosines, 
tangents, and cotangents of angles from 0° to 90°, at inter- 
vals of 1’. If greater accuracy is desired it may be obtained 
by interpolation. 

Nore. In preparing the preceding explanations, we have made free use 


of the Logarithmic Tables by F. G. Gauss. For Table VI. we are indebted 
‘to D. Carhart. 


TABLE VII. 
33. This table (pp. 70-75) gives the latitude and departure to 


three places of decimals for distances from 1 to 10, corresponding 
to bearings from 0° to 90° at intervals of 15’. 


XX LOGARITHMS. 


If the bearing does not exceed 45° it is found in the /eft-hand 
column, and the designations of the columns under “ Distance” 
are taken from the top of the page; but if the bearing exceeds 
45°, it is found in the right-hand column, and the designations 
of the columns under “Distance” are taken from the dottom of 
the page. 

The method of using the table will be made plain by the follow- 
ing examples : — 


(1) Let it be required to find the latitude and departure of the 
course N. 35° 15' E. 6 chains. 


On p. 75, left-hand column, look for 35° 15’; opposite this bearing, in the 
vertical column headed ‘‘ Distance 6,’’ are found 4.900 and 3.463 under the 
headings ‘‘ Latitude’? and ‘‘Departure’’ respectively. Hence, latitude or 
northing = 4.900 chains, and departure or easting = 3.468 chains. , 


(2) Let it be required to find the latitude and departure of the 
course S. 87° W. 2 chains. 


As the bearing exceeds 45°, we look in the right-hand column of p. 70, and 
opposite 87° in the column marked ‘ Distance 2”’ we find (taking the designa- 
tions of the columns from the bottom of the page) latitude = 0.105 chains, and 
departure = 1.997 chains. Hence, latitude or southing = 0.105 chains, and 
departure or westing = 1.997 chains. 


13) Let it be required to find the latitude and departure of the 
course N. 15° 45’ W. 27.36 chains. 


In this case we find the required numbers for each figure of the distance 
separately, arranging the work as in the following table. In practice, only the 
last columns under ‘‘ Latitude”? and ‘* Departure’ are written. 


DISTANCE. LATITUDE. DEPARTURE. 

90 Tie? x 10 1.925 x 10 = 19.25 0.543 x 10 = 5.48 
7 6.737 1.90 
0.8 =3+10 2.887 +10 = 0.289 0.814 +10 =0.081 
0.06 = 6 + 100 5.775 + 100 = 0.058 1.628 = 100 = 0,016 


27.36 26.334 7.427 


Hence, latitude = 26.334 chains, and departure = 7.427 chains. 


TABLE L 


COMMON OR BRIGGS LOGARITHMS 


OF TILE 


NAT eA NUM SB HRS 


From 1 to 10000. 


log log 


- dL. 222 . 61 278 
234 242 . 62 325 
. 36173 - 63 347 
- 38 021 i 164340 
2 39 J9F . 65 321 


24497 . 66 276 
. 43 136 . 67 210 
2 26s TAN) . 68 124 
- 46 240 . 69 020 
meted 2, . 69 897 


N 
1 
2 
3 
4 
5 
6 
Ul 
8 
9 


ropes sSpefe 
; 


BG Salto) LO od 
0! 51S . 71 600 
Biot choy! . 72 428 
1S IES Pf (S32) 
. 54407 . 74 036 


55 630. . 74819 
. 56 820 ( O75 507 
. 57978 ‘ . 76 343 
. 59 106 77 085 
. 60 206 L7FS15 


pe 


RPP eee 


log 


100 —150 


N 0 1 2 3 4 5 6 7 t 8 9 
100 00000 00043 00087 00130 00173 00 217 00260 00303 00346 00389 
101 00432 00475 00518 00561 00 604 00 647 00689 00732 00775 00817 
102 00 860 00903 00945 00988 01030 01072 01 115 01 157~01 199 O1 242 
103 01 284 01326 01368 01410 01452 01494 01536 01578 01620 01 662 
104 01703 01745 01787 01828 01870 01912 01953 01995 02036 02078 
105 02119 02160 02202 02243 02 284 02325 02366 02407 02449 02490 
106 02531 02572 02612 02653 02 694 02735 02776 02816 02857 02898 
107 02938 02979 03019 03060 03 100 03 141 03181 03222 03262 03 302 
108 03 342 03383 03423 03463 03 503 03 543 03 583 03 623 03663 03 703 
109 03 743 03782 03822 03 862 03 902 03 941 03981 04021 04060 04 100 
110 04139 04179 04218 04258 04297 04 336 0437604415 04454 04493 
DY 04 532 04571 04610 04650 04689 04727 04766 04805 04844 04 883 
Ii 04922 04961 04999 05038 05 077 05115 05154 05192 05231 05 269 
Hale) 05 308 05 346 05385 05423 05 461 05 500 05538 05576 05614 05 652 
Ie s 05 690 05 729 05 767 05805 05 843 05 881 05918 05956 05 994 06032 
115 06070 06108 06145 06183 06 221 06 258 06296 06333 06371 06408 
116 06 446 06483 06521 06558 06595 06633 06670 06707 06744 06781 
Uy 06819 06856 06893 06930 06967 07 004 07041 07078 07115 07151 
118 07188 07225 07 262 07298 07 335 07 372 07408 07445 07482 07518 
plo 07555 07591 07628 07 664 07 700 07 737 07773 07 809 07 846 07 882 
120 | 07918 07954 07990 08027 08 063 08 099 08135 08171 08207 08 243 
121 08 279 08 314 08350 08386 08 422 08 458 08493 08529 08565 08600 
122 08 636 08672 08707 08743 08778 08 814 08849 08884 08920 08955 
123 08 991 09026 09061 69096 09132 09167 09202 09237 09272 09307 
124 09 342 09377 09412 09447 09482 09517 09552 09587 09621 09656 
125 09691 09726 09760 09795 09830 09 864 09899 09934 09968 10003 
126 10037 10072 10106 10140 10175 10 209 10243 10278 10312 10346 
127 10380 10415 10449 10483 10517 10551. 10585 10619 10653 10687 
128 10721 10755 10789 10823 10857 10890 10924 10958 10992 11025 
129 TOS OSS SLL ZG rs 6On Leos 11-227 11261 11294 11 32% Wesel 
130 139% 11428) 1 tol aos 11528 11561 11594 11628 11661 11694 
ike 11727 11760 11793 11826 11860 11893 , 11926 11959: 11992 12024 
132 12057 12090 12123 12156 12189 12 222 12254 12287 12320 12352 
133 12385 12418 12.450 12483 12516 12548 12581 12613 12646 12678 
134 12710 12743 12775 12808 12840 12872 12905 12937 12969 13001 
135 13 033 13066 13098 13130 13 162 TISHO#, 13:2266 13 258) 15 290 13322 
136 13 354 13386 13418 13450 13481 13 513 13545 13577 13609 13 640 
137 13 672 13704 13735 13767 13799 13.830 13862 13893 13925 13 956 
138 13 988 14019 14051 14082 14114 14145 14176 14208 14239 14270 
We) 14.301 14333) 14 364 14395 14426 14457 14489 14520 14551 14582 
140 14613 14644 14675 14706 14737 14768 14799 14829 14860 14891 
Ale al 14.922 14953 14983 +5014 15 045 15076 15106 15137 15168 15198 
142 T5229 1S 2595. 290 1582015 351 15 381 15412 15442 45473 15 503). 
143 15 534 15 564 15594 15625 15655 15685 15715 15746 15776 15 806 
144 15 836 15866 15897 15927 15957 15987 16017 16047 16077 16107 
145 16137 16167 16197 16227 16256 16 286 16316 16346 16376 16406 
146 16435 16465 16495 16524 16554 16584 16613 16643 16673 16702 
147 16 732 16761 16791 16820 16850 16879 16909 16938 16967 16997 
148 17026 17056 17085 17114 17143 17173 17202 17231 17 260 17289 
149 17313 17348 17377 17406 17435 UUAGT. UV 493 5 Li s22elsS5iy ly S80 
150 17609 17638 17667 17696 17725 17 754 17782 17811 17840 17869 
N 0 1 2 3 4 5 6 7 8 9 


100 —150 


0 


2 


150— 200 


3 


5 


6 


7 8 


17 609 
17 898 
18 184 
18 469 
18 752 


19 033 
19312 
19 590 
19 866 
20 140 


20 412 
20 683 
20 952 
21 2)9 
21 484 


21 748 
22 011 
22 272 
22 531 
22 789 
23 045 
23 300 
23 553 
23 805 
24 055 


24 304 
24 551 
24 797 
25 042 
25 285 


25 527 
25 768 
26 007 
26 245 
26 482 


26 717 
26 951 
27 184 
27 416 
27 646 


27 875 
28 103 
28 330 
28 556 
28 780 


29 003 
29 226 
Lael 
29 667 
29 885 


30 103 


17 667 
T7955 
18 241 
18 526 
18 808 


19 089 
19 368 
19 645 
19.921 
20 194 


20 466 
20 737 
21 005 
21 272 
21 537 


21 801 
22 063 
22 324 
22 583 
22 840 


23 096 
23 350 
23 603 
23 855 
24 105 


24353 
24 601 
24 846 
25 091 
25 334 
25 575 
25 816 
26 055 
26 293 
26 529 


26 764 
26 998 
27 231 
27 462 
27 692 


27 921 
28 149 
28 375 
28 601 
28 825 


29 048 
29 270 
Zoo 
29 710 
29 929 


30 146 


17 696 
17 984 
18 270 
18 554 
18 837 


LOR? 
19 396 
19 673 
19 948 
20 222 


20 493 
20 763 
21 032 
2299 
21 564 


21 827 
22 089 
22 350 
22 608 
22 866 


23 121 
23 376 
23 629 
23 880 
24 130 


24 378 
24 625 
24 871 
25 115 
25 358 


25 600 
25 840 
26 079 
26 316 
26 553 


26 788 
27 021 
27 254 
27 485 
27 715 


27 944 
28 171 
28 398 
28 623 
28 847 


29 070 
29 292 
Piven) 
29 732 
291951: 


30 168 


17 754 
18 041 
18 327 
18 611 
18 893 


LINZ) 


19 451 
19 728 
20 003 
20 276 


20 548 
20 817 
21 085 
21 352 
21 617 


21 880 
22 141 
22 401 
22 660 
22917 


23 172 
23 426 
23 679 
23 930 
24 180 


24 428 
24 674 
24 920 
25 164 
25 406 


25 648 
25 888 
26 126 
26 364 
26 600 


26 834 
27 068 
27 300 
27 531 
27 761 


27 989 
28 217 
28 443 
28 668 
28 892 


29 115 
29 336 
ZS 
29 776 
299% 


30 211 


17 782 
18 070 
18 355 
18 639 
18921 


19 201 
19479 
19 756 
20 030 
20 303 


20 575 
20 844 
21,112 
21 378 
21 643 


21 906 
22 167 
LEAL T 
22 686 
22 943 


23 198 
23 452 
23 704 
23.955 
24 204 


24452 
24 699 
24 944 
25 188 
25 431 


25/672 
25 912 
26 150 
26 387 
26 623 


26 858 
27 091 
27 323 
27 554 
27 784 


28 012 
28 240 
28 466 
28 691 
28 914 


29.137 
29 358 
29 579 
29 798 
30 016 


30 233 


17811 17840 
18 099 18 127 
18 384 18412 
18 667 18 696 
18 949 18977 


19 229 19257 
19/507 9191535 
19783 19811 
20058 20085 
20 330 20358 


20 602 20629 
20871 20898 
21139 21165 
21405 21431 
21669 21696 


21932 21958 
2214227220 
22453 22479 
22712 22,737 
22 968 22 994 


23 223 23 249 
23477 23 502 
JRE) PRY [hak 
23 980 24 005 
24229) 24-254 


24477 24 502 
Pos Whee aio dais) 
24 969 24.993 
Zo 212225237 
25 499) 251479 


25 696 25 720 
2993525959 
26 17426 198 
26411 26435 
26 647 26670 


26 881 26905 
PAL AMEE Paif Meze} 
27 346 27370 
27577 27 600 
27 807 27 830 


28035 28058 
28 262 28 285 
28488 28 511 
28 713 28 735 
28 937 28959 


291159 29 181 
29380 29403 
29601 29 623 
29 820 29 842 
30038 30060 


30 255 30276 


O 


2 


ad 


3 


4. 


150 — 200 


5 


6 


7 8 


9 


1 


2 


200 — 250 


3 


4 


5 


6 


7 


30 125 
30 341 
30 557 
30 771 
30 984 


wil ii 
31 408 
31 618 
31 827 
32 035 


32 243 
32 449 
32 654 
32 858 
33 062 


33:264 
33 465 
33 666 
33 866 
34 064 


34 262 
34 459 
34 655 
34 850 
35 044 


35 238 
35 430 
35 622 
35 813 


36 003. 


36 192 
36 380 
36 568 
36 754 
36 940 


37 125 
37 310 
O71 493 
37 676 
37 858 


38 039 
38 220 
38 399 
38 578 
38 757 


38 934 
39 111 
39 287 
39 463 
39 637 


39 811 


30 146 
30 363 
30 578 
30 792 
31 006 


31 218 


31 429 
31 639 
31 848 
32 056 


32 263 
32 469 
32 675 
32 879 
33 082 


33 284 
33 486 
33 686 
33 885 
34 084 


34 282 
34.479 
34 674 
34 869 
35 064 
35 257 
35 449 
35 641 
35 832 
36 021 


36 211 
36 399 
36 586 
36 773 
36 959 


37 144 
37 328 
37 511 
37 694 
37 876 


38 057 
38 238 
38 417 
38 596 
38 775 


38 952 
39 129 
39 305 
39 480 
39 655 


39 829 


30 168 
30 384 
30 600 
30 814 
31 027 


31 239 
31 450 
31 660 
31 869 
32 077 


32 284 
32 490 
32/695 
32 899 
33 102 


33 304 
33 506 
33 706 
33 905 
34 104 


34 301 
34 498 
34 694 
34 889 
35 083 


35 276 
35 468 
35 660 
35 851 
36 040 
36 229 
36418 
36 605 
36 791 
36 977 


37 162 
37 346 
37 530 
37 712 
37 894 


38 075 
38.256 
38.435 
38 614 
38 792 


38 970 
39 146 
39 322 
39 498 
39 672 


39 846 


30190 
30 406 
30 621 
30 835 
31 048 


31 260 
GAG eels 
31 681 
31 890 
32 098 


32 305 
32 510 
32 715 
32 919 
33.122 


33'325 
33 526 
33 726 
33 925 
Sa VAS 


34 321 
34 518 
34 713 
34 908 
35 102 


S295 
35 488 
35 679 
35 870 
36 059 


36 248 
36 436 
36 624 
36 810 
36 996 


37 181 
37 365 
37 548 
Silo 
37 912 


38 093 
38 274 
38 453 
38 632 
38 810 


38 987 
39 164 
39 340 
SRM) 
39 690 


39 863 


30 211 
30 428 
30 643 
30 856 
31 069 


31 281 
31 492 
31 702 
SOU 
32 118 


32 325 
32 531 
32 736 
32 940 
33 143 


33 345 
33 546 
33 746 
33 945 
34 143 


34 341 
STS 
34,733 
34 928 
35 122 


SOLS 
35 507 
35 698 
35 889 
36 078 


36 267 
36 455 
36 642 
36 829 
37 014 


37 199 
P37383 
37 566 
37 749 
oh SBME 


38 112 
38 292 
38 471 
38 650 
38 828 


39 005 
39 182 
39 358 
3) 383) 
39 707 


39 881 


30 233 
30 449 
30 664 
30 878 
31091 


31 302 
31-613 
31 723 
31931 
32 139 


32 346 
32 552 
32 756 
32 960 
33 163 


33 365 
33 566 
33 766 
33 965 
34 163 
34 361 
Oto 
34 753 
34 947 
Soll 
35 334 
35 526 
Si) 70M 
35 908 
36 097 


36 286 
36 474 
36 661 
36 847 
37 033 


37 218 
37 401 
37 585 
37 767 
37949) 
38 130 
38 310 
38 489 
38 668 
38 846 


39 023 
39 199 
39 375 
39 550 
39 724 


39 898 


30 255 
30 471 
30 685 
30 899 
31 112 


31 323 
31 534 
31 744 
31952 
32 160 


*32 366 


32 572 
32 777 
32 980 
33 183 


33 385 
33 586 
33 786 
33 985 
34 183 


34 380 
Shor. 
Sa hhe, 
34 967 
35 160 


35 353 
5) ns) 
35 736 
35 927 
36 116 


36 305 
36 493 
36 680 
36 866 
37 051 


37 236 
37 420 
37 603 
37 785 
37 967 


38 148 
38 328 
38 507 
38 686 
38 863 


39 041 
SO ZANT 
39 393 
39 568 
39 742 


39 915 


1 


2 


3 


4 


200 — 250 


7 


290 — 300 


1 


250 — 300 


N oO 1 2 3 4. 5 6 7 8 9 
250 | 3979+ 39811 39829 39846 39863 | 39881 39898 39915 39933 39950 
251 | 39967 39985 40002 40019 40037 | 40054 40071 40088 40106 40 123 
252 | .40140 40157 40175. 40192 40209 | 40226 40243 40261 40278 40295 
253 | 40312 40329 40346 40364 40381 | 40398 40415 40432 40449 40466 
254 | 40483 40500 4051S 40535 40552 | 40569 40586 40603 40620 40637 
255 | 40654 40671 4068S 40705 40722 | 40739 40756 40773 40790 40807 
256 | 4082+ 40841 40858 40875 40892 | 40909 40926 40943 40960 40976 
257 | '40993 41010 41027 41044 41061 | 41078 41095 41111 41128 41 145 
258 | 41162 41179 41196 41212 41229 | 41246 41263 41280 41296 41313 
259 | 41330 41347 41363 41380 41397 | 41414 41430 41447 41464 41481 
260 | 41497 41514 41531 41547 41564 | 41581 41597 41614 41631 41647 
261 | 4166+ 41681 41697 41714 41731 | 41747 41764 41780 41797 41814 
262 -| 41830 41847 41863 41880 41896 | 41913 41929 41946 41963 41979 
263 | 41996 42012 42029 42045 42062 | 42078, 42095 42111 42127 42144 
26+ | 42160 42177 42193 42210 42226 | 42243 42259 42275 42292 42308 
265 | 42325 42341 42357 42374 42390 | 42406 42423 42439 42455 42472 
266 | 42488-42504 42521 42537 42553 | 42570 42586 42602 42619 42635 
267 | 42651 42667 42684 42700 42716 | 42732 42749 42765 42781 42797 
268 | 42813 42830 42846 42862 42878 | 42894 42911 42927 42943 42959 
269 | 42975 42991 43008 43024 43040 | 43056 43072 43088 43104 43120 
270 | 43136 43152 43169 43185 43201 | 43217 43233 43249 43265 43281 
271 | 43297 43313 43329 43345 43361 | 43377 43393 43409 43425 43441 
272 | 43457 43473 43489 43505 43521 | 43537 43553 43569 43584 43 600 
273 | 43616 43632 43648 43664 43680 | 43696 43712 43727 43743 43759 
274 | 43775 43791 43807 43823 43838 | 43854 43870 43886 43902 43917 
275 | 43933 43949 43965 43981 43996 | 44012 44028 44044 44059 44075 
276 |. 44091 44107 44122 44138 44154 | 44170 44185 44201 44217 44 232 
277 | 44248 44264 44279 44295 44311 | 44326 44342 44358 44373 44389 
278 | 44404 44420 44436 44451 44467 | 44483 44498 44514 44529 44545 
279 | 44560 44576 44592 44607 44623 | 44638 44654 44669 44685 44700 
280 | 44716 44731 44747 44762 44778 | 44793 44809 44824 44840 44855 
281 | 44871 44886 44902 44917 44932 | 44948 44963 44979 44.994 45010 
282 |. 45025 45040 45056 45071 45086 | 45102 45117 45133 45148 45 163 
283 | 45179 45194 45209 45225 45240 | 45255 45271 45286 45301 45317 
284 | 45332 45347 45362 45378 45393 | 45408 45423 45439 45454 45469 
285 | 45484 45500 45515 45530 45545 | 45561 45576 45591 45606 45621 
286 | 45637 45652 45667 45682 45697 | 45712 45728 45743 45758 45773 
287 | 45788 45803 4581S 45834 45849 | 45864 45879 45894 45909 45924 
288 | 45939 45954 45969 45984 46000 | 46015 46030 46045 46060 46075 
289 | 46090 46105 46120 46135 46150 | 46165 46180 46195 46210 46 225 
290 | 46240 46255 46270 46285 46300 | 46315 46330 46345 46359 46374 
291 | 46389 4640+ 46419 46434 46449 | 46464 46479 46494 46509 46523 
292 | 46538 46553 46568 46583 46598 | 46613 46627 46642 46657 46672 
293 | 46687 46702 46716 46731 46.746 | 46761 46776 46790 46805 46820 
294 | 46835 46850 46864 46879 46894 | 46909 46923 46938 46953 46967 
295 | 46982 46997 47012 47026 47041 | 47056 47070 47085 47100 47114 
296 | 47129 47144 47159 47173 47188 | 47202 47217 47232 47246 47 261 
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99 189 
99 233 
99 277 
99 322 


99 366 
99 410 
99 454 
99 498 
99 542 


99 585 
99 629 
99 673 
Dory 
99 760 


99 804 
99 848 
99 891 
99 935 
99 978 


00 022 


97 800 
97 845 
97 891 
97 937 
97 982 


98 028 
98 073 
98 118 
98 164 
98 209 


98 254 
98 299 
98 345 
98 390 
98 435 


98 480 
98 525 
98 570 
98 614 
98 659 


98 704 
98 749 
98 793 
98 838 
98 883 


98 927 
98 972 
99 016 
99 061 
99 105 


CEN, 
99 193 
99 238 
99 282 
99 326 


99 370 
99 414 
99 458 
99 502 
99 546 


99 590 
99 634 
99 677 
99 721 
99 765 


99 808 
99 852 
99 896 
LS) SRS) 
99 983 


00 026 


97 804 
97 850 
97 896 
Seth 
97 987 


98 032 
98 078 
98 123 
98 168 
98 214 


98 259 
98 304 
98 349 
98 394 
98 439 


98 484 
98 529 
98 574 
98 619 
98 664 


98 709 
98 753 
98 798 
98 843 
98 887 


98 932 
98 976 
99/021 
99 065 
99 109 


9154 
99 198 
99 242 
99 286 
99 330 


99 374 
99 419 
99 463 
99 506 
99 550 


99 594 
99 638 
99 682 
99 726 
99 769 


99 813 
99 856 
99 900 
99 944 
99 987 


00.030 


97 809 


97 855 
97 900 
97 946 
PSM 


98 037 
98 082 
98 127 
98 173 
98 218 


98 263 
98 308 
98 354 
98 399 
98 444 


98 489 
98 534 
98 579 
98 623 
98 668 


98 713 
98 758 
98 802 
98 847 
98 892 


98 936 
98 981 
99 025 
99 069 
Ooms: 


99 158 
99 202 
99 247 
99 291 
99 335 


99 379 
99 423 
99 467 
Conti 
99 555 


99 599 
99 642 
99 686 
99 730 
99 774 


99 817 
99 861 
99 904 
99 948 
99 991 


00 035 


0 


2 


3 


4. 


5 


950 — 1000 


6 


7 


8 


9 


19 


20 TABLE II.—LOGARITHMS OF CONSTANTS. 


log 
Circumference of the Circle in degrees..........-. = 360 2. 55 630 250 
Circumference of the Circle in minutes RGN tae dic = 21600: | 4.33445 375 
Circumference of the Circle in seconds............ = ] 296 000 6. 11 260 500 
If the radius » = 1, half the Circumference of the Circle is 
ai 34 14:159 265.358,979 323.846 264.338 328s. slo ne nae dla nse on 0. 49 714 987 
Also: log log 
| 29 = 6.28318 531 | 0. 79817987 a? =9, 86960440 | 0.99429975 
4 r'= 12.56 637061 | 1.09920 986 1_ 9 10132118 | 9.00570025 —10 
™— 1,57079633 | 0.19611 988 ™ 
f a/m = 1.77 245 385 | 0. 24857 494 
™— 1,0+719755 | 0.02002 862 
3 1 | —0,56418958 | 9.75 142506 — 10 
i = 4.18879020 | 0.62208 861 vr 
\; =0.97720502 | 9.98998 569 — 10 
= 0.78539816 | 9.89508 988 — 10 7 
; 4 
2 = 0.52359878 | 9.71899 862 — 10 \5 =1.12837917 | 0.05 245 506 
+= 0.31830989 | 9.50285 013 — 10 yr = 1.46459 189 | 0.16571 662 | 
Lites i 3 gon Fae 
se 0,15 915494 | 9/20 182.013 — Noi" a, 9 OS 218 10 fe a eee 
3 — 0.95492966 | 9.97997138-10 | Vr? = 214502940 | 0.33143 325 ) 
: 3) 3° —— 9025 = ae A 
= 127323954 | 0.10491012 dat Or OME ee ae 
a = 0.23 873241 | 9.37 791139 — 10 tH = 0.80599598 | 9.90633 287—10 } 
) : #1] 
Arc a, whose length is equai to the radius 7, is: log 


in degrees ...... CF eis i = 


TMEMIMNIES eeyeseivte ae IS SG VG NOVI ae 
x Tv 


_ inseconds ......a'"..... = SS000 |” 206 264. 806".. | 5.31.442513 


Are 2a, whose length is equal to twice the radius, 27, is: 


in degrees ...... Cee = PS yiaw = 114.59155903° | 2.05915 263 
in minutes.!.... 2a pp oe ae = 6875.49 354’.. | 3.83730388 
im seconds’... galt: ; = 1296000) | «+479 509. 612. 1 5.61545 513 


Tv 


) 


for 1 degree..... 5 Cae = jgpctreet = 0-01 745 329... | 8.24 187 737 -- 10 : 
for 1 minute... oe oda = ee = 0. 00029089... } 646372612 — 10 J 
for 1 second ..... ji ene = Seoyyi 71 = 0-000000485... | 4.68557 487 — 10 f 
for } degree... Toe eee e, = 0. 00872665... |. 7.94084 737 — 10 


for 4,minute...., Te ee Se aC), ae 2 = 
3 Dal Sra 0. 00 014 544 6. 16 269 612 — 10 
1 T 
for 4 second..... Seether ee) ate = 
4 Ball GGT 0. 00 000 242 4. 38 454 487 — 10 | 


Sin 1! in the unit CINCO ns onic eee ae f 5.0. 4 4.68557 487 = 10 


TABLE III 


—_@— 


THE LOGARITHMS 


OF THE 


TRIGONOMETRIC FUNCTIONS: 


From 0° to 0° 3’, or 89° 57’ to 90°, for every second; 
From 0° to 2°, or 88° to 90°, for every ten seconds; 
From 1° to 89°, for every minute, 


Nore. To all the logarithms —10 is to be appended. 


log tan = log sin 
log sin log cos = 10, 00 000 
” oO’ 1? 2) oO 1?’ or We 
lo _— 6.46373 6.76476 6.16270 6.63982 6.86167 | 30) 
1 4.68557 6.47090 6.76836 6.17 694 6.64462 6.86455 || 29); 
Zz 4.98 660 6.47797 6.77193 6.19072 6.64936 6.86742 |} 284 
3 551627096. 48.492, 6.77548 6.20409 6.65406 6.87027 | 27 
4 5.28 763 6.49-175 6.77900 6.21705 6.65870 6.87310 | 264 
& | 5.38454 16.49'849 6.78248 6.22964 6.66330 6.87591 | 25 
6 5.46373 6.50512 6,78595 6.24188 6.66785 6.87870 }\: 24 4 
u 5.53067 6.51165 6.78938 6.25378 6.67235 6.88147 | 23 } 
8 5.58866 6.51808 6.79278 6.26536 6.67680 6.88423 | 22 | 
9 5.63.982 6.52442 6.79616 6.27 664 6.68121 6,88 697. | 21% 
10| 5.68557 6.53067 6.79952 6.28763 6.68557 6.88969 | 20 I 
11 5.72697 6.53683 6.80 285 6.29836 6.68990 6.89240 | 19 
12 5.76476 6.54291 6.80615 6.30882 6.69418 6.89509 |, 18 § 
13 5.79952 6.54890 6.80943 6.31904 6.69841 6.89776 | 17 f 
14 5.83170 6.55481 6.81 268 6.32903 6.70261 6,90042 | 16 § 
15 | 5.86167 6.56064 6.81591 6.33879 6.70676 6.90306 | 15} 
16 5.88969 6.56639 6.81911 6. 34 833. 6.71088 6.90568 | 14 § 
17 5.91602 6.57207 6.82230 6..35:767 “6),/ AIG 67001829", ae 
18.| 5.94085 6.57767 6.82545 6.36682 6.71900 6.91088 | 12 ¥ 
19 5.96433 6.58320 6.82859 Gio SiieGas2 300 00 346m movie 
20 | 5.98660 6.58866 6.83170 6.38454 6.72697 6.91602 | 10} 
21 6.00779 6.59406 6.83479 6.39315 6: 73090 6.91 857 2 
Japs 6.02800 6.59939 6.83 786 6.40158 6.73479 6.92110 8 | 
23 6.04730 6.60465 6.84091 6.40985 6.73865 6.92362 7 | 
24 6.06579 6.60985 6.84 394 614/97 “6. 74 245.16; 921012 6 | 
25 | 6.08351 6.61499 6.384694 6.42594 6.74 627-6, 92 861 5 
26 6.10055 6.62007 6.84993 6.43 376 6.75003 6.93 109 4 | 
27 6.411694 6.62509 6,85 289 f 6.44145 6.75376 6.93 355 5) 
28 6.13273 6.63006 6.85 584 6.44900 6.75 746 6.93 599 2 
29 6.14797 6.63496 6.85 876 6.45 643 6.76112 6.93 843 1 
30 | 6.16270 6.63982 6.86167 | 30} 6.46373 6.76476 6.94085 0 
’” 59! 58! 57! 59! 58! | 57! al 
log cot = log cos 75s 
log sin = 10, 00 000 log COS 


log tan 


log cos 


log sin 


log tan 


log cos 


. 68 557 
. 98 660 
. 16 270 
. 28 763 
. 38 454 


BAO 0 
. 53 067 
. 58 866 
. 63 982 
. 68 557 
ZION 


. 16 476 
» 19.952 
. 83170 
. 86 167 
. 88 969 
. 91 602 


. 94 085 
IO ADS 
. 98 661 
. 00 779 
. 02 800 
04 730 


06 579 
. 08 352 
. 10055 
BLOF. 
213°273 
oT, 


. 16 270 
. 17 694 
. 19073 
. 20 409 
. 21705 
. 22 964 


. 24 188 
»29 318 
. 26 536 
. 27 664 
. 28 764 
. 29 836 
. 30 882 
531 CLO): 
~ 32.903 
33 879 
. 34 833 
.35 767 
. 36 682 
OSH 
. 38455 
39315 


7.44 900 
7.45 643 


7.46 373 


10.00000 
10.00000 
10 00000 
10.00000 
10.00000 
10.00000 


10.00000 
10.00000 
10.00000 
10.00000 
10.00000 
10.00000 


10 00000 
10.00000 
10.00000 
10 00000 
10.00000 
10.00000 


10.00000 
10.00000 
10.00000 
10.00000 
10.00006 
10.00000 


10.00000 
10.00000 
10.00000 
10.00000 
10.00000 
10.00000 


10.00000 
10.00000 
10.00000 
10.00000 
10.00000 
10.00000 


10.00000 
10.00000 
10.00000 
10.00000 
10.00000 
10.00000 


10.00000 
10.00000 
10.00000 
10.00000 
10.00000 
10.00000 


10.00000 


10.00000 | § 


10.00000 
10.00000 
10.00000 
10.00000 


10.00000 
10.00000 
10.00000 
10,00000 
10.00000 
10.00000 


10.00000 


AOL NS 
. 47 090 
.47 797 
. 48 491 
LAD Lio 
. 49 849 


. 50 512 
polos 
. 51 808 
EYEE 4 
- 53 067 
. 53 683 


cone! 
- 54 890 
. 55 481 
. 56 064 
. 56 639 
. 57 206 


. 57 767 
. 58 320 
. 58 866 
. 59 406 
SSDERE, 
. 60 465 


A 
7 
7 
7 
7 
7 
ih 
ij 
7 
7 
7 
i] 
7 
7 
iL 
7 
i 
7 
7 
7 
Zi 
7 
i 
7 
7.60985 
TOLAg? 
7. 62 007 
7. 62 509 
7. 63 006 
7. 63 496 
7. 63 982 
7. 64 461 
7. 64 936 
7.65 406 
7.65 870 
7.66 330 
7. 66 784 
4. 67 235 
7. 67 680 
7.68 121 
7.68 557 
7. 68 989 
7 
7 
7 
i 
7 
7 
7 
7 
7 
7 
7 
df 
7 
7 
7 
7 
i 
7 
7 


oe Gals! 
. 69 841 
. 70 261 
. 70 676 
. 71 088 
. 71 496 


. 71 900 
. 72 300 
. 72 697 
. 73 090 
do ha 
73 865 


S(heraxe) 
. 14.627 
. 75 003 
AUN AO 
. 75 745 
fo liz 


. 76475 


. 69 418 
. 69 842 
70 261 
70 677 
71 088 
71496 


71 900 
72 301 
72 697 
73 090 
73 480 
73 866 


74 248 
74 628 
. 75 004 
SUM 
. 75 746 
7.76 113 


7.76476 


INNA NNN NNN NN NNN NNN NNN NNN NNN NNN NNNNNN ANNAN SN 


“10.00000 


10.00000 
10.00000 
10.00000 
10.00000 
10.00000 


10,00000 
10.00000 
10.00000: 
10.00000 
10.00000 
10.00000 
10 00000 
10.00000 
10 00000 
10.00000 
10.00000 
10.00000 


10.00000 


10.00000 | 5 


10 00000 
10.00000 
10.00000 
10.00000 
10.00000 
10.00000 
10.00000 
10.00000 


9. 99 999 


log eot 


log sin 


log cos 


log cot 


log sin 


log sin 


log tan 


log sin 


log tan 


log cos 


, 76 475 

7. 76 836 
. 77 193 
- 77 548 
77 899 
- 78 248 


. 78 594 
. 78 938 
. 79 278 
.79 616 
3 LIS by 
. 80 284 


80 615 
80 942 
81 268 
81591 
81911 
82 229 


7. 82 545 
7.82 859 
7.83 170 
Ue 
7.83 786 
7. 84 091 
7. 84 393 
7. 84 694 
7.84992 
7.85 289 
7 
i 


SNS SIT 


ANNAN 


. 85 583 
. 85 876 


7. 86 166 
86 455 
86 741 
87 026 
87 309 
87 590 


87 870 
88 147 
88 423 
88 697 
88 969 
89 240 


89 509 
89 776 
90 041 
90 305 
90 568 


NANNNN NNANANN NNNNNN NNN NNN NNN 


7. 94 084 


76 476 
76 837 
77 194 
77 549 
77 900 
78 249 


78 595 
78 938 
79 279 
79 617 
79 952 
80 285 


80 615 
80 943 
81 269 
81591 
81912 
82 230 


82 546 
82 860 
83 171 
83 480 
83 787 
84 092 


84 394 
84 695 
84 994 
85 290 
85 584 
. 85 877 
. 86 167 
- 86 456 
. 86 743 
. 87 027 
. 87 310 
. 87 591 


NANTN ANNAN ANN NNN SN 


s233e 


No) 
W Os G2 DO LO eee Oo 


E99 999 
poo 999 
ELE) 
- 99 999 
299 999 
4 e282) 


B99 299 
. 99 999 
99999 
99 999 
Bo 999 
. 99 999 


199/999 
B92 999 
SSN) 
DS 2) 
ro 999 
BSS) 


. 99 999. 
BENS, 
OoDI99 
799 999 
Sees) 
. 99 999 


7. 94 084 
LO SAS) 
7. 94 564 
7. 94 802 
7.95.039 
1.95 274 


7.95 508 
7.95 741 
Hote) Shs 
7. 96 203 
7.96 432 
7. 96 660 


7.96 887 
Yi SUE ANS) 
TESS 
7.97 560 
7.97 782 
7.98 003 


7.98 223 
7.98 442 
7. 98 660 
7.98 876 
7.99092 
7.99 306 


oooo°o SSS 
Pee e 
[e2) 
j=) 
pe 


tf 
7. 
the 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
8. 


8. 06 396 
8. 06 578 


7. 94 086 


i=) 


2 004 
2 205 
2 405 
2 604 
2 801 
2 998 


3 194 
3 390 
3 584 
Sa 
3 976 
4 162 


4 3953 
cae) 
4+ 732 
4921 
5 108 
9 295 


20999 oooccO oo 


ooo oooooO = 


Nn 
ive) 


(sS) 
ON 
i=) 
Ww 
_ 


8. 06 399 
8. 06 581 


log cos 


log cos 


log cot 


Ne) 
\o 
Ne) 
se) 
ie) 


Oo .0 OO 


WOO O<OODOODO OOODDODO CODDOD OOWOWO 


SO $0.30 $0 $O OO WO WOO OOO O_O OOO OO WW OO WO WO OO 
Ne} 
Ne) 
Ne} 
Ne} 
(o7) 


NekXe) 
Neko} 
NokNo) 
NejiXe) 
OO 
[vonee) 


9. 99 998 
9. 99.998 
9. 99 998 
899995 
2799 993 
9. 99 998 


2007 
BE CSIC ieny 
99997. 
WhiCe Cyl 
Dil 
IDIOT | 


OB) OS) ey) 
9. 99 997 
9599 997, 
9299 997, 
S) CLOey/ 
8), OY 
SS HAS ENCE) 
Os 991097 
9500 997 
Gey 
0799997, 
DO 7 


590199 F 


log sin 


- 10552 
LOLs 
. 10881 
Os 
E207 
L370 
ml oo 


x1 693 
SoS 
212, O13 
LZ TZ, 
plz 331 
. 12 489 


12647 
_ 12. 804 
12961 
Sey ae) 
B37 72 
13 427 
.13 581 
13.735 
. 13.888 
14 041 
14 193 
14 344 


alleys so)5) 
. 14 646 
_ 14 796 
peers) 
OOS 
DAZ to) 
loro 
BGs, 
. 15 685 
15832 
.15 978 
- 16.123 


2 CoO. CD GOD DMD GMM MLO TMH. GOGO T1000 9.90.00 Oo IO. 09.G HH HO GOGO LOA GO LOT KO GOGO 


. 16 268 ° 


log tan 


log cos 


log sin 


. 06 581 
. 06 761 
» 06 941 
. 07 120 
07 299 
07 476 


07 653 
07 829 
08 005 
08 180 
08 354 
08527 
08 700 
08 872 
09 043 
09.214 
09 384 
09 553 
09 722 
09 890 
10 057 
10 224 
10 390 
10555 
10 720 
10 884+ 
11 048 
Wak Alla 
E3iz3 
11535 
11 696 
11 857 
12 017 
12176 
12 335 
12,493 


12651 
12 808 
12 965 
13 121 
13 276 
Toil 


13 585 
13 739 
13 892 
14 045 
14197 
14 348 
14 500 
14.650 
14 800 
14.950 
15 099 
15 247 
15 395 
15 543 
. 15.690 
15 836 
15 982 
16 128 
16 273 


[2 2 G90 GO Go Go Ga GO GH GO 


0799 997, 
Bee oy 
ooo 


Neko} Xe) 


MOIS 
99:99 7 


99 997 
99097 
D997, 
991997 
O09 / 
oT 
Oi 
LIT 
GO 
99 997 
991997 
IOP Ti 
99 997 
99 997 
BOOT 
99 997 
99997. 


99 996 
99 996 


99 996 
99 996 


99 996 


99 996 
99 996 
99 996 
99.996 


99 996 
99 996 


99 996 
99 996 


99 996 


99 996 
99 996 
99 996 
99 996 
99 996 


99-996 
99 996 
99 996 
99 996 
. 99-996 
SMES 
9. 99 996 
9799996 
9.99 995 
On99 995 


9599.995 


WO WW WOOD WWW WW O WWW WW 01D OW O OOO. OOOO WW WOOO OO WO 0 


. 99997 |. 


99 996 | ° 
99 996 |: 


OD D9 Ga 


99'996)"! 


DOI Oil: 


OO TI On| 


OO9GIs 


99996 


16 268 
16 413 
16 557 
16 700 
16 843 
16 986 


17 128 
17 270 
17 411 
17 552 
17 692 
17 832 


17971 
18 110 
18 249 
18 387 
18 524 
18 662 


18 798 
18 935 
19071 
19 206 
19 341 
19 476 
19 610 
it 
19 877 
20 010 
20 143 
20 275 
20 407 
20 538 
20 669 
20 800 
20 930 
21 060 


21189 
21 319 
21447 
21576 
21 703 
21831 
21958 
22 085 
22 211 
22 337 
22 463 
22 588 
22713 
22 838 
22 962 
23 086 
23 210 
23 333 
23 456 
23 578 
23 700 
33 820 
8. 23 944 
8. 24 065 
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8. 24 186 


co 22.00.09 CH 9.09.00 29 20 0D. C0'G0 GO D0 ¢ 


pearyreny ear ear rye 
\O 0 10 10 

\O 

ie) 

nr 


Ne} 


i 
i 


ee el 


Ne) 
38 vi 


Ne) 
3S 
Inia ionicn | 


Myer 
S 
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WNW NMNWNW lt 
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NNNNNY 


9599 993 


log cos 


log cot 


log sin 


log cos 


log cot log sin 


Nee RNe) 
Bes 


oe 


i 95 
log sin logtan logeos|’’ ’f % ’') logsin logtan log cos | /! / 
8.24186 8.24192 9.99993 |0601100/ 8.30879 8.30888 9.99.991|050 
8.24306 8.24313 9.99993 | 50 10) 8.30983 8.30992 9.99991 | 50 
8.24426 8.24433 9.99993 | 40 20/ 8.31086 8.31095 9.99991 | 40 
8. 24 546 8.24553 9.99993 | 30 30| 8.31188 8.31198 9.99991 | 30 
§. 24665 8.24672 9.99993 | 20 40} 8.31291 8.31300 9.99991 | 20 
8.24785 8.24791 9.99993 |} 10 50] 8.31393 8.31403 9.99991 | 10 
8.24903 8.24910 9.99993 |059411.0| 8.31495 8.31505 9.99991'049 
8. 25 022. 8.25029 9.99993 | 50 10) 8.31597 8.31606 9.99991 | 50 
8.25140 8.25147 9.99993 | 40 20| 8.31699 8.31708 9.99991 | 40 
8.25258 8.25265 9.99993 | 30 30 | 8.31800 8.31809 9.99991)30 ji 
8.25375 8.25382 9.99993 | 20 40} 8.31901 8.31911 9.99991 /20 . 
8.25 493 8.25500 9.99993 | 10 50} 8.32002 8.32012 9.99991|10- . 
8.25 609. 8.25616 9.99993 }0584120/8.32103 8.32112 9.99990|048 
8. 25-726 8.25733 9.99993 | 50 ; 10] 8.32 203 8.32213 9.99990/50 4 
8.25842 8.25849 9.99993 | 40 20} 8 32303 8.32313 9.99990 | 40 
8.25958 8.25965 9.99993 | 30 30 | 8.32403 8.32413 9.99990 |.30 
8.26074 8.26081 9.99993 | 20 40| 8.32503 8.32513 9.99990 | 20 
§.26189 8.26196 9.99993 | 10 50| 8.32602 8.32612 9.99990)|10. 
8. 26304 8.26312 9.99993 |057418.0| 8.32702 8.32711 9.99990|04.74 
8.26419 8.26426 9.99993 |.50 10| 8.32801 8.32811 9.99990/50 4 
8.26533 8.26541 9.99993 | 40 20 | 8.32899 8.32909 9.99.990 | 40 
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95 867 
96 005 


96 143 
96 280 
96 417 
96 553 
96 689 


96 825 
96 960 
97 095 
97 229 
97 363 


97 496 
97 629 
97 762 
97 894 
98 026 


98 157 
98 288 
98 419 
98 549 
98 679 


98 808 
98 937 
99 066 
OONOt 
99 322 


99 450 
OOST7 
99 704 
99 830 
99 956 
00 082 
00 207 
00 332 
00 456 
00 581 


00 70+ 
00 828 
00 951 
01 074 
01 196 
01 318 
01 440 
01 561 
01 682 
01 803 


01 923 
9 


log cos 


log tan 
8 
94 195 
94 340 
94 485 
94 630 
94773 


94 917 
95 060 
95 202 
95 344 
95 486 


95 627 
95 767 
95 908 
96 047 
96 187 


96 325 
96 464 
96 602 
96 739 
96 877 


97 013 
97 150 
97 285 
OF 421. 
97 556 


97 691 
97 825 
97 959 
98 092 
98 225 


98 358 
98 490 
98 622 
98 753 
98 88+ 


99 O15 
99 145 
99 275 
99 405 
GOSS 
99 662 
99 791 
99 919 


log cot 
11 
05 805 
05 660 
05 515 
05 370 
05 227 


05 083 
04 940 
04 798 
04 656 
04 514 


04 373 
04 233 
04 092 
03 953 
03 813 


03 675 
03 536 
03 398 
03 261 
03 123 


02 987 
02 850 
02 715 
02 579 
02 444 


02 309 
02175 
02 041 
01 908 
01775 
01 642 
01510 
01378 
O1 247 
01 116 


00 985 
00855 
00 725 
00 595 
00 466 
00 338 
00 209 
00.081 


00046 99 954+ 


00 174 
00 301 
00 427 
00.553 
00 679 
00 805 
00 930 
01055 
01179 
01 303 
01 427 
01550 
01 673 
01 796 
01918 
02 040 


02 162 
9 


log cot 


99 826 
99 699 
CN OHS) 
99 447 
99 321 
POLES 
99 070 
98 945 
98 821 
98 697 
98 573 
98 450 
98 327 
98 204 
98 082 
97 960 
97 838 
10 


log tan 


84° 


log cos 
9 
99 834 
99 833 
99 832 
99 831 
99 830 
99 829 
99 828 
99 827 
99 825 
99 824 


99 823 
99 822 
99 821 
99 820 
99 819 


99 817 
99 816 
99 815 
99 814 
99 813 


99 812 
99 810 
99 809 
99 808 
99 807 


99 806 
99 804 
99 803 
99 802 
99 801 


99 800 
99 798 
SENTEHT 
99 796 
99 795 
99 793 
99 792 
99 791 
99 790 
99 788 


99 787 
99 786 
99 785 
99 783 
99 782 
99 781 
99 780 
99 778 
99 777 
99 776 


99 775— 


99 773 
99 772 
eeyeigik 
99 769 
99 768 
99 767 
99 765 
99 764 
99 763 


99 761 
9 


log sin 


~ OONIAM PwWNEHS 


log tan 
9 
02 162 
02 285 
02 404 
02 525 
02 645 


02 766 
02 885 
03 005 
03 124 
03 242 


03 361 
03 479 
03 597 
03 71+ 
03 832 


03 948 
04 065 
04 181 
04 297 
04 413 


04 528 
04 643 
04 758 
04 873 
04 987 


05 101 
05 214 
05 328 
05 441 
05 553 


05 666 
05 778 
05 890 
06 002 
06 113 


06 224 
06 335 
06 445 
06 556 
06 666 
06 775 
06 885 
06 994 
07 103 
07 211 
07 320 
07 428 
07 536 
07 643 
07 751 
07 858 
07 964 
08 071 
08 177 
08 283 
08 389 
08 495 
08 600 
08 705 
08 810 
08 914 
9 


log cot 


92 789 
92 680 
92 572 
92 464 
92 357 
OD 249 
92 142 
92 036 
91 929 
91 823 
OTT 
91 611 
91 505 
91 400 
91 295 
91 190 


91 086 
10 


log tan 


SHNwry aw 0 rR re 


log sin 


9 
08 589 
08 692 
08 795 
08 897 
08 999 
09 101 
09 202 
09 30+ 
09 405 
09 506 
09 606 
09 707 
09 807 

09 907 
‘| 10 006 
10 106 
10 205 
10 304+ 
10 402 
10 501 


10 599 
10 697 
10 795 
10 893 
10 990 
11 087 
11 184 
11 281 
11377 
11 474 
11 570 
11 666 
11 761 
11 857 
11952 
12 047 
12 142 
12 236 
12331 
12 425 
12519 
12612 
12 706 
12 799 
12 892 


12 985 
13 078 
13.171 
13 263 
13 355 


Ieee 
13539 
13 630 
13 722 
13 813 
13 904 
3994, 
14 085 
14.175 
14 266 


14 356 
9 


log cos 


log tan 
9 
08 914 
09 019 
09 123 
09 227 
09 330 
09 434 
09 537 
09 640 
09 742 
09 845 


09 947 
10 049 
10 150 
10 252 
10 353 
10 454 
10 555 
10 656 
10 756 
10 856 


10 956 
11 056 
11155 
11 254 
LE S53 


11 452 
11551 
11 649 
11 747 
11 845 
11 943 
12.040 
12 138 
12 235 
12 332 
12 428 
12 525 
12 621 
12717 
12813 
12 909 
13 004 
13 099 
13 194 
13 289 


13 384 
13 478 
13: 573 
13 667 
13 761 


13 854 
13 948 
14 041 
14 134 
14 227 
14 320 
14 412 
14 504 
14 597 
14 688 


14 780 
9 


log cot 


88 155 
88 057 
87 960 
87 862 
87 765 
87 668 


87 572 
87 475 
87 379 
87 283 
87 187 
87 091 
86 996 
86 901 
86 806 
86 711 
86 616 
86 522 
86 427 
86 333 
86 239 


86 146 
86 052 
85 959 
85 866 
85 773 
85 680 
85 588 
85 496 
85 403 
85 312 
85 220 
10 


log tan 


82° 


log cos 
9 
99 675 
99 674 
99 672 
99 670 
99 669 


99 667 
99 666 
99 664+ 
99 663 
99 661 


99 659 
99 658 
99 656 
99 655 
99 653 


99 651 
99 650 
99 648 
99 647 
99 645 


99 643 


99 642 . 


99 640 
99 638 
99 637 
99 635 
99 633 
99 632 
99 630 
99 629 
99 627 
99 625 
99 624 
99 622 
99 620 
99 618 
99 617 
99 615 
99 613 
99 612 


99 610 
99 608 
99 607 
99 605 
99.603 
99 601 
99 600 
99 598 
99 596 
99 595 
99 593 
99 591 
99 589 
99 588 
99 586 
99 584 
99 582 
99 581 
99 579 
99577 


99 575 
9 


log sin 


SHenwsa A anovwo 


~ 


~ 


OMIAT BwweS 


log sin 
9 
14 356 
14-445 
14535 


4624: 


Wes le 
14 803 
14 891 
14 980 
15 069 
1S TS 7, 
15 245 
15 333 
15 421 
15 508 
15 596 
15 683 
15 770 
15 857 
15 944 
16 030 
16 116 
16 203 


16 289 


16 374 
16 460 


161545 
16 631 
16716 
16 801 
16 886 
16 970 
17 055 
17 139 
7223 
17 307 


Loo 
LATS 
17 558 
17 641 
17 724 
17 807 
17 890 
17 973 
18 055 
18 137 


18 220 
18 302 
18 383 
18 465 
18 547 


18 628 
18 709 
18 790 
18 871 
18 952 
19 033 
LOWES 
IKI) 
19 273 
19353 


IDEs 
9 


log cos 


log tan 
9 
14 780 
14 872 
14 963 
15 054 
15 145 


15 236 
15 327 
15 417 
15 508 
S598 


15 688 
USS He 
15 867 
15 956 
16 046 
16 135 
16 224 
16 312 
16 401 
16 489 


16577 
16 665 
16 753 
16 841 
16 928 


17 016 
17 103 
17 190 
17 277 
17 363 
17 450 
17 536 
17 622 
17 708 
17 794 
17 880 
17 965 
18 051 
18 136 
18 221 


18 306 
18 391 
18 475 
18 560 
18 644 
18 728 
18 812 
18 896 
18 979 
19 063 


19 146 
19 229 
19 312 
19 395 
19 478 
19 561 
19 643 
19 725 
19 807 
19.889 
NO CMAL 
9 


log cot 


sr 


log cos 


9 
99 575 
99S 14: 
99°372 
99 570 
99 568 
99 566 
99 565 
99 563 
99 561 
99 559 


299.597. 


81 272 
81 188 
81 104 
81 021 
80 937 
80 854 
80 771 
80 688 
80 605 
80 522 
80 439 
80 357 
80 275 
80 193 
80 111 
80 029 
10 
log tan 


99 556 
99 554 
99552 
99 550 


99 548 
99 546 
99 545 
Oto 
OOrS al 


99 539 
OOO 
SOTS59) 
99 533 
99 532 


99 530 
99 528 
99 526 
CEB? 
99 522 


99 520 
99 518 
99 517 
2) ll 
99 513 


99 511 
99 509 
99 507 
99 505 
99 503 
99 501 
99 499 
99 497 
GB) 
99 494 


99 492 
99 490 
99 488 
99 486 
99 484 


99 482 
99 480 
99 478 
90476 
99 474 
99 472 
99 470 
99 468 
99 466 
99 464 


99 462 
9 


log sin 


= 
BVH S CHornh sovre| ~ 


log tan 
9 
19 971 
20 053 
20 134 
20 216 
20 297 


20 378 
20 459 
20 540 
20 621 
20 701 


20 782 
20 862 
20 942 
21 022 
21 102 


21 182 
21 261 
21 341 
21 420 
Za OD 


21 578 
21 657 
21 736 
21 814 
21 893 


21971 
22 049 
22.127 
22 205 
22 283 


22 361 
22 438 
22 516 
22995 
22 670 


22,747 
22 824 
22 901 
22.977 
23 054 
23 130 
23 206 
23 283 
23 359 
23 435 
23 510 
23 586 


23 661° 


23 737 
23 812 
23 887 
23 962 
24.037 
24 112 
24 186 
24 261 
24 335 
24 410 
24 484 
24 558 


24 632 
9 


log cot 


log cot 
10 
80 029 
79 947 
79 866 
79 784 
79 703 


79 622 
79 541 
79 460 
79 379 
79 299 
79 218 
79 138 
79 058 
78 978 
78 898 


78 818 
78 739 
78 659 
78 580 
78 501 


78 422 
78 343 
78 264 
78 186 
78 107 


78 029 
77 951 
77 873 
77 795 
ig el 


77 639 
77 562 
77 484 
77 407 
77 330 
77.253 
77 176 
77 099 
77 023 
76 946 


76 870 
76 794 
76717 
76 641 
76 565 
76 490 
76 414 
76 339 
76 263 
76 188 
76 113 
76 038 
75 963 
75 888 
75 814 


Tova? 


log cos 
9 
99 462 
99 460 
99 458 
99 456 
99 454 


99 452 
99 450 
99 448 
99 446 
99 444 


99 442 
99 440 
99 438 
99 436 
99 434 


99 432 
99 429 
99 427 
SG As, 
99423 


99 421 
Solo 
991417 
99 415 
Saas: 


99 411 
99 409 
99 407 
99 404 
99 402 


99 400 
99 398 
99 396 
99 394 
99 392 


99 390 
99 388 
99 385 
09 350) 
99 381 


99 379 
99 377 
99 375 
99 372 
99 370 
99 368 
99 366 
99 364 
99 362 
99 359 
99.357 
99 355 
99 353 
99 351 
99 348 
99 346 
99 344 
99 342 
99 340 
99 337 
99 335 
9 


log sin 


ODIADYW APWNKS 


10°. 


log tan 


9 
24 632 
24 706 
24 779 
24 853 
24 926 


25 000 
25 073 
25 146 
25 219 
25 292 


25 365 
25 437 
25 510 
25 582 
25 655 
25 727 
25 799 
25 871 
Zo 943 
26 015 


26 086 
26 158 
26 229 
26 301 
26 372 


26 443 
26514 
26 585 
26 655 
26 726 
26 797 
26 867 
26 937 
27 OCS 
27 078 
27 148 
27 218 
27 288 
27 357 
27 427 
27 496 
27 566 
27 635 
27 704 
27 773 
27 842 
27 911 
27 980 
28 049 
28 117 
28 186 
28 254 


. 28 323 


28 391 
28 459 


28 527 
28 595 
28.662 
28 730 
28 798 
28 865 
9 


- log cot 


log cot 

10. 
75 368 
75 294 
Vaecerk 
75 147 
75 074 


75 000 
74 927 
74 854 
74781 
74 708 
74 635 
74 563 
74 490 
74 418 
74 345 
74.273 
74 201 
74 129 
74 057 
73 985 
73.914 
73 842 
73771 
73 699 
73 628 
73 557 
73 486 
73 415 
73 345 
73 274 
73 203 
73 133 
73 063 
72.992 
72 922 
72 852 
72 782 
72712 
72 643 
72 573 
72 504 
72.434 
72365 
72 296 
72207 
72.158 
72.089 
72.020 
71951 
71 883 
71814 
71746 
71 677 
71 609 
71 541 


(413 


log cos 
9 
99 335 
99 333 
OOPS 
99 328 
99 326 
99324 
99 322 
99 319 


eee he 


29315 


OOS 
99 310 
99 308 
99 306 
99 304 


99 301 
99 299 
99 297 
OO 29 
99 292 


99 290 
99 288 
99 285 
99 283 
99 281 


99 278 
99 276 
99 274 
99 271 
99 269 


99 267 
99 264 
99 262 
99 260 
99 257 
991255 
99 252, 
99 250 
99 248 
99 245 
99 243 
O92 
99 238 
99 236 
99 233 


99 231- 


99 229 
99 226 
99 224 
99 221 
99 219 
99 217 
99'214 
99 212 
99 209 


99 207 
99 204 
99 202 
99 200 
Oo 17 


38 99195 
9 


log sin 


SED wtnen ATOOE 


OMBIRM PHONES 


~ 


(as Keo ies >} 


202 2 Oo 


99 122 
99 119 
99 117 
99 114 
99 112 
99 109 


99 106 
99 104 
99 101 
99 099 
99 096 
99 093 
99 091 
99 08S 
99 086 
99.083 
99 080 
99 078 
99 075 
99 072 
99 070 
99 067 
99 064 
99 062 
99 059 


“99 056 


99 054 
99 051 
99 048 
99 046 
99 043 


99 040 
9 


log sin 


rest 
Oenwadl ANIBROS ke 


~ 


log sin 
9 
31 788 
31 847 
31 907 
31 966 
32 025 
32 084 
32 143 
32/202 
32 261 
32,319 
32 378 
32 437 
32 495 
32/503 
SZ612 
32 670 
32 728 
32 786 
32 844 
32,902 
32 960 
33 018 
33 075 
33/133 
33 190 
33 248 
33 305 
33 362 
33 420 
33 477 
33 534 
Bo O98 
33 647 
33 70+ 
33 761 
33 818 
33 874 
30/93l 
33 987 
34 043 
34 100 
34 156 
SNe 
34 268 
34 324 
34 380 
34 436 
34 491 
34 547 
34 602 
34 658 
S413 
34 769 
34 82+ 
348 
34 934 
34 989 
35 044 
35 099 
Bol 54: 
35 209 
9 


log cos 


log tan 
9 
32 747 
32 810 
32 872 
32 933 
32 995 
33 057 
33.119 
33 180 
33 242 
333308 
33 365 
33 426 
33 487 
33 548 
33 609 
33 670 
op) (oul 
33 792 
33 853 
33 913 
33 974 
34 034 
34 095 
34155 
34 215 
34 276 
34 336 
34 396 
34 456 
34 516 
34 576 
34 635 
34 695 
34 755 
34 814 
34 874 
34 933 
34 992 
35 051 
oo) Ld 
35 170 
351229 
35 288 
35 347 
35 405 
35 464 
35 523 
35 581 
35 640 
35 698 


SS) Hod! 
35 815 
35 873 
35 931 
35 989 
36 047 
36 105 
36 163 
36 221 
36 279 


36 336 
9 


log cot 


log cos 
9 
99 040 
99 038 
99 035 
99 032 
99 030 
99 027 
99 024 
99 022 
99 019 
99 016 


99 013 
99 011 
99 008 
99 005 
99 002 


99 000 
98 997 
98 994 
98 991 
98 989 


98 986 
98 983 
98 980 
98 978 
98 975 
98 972 
98 969 
98 967 
98 964 
98 961 


98 958 
98 955 
98 953 
98 950 
98 947 
98 944 
98 941 
98 938 
98 936 
98 933 
98 930 
98 927 
98 924 
98 921 
98 919 
98 916 
98 913 
98 910 
98 907 
98 904 
98 901 
98 898 
98 896 
98 893 
98 890 
98 887 
98 884 
98 881 
98 878 
98 875 
98 872 
9 


log sin 


WoIAM AwWNHES 


log tan 
9 
36 336 
36 394 
36 452 
36 509 
36 566 


36 624 
36 681 
36 738 
36 795 
36 852 


36 909 
36 966 
37 023 
37 080 
SieloT 
Sel USE) 
37 250 
37 306 
37 363 
37 419 


37 476 
37 532 
37 588 
37 644 
37 700 
37 756 
37 812 
37 868 
3 925, 
37 980 


38 035 
38 091 
38.147 
38 202 
38 257 


38 313 
38 368 
38 423 
38 479 
38 534 


38 589 
38 644 
38 699 
38 754 
38 808 
38 863 
38 918 
38 972 
39 027 
39 082 
39 136 
39 190 
39 245 
39299 
39 353 
39 407 
39 461 
89515 
39 569 
39 623 
39 677 
9 


log cot 


| OrPnrnwsag axnos 


ODIDN FONE S 


| log sin 


9 
38 368 
38 418 
38 469 
38 519 
38 570 


38 620 
38 670 
38 721 
38 771 
38 821 


38 871 
38 921 
SOs 
39 021 
39 071 


39121 
39 170 
39 220 
39 270 
39 319 


39 369 
39 418 
39 467 
397 
39 566 


39 615 
39 664 
39 713 
39 762 
39 811 


39 860 
39 909 
39 958 
40 006 
40 055 
40 103 
40152 
40 200 
40 249 
40 297 
40 346 
40 394 
40 442 
40 490 
40 538 
40 586 
40 634 
40 682 
40 730 
40778 
40 825 
40 873 
40 921 
40 968 
41 016 


41 063 
41111 
41158 
41 205 
41 252 


41 300 
9 


log cos 


9 
39 677 
39 731 
39 785 
39 838 
39 892 


IY SAS) 
39999: 
40 052 
40 106 
40.159 


40 212 
40 266 
40 319 
40 372 
40 425 


40 478 
40 531 
40 584 
40 636 
40 689 


40 742 
FOnT oS 
40 847 
40 900 
40 952 


41 005 
41 057 
41 109 
41161 
gl yale: 


41 266 
41318 
41 370 
41 422 
41474 
41 526 
41578 
41 629 
41 681 
41 733 
41 784 
41 836 
41 887 
41939 
41,990 
42 041 
42.093 
42 144 
42,195 
42 246 
42.9 

42 348 
42 399 
42.450 
42 501 
42 552 
42 603 
42 653 
42 704 
42,755 
42 805 

9 


log cot 


58 786 
58 734 
58 682 
58 630 
58 578 
58 526 
58 474 
58 422 
58 371 
58 319 
58 267 
58 216 
58 164 
58 113 
58 061 
58 010 
SOY) 
57 907 
57 856 
57 805 
57 754 
+57 703 
57 652 
57 601 
57 550 
57 499 
57 448 


OSPNWYAAWHO 


~ 


lg 


ODIDWM PHONMHS 


SHenwaWM awuwvo 


= 
aArVee OMIA sonne| ~ 


45 334 
4otd 
45 419 
45 462 
45 504 
45 547 
45 589 
45 632 
45 674 
45 716 


45 758 
45 801 
45 843 
45 885 
45 927 
45 969 
46 O11 
46.053 
46 095 
46 136 
46 178 
46 220 
46 262 
46 303 
46 345 
46 386 
46 428 
46 469 
46 511 
46 552 


46 594 
9 


log cos 


log cos 


9 
98 284 
98 281 
98 277 
98 273 
98 270 
98 266 
98 262 
98 259 
98 255 
98 251 


98 248 
98 244 
98 240 
98 237 
98 233 


98 229 
98 226 
98 222 
98 218 
98 215 


98 211 
98 207 
98 204 
98 200 
98 196 


98 192 
98 189 
98 185 
98 181 
98 177 


98 174 
98 170 
98 166 
98 162 
98 159 


98 155 
98 151 
98 147 
98 144 
98 140 
98 136 
98 132 
98 129 
98 125 
98 121 


98 117 


log tan 
9 
48 534 
48 579 
48 624 


48 669 5 


Gitoh (ills 


48 759 
48 80+ 


aKeoncdy te 


48 894 


dito) 


48 984 
49 029 
49 073 
49 118 
49 163 


49 207 
49 252 
49 296 
49 341 
49 385 
49 430 
49 474 
49 519 
49 563 
49 607 


49 652 
49 696 
49 740 
49 784 
49 828 
49 872 
49 916 
49 960 
50 004 
50 048 


50 092 
50 136 
50 180 
50 223 
50 267 


50 311 
50 355 
50 398 
50 442 
50 485 
50 529 
50 572 
50 616 
50 659 
50 703 


50 746 
50 789 
50 833 
50 876 
50919 


50 962 
51.005 


50 570 
50 526 
50 481 
50 437 
50 393 


50 348 
50 304 
50 260 
50 216 
50 172 


50 128 
50 084 
50 040 
TOO OG 
491952 


49 908 
49 864 
49 820 
49777 
49 733 
49 689 
49 645 
49 602 
49 558 
49 515 
49 471 
49 428 
49 384 
49 341 
49 297 


49 204 
49 211. 
49 167 
49 1124: 
49 081 


49 038 


log sin 


| SrPrwstG arnwo 


log tan 
9 
51178 
51 221 
51 264 
51 306 
51 349 


51 392 
51 435 
51478 
51 520 
51 563 


51 606 
51 648 
51691 
51 734 
51776 
51819 
51861 
51 903 
51946 
51988 
52031 
52 073 
52115 
52157 
52 200 


52 242 
52 284 
52 326 
52 368 
52 410 
52.492 
O24 
52 536 
52518 
52.620 
52 661 
52 703 
$2 745 
52 787 
52 829 
52 870 
52 912 
92:953 
52.995 
53 037 
53 078 
53 120 
53 161 
53 202 
Oo 2A 
53 285 
53 327 
53 368 
53 409 
53 450 
30492 
See) 
Do oes 
53 615 
53 656 


53 697 
9 


log cot 


log cos 


9 


* 97821 


97 817 
97 §12 
97 808 
97 804 


97 800 
97 796 
97 792 
97-788 | 
97 784 
97.779 
97 775 
97 771. 
97 767 
97 763 
97 759 
97 754 
97 750 
97 746 
97 742 


97 738 
97 134 


S- OF 729 


47 548 
47 506 
47 464 
47 422 
47 380 
47 339 
47 297 
47 255 
47 213 
47171 
47 130 
47 088 
47 047 
47 005 
46 963 
46 922 
46 880 
46 839 
46 798 
46 756 
46 715 
46 673 
46 632 
46 591 
46 550 
46 508 
46 467 
46 426 
46 385 
46 344 


46 303 
10 


log tan 


“PP 


97 725 
97 721 
97 717 
97 713 
97 708 
97 704 
97 700 . 
97 696 
97 691 
97 687 
97 683 
97 679 
97 674 
97 670 
97 666 
97 662 
97 657 
97 653 
97 649 
97 645 
97 640 
97 636 
97 632 
97 628 
97 623 
97 619 
97 615 


97 610 
97 606 
97 602 
SEO 
97593 
97 589 
97 584+ 
97 580 
ESO 
VESTAS 


97 567 
9 


log sin 


19° 


log cot 
10 
46 303 
46 262 
46 221 
46 180 
46 139 


2 46098 


46 Q57 
46 016 
“iS YS) 
45/955 
45 894 
45 853 
45 813 
a UE 
45 731 
45 691 
45 650 
45 610 
45 569 
45 529 
45 488 
45 448 
45 407 
45 367 
45 327 
45 286 
45 246 
45 206 


5 45 165 
Teton 


45 085 
45 045 
45 O05 
44 965 


5 


554712 
55°752 
Sar geal 
55 831 
55 870 
55 910 
Sey 
55 989 
56 028 
56 067 


56 107 
9 


log cot 


44 885 
44 845 
44 805 
44765 
44725 
44 685 
44-645 
44 605 
44 566 
44 526 


44 486 
44 446 
44 407 
44 367 
44 327 
44 288 
44 248 
44 209 
44 169 
44 130 
44 090 
44051 


44011 


43 972 

43 933 

43 893 
10 


log tan 


70° 


log cos 
9 
97 567 
97 563 
97 558 
97 554 
97 550 
97 545 
OF S41 
97 536 
97532. 
97 528 
97 523 
97 519 
QIESUS 
97 510 
97 506 
97 501 
DIA97 
OT 4902, 
97 488 
97 484 


97 479 
OF As 
97 470 
97 466 
97 461 
97 457 
97 453 
97 448 
SULGS AE 
97 439 
97 435 
97 430 
97 426 
97 421 
97 417 


OTA, 
97 408 
97 403 
97399 
DSF 
97 390 
97 385 
97 381 
97 376 
97 372 
97 367 
97 363 
97 358 
O7,355, 
eV eae) 
97 344 
97 340 
97-339 
97 331 
97 326 
97 322 
97 317 
97 342 
97 308 
97 303 
O7299 
9 


log sin 


Ornws QM anwo 


log sin 
9 
53 405 
53 440 
53 475 
53 509 
53 544 
53 578 
53 613 
53 647 
53 682 
boy FAAS 


53 751 
53 785 
53 819 
53 854 
53 888 
53.922 
53.957 
53 991 
54 025 
54 059 
54 093 
54 127 
54 161 
54 195 
54 229 
54 263 
54 297 
54 331 
54 365 
54 399 
54433 
54 466 
54 500 
54 534 
54 567 


54 601 
54 635 
54 668 
54 702 
re dou) 
54 769 
54 802 
54 836 
54 869 
54 903 


54 936 
54 969 
55 003 
55 036 
55 069 
55 102 
55 136 
Pyanelltese) 
55 202 
99235 
55 268 
55 301 
OS)eP i) 
55 367 
55 400 


55 433 
9 


log cos 


log tan 
9 
56 107 
56 146 
56 185 
56 224 
56 264 


56 303 
56 342 
56 381 
56 420 
56 459 


56 498 
56 537 
56 576 
56 615 
56 654 


56 693 
56 732 
56771 
56 810 
56 849 
56 887 
56 926 
56 965 
57 004 
57 042 
57 081 
57 120 
57 158 
57 197 
57 235 


57 274 
57 312 
57 351 
57 389 
57 428 


57 466 
57 504 
57 543 
57 581 
57 619 
57 658 
57 696 
Sidon 
57 712 
57 810 
57 849 
57 887 
37 925 
57 963 
58 001 
58 039 
58 077 
58 115 
58 153 
58 191 
58 229 
58 267 
58 304 
58 342 
58 380 
58 418 
9 


log cot 


42 726 
42 688 
42 649 
42 611 
42 572 


GVA osha 
42 496 
42 457 
42 419 
42 381 


42 342 
42 304 
42 266 
42 228 
42 190 


42151 
42 113 
42,075 
42.037 
41 999 
41961 
41 923 
41 885 
41 847 
41 809 


Carita 


log cos 
9 
97 299 
97 29% 
97 289 
97 285 
97 280 
97 276 
97 271 
97 266 
a Aey2 
97 257 
97 252 
97 248 
97 243 
97 238 
OT 234 


DTe29, 
97 224 
97 220 
OG Falls 
97 210 


97 206 
97 201 
97 196 
97 192 
97 187 
97 182 
97 178 
97173 
97 168 


5 97 163 


97 159 
O7 Se 
aS: 
OS 
97 140 
97 135 
97 130 
97 126 
97 121 
97 116 
97 11 
97 107 
97 102 
OOI7. 
97 092 
97 087 
97 083 
97 078 
97 073 
97 068 
97 063 
97 059 
97 O54 
97 049 
97 044 
97 039 
97 035 
97 030 
97 025 
97 020 
97 O15 
9 


log sin 


| COrnrnwad ANHOS ee 


log cos 
9 
97015 
97 010 
97 005 
97 001 
96 996 


96 991 
96 986 
96 981 
96 976 
96 971 


96 966 
96 962 
96 957 
96 952 
96 947 
96 942 
96 937 
96 932 
96 927 
96 922 


96 917 


> -96 912 


96 907 
96 903 
96 898 


96 893 
96 888 
96 883 
96 878 
96 873 


96 868 
96 863 
96 858 
96 853 
96 848 


96 843 
96 838 
96 833 
96 828 
96 823 
96 818 
96 813 
96 808 
96 803 
96 798 
96 793 
96 788 
96 783 
96 778 
96.772 
96 767 
96 762 
96 757 
96 752 
96 747 


96 742 


5 96 737 


96 732 
96 727 
96 722 
96 717 
9 


log sin 


log sin 


| 9 
57 358 


57 389 
57 420 
S740 
57 482 


57 514 
57 545 
57 576 
57 607 
57 638 


57 669 
57 700 
54731 
57 762 
57 793 


57 824 
57 855 
57 885 
57 916 
BYR 


57 978 
58 008 
58 039 
58 070 
58 101 


58 131 
58 162 
58 192 
58 223 
58 253 


58 284 
58 314 
58 345 
58 375 
58 406 
58 436 
58 467 
58 497 
58 527 
58 557 
58 588 
58 618 
58 648 
58 678 
58 709 
58 739 
58 769 
58 799 
58 829 
58 859 


58 889 
58 919 
58 949 
58 979 
59 009 
59 039 
59 069 
59 098 
59 128 
59 158 


59 188 
9 


log cos 


22° 


log tan 
9 
60 641 
60 677 
60 714 
60 750 
60 786 


60 823 
60 859 
60 895 
60 931 
60 967 


61 004 
61 040 
61 076 
61 112 
61 148 


61 184 
61 220 
61 256 
61 292 
61 328 


61 364 
61 400 
61 436 
61 472 
61 508 


61 544 
61 579 
61615 
61 651 
61 687 


61 722 
61 758 
61 794 
61 830 
61 865 


61 901 
61 936 
61 972 
62 008 
62 043 
62 079 
62 114 
62 150 
62 185 
62 221 


62 256 
62 292 
62 327 
62 362 
62 398 


62 433 
62 468 
62 504 
62 539 
62 574 
62 609 
62 645 
62-680 
62 715 
62 750 


62 785 
9 


log cot 


log cot 
10 
39 359 
39 323 
39 286 
39 250 
39 214 


39177 
39 141 
39 105 
39 069 
39 033 


38 996 
38 960 
38 924 
38 888 
38 852 


38 816 
38 780 
38 744 
38 708 
38 672 


38 636 
38 600 
38 564 
38 528 
38 492 


38 456 
38 421 
38 385 
38 349 
38 313 


38 278 
38 242 
38 206 
38 170 
38 135 
38 099 
38 064 
38 028 
37 992 
37 957 
37 921 
37 886 
37 850 
37 815 
37779 
37 744 
37 708 
SHOT. 
37 638 
37 602 


37 567 
37 532 
37 496 
37 461 
37 426 


37 391 


ODIADNN Faved | ~ 


log tan 


9 
62 785 
62 820 
62 855 
62 890 
62 926 


62 961 
62 996 
63 031 
63 066 
63 101 


63 135 
63 170 
63 205 
63 240 
63 275 


63 310 
63 345 
63 379 
63 414 
63 449 


63 484 
63 519 
63 553 
63 588 
63 623 


63 657 
63 692 
63 726 
63 761 
63 796 


63 830 
63 865 
63 899 
63 934 
63 968 


64 003 
64 037 
64 072 
64 106 
64 140 


64 175 
64 209 
64 243 
64 278 
64 312 


64 346 
64 381 
64 415 
64 449 
64 483 


64 517 
64 552 
64 586 
64 620 
64 654 


64 688 
64 722 
64 756 
64 790 
64 824 


64 858 
9 


log cot 


66° 


log cos 
9 
96 403 
96 397 
96 392 
96 387 
96 381 


96 376 
96 370 
96 365 
96 360 
96 354 


96 349 
96 343 
96 338 
96 333 


2 96327 


36 516 
36.481 
36 447 
36 412 
36 377 


36 343 
36 308 
36 274 
36 239 
36 204 


36 170 
36 135 
36 101 
36 066 
36 032 


35 997 
35 963 
35 928 
35 894 
35 860 
35 825 
oO] 
SwEY/ 
35 722 
35 688 
35 654 
35 619 
35 585 


ei) way! 


Somos 


35 483 
35 448 
SI) Galles 
35 380 
35 346 
35 312 
35 278 
35 244 
35 210 
35 176 
35 142 
10 


log tan 


96 322 


96 316 | 


96 311 


- 96 305 


96 300 
96 294 
96 289 
96 284 
96 278 
96 273 


96 267 
96 262 
96 256 
96 251 
96 245 


96 240 
96 234 
96 229 
96 223 
96 218 


96 212 
96 207 
96 201 
96 196 
96 190 


96 185 
96 179 
96 174 
96 168 
96 162 


96 157 
96 151 
96 146 
96 140 
96 135 
96 129 
96 123 
96 118 
96 112 
96 107 
96 101 
96 095 
96 090 
96 084 
96 079 


96 073 
9 


log sin 


Senwa A anwvo 


OHMIDW AWNWHS 


log sin 
9 
60 931 
60 960 
60 988 
61 016 
61 045 


61 073 
61 101 
61 129 
61158 
61 186 


61 214 
61 242 
61 270 
61 298 
61 326 


61 354 
61 382 
61411 
61 438 
61 466 


61 494 
61 522 
61 550 
61578 
61 606 


61 634 
61 662 
61 689 
61717 
61 745 
61 773 
61 800 
61 828 
61 856 
61 883 


61911 
61 939 
61 966 
61 994 
62 021 


62 049 
62 076 
62 104 
62 131 
62 159 
62 186 
62 214 
62 241 
62 268 
62 296 


62 323 
62 350 
62 377 
62 405 
62 432 
62 459 
62 486 
62 513 
62 541 
62 568 


62 595 
9 


log cos 


log tan 
9 
64 858 
64 892 
64 926 
64 960 
64 994 


65 028 
65 062 
65 096 
65 130 
65 164 
65 197 
65 231 
65 265 


log cos 
9 
96 073 
96 067 
96 062 
96 056 
96 050 
96 045 
96 039 
96 034 
96 028 
96 022 


, 96017 


691299) 


65 333 


65 366 
65 400 
65 434 
65 467 
65 501 


65 535 
65 568 
65 602 
65 636 
65 669 
65 703 
65 736 
65 770 
65 803 
65 837 


65 870 
65 904 
65 937 
65 971 
66 004 


66 038 
66 071 
66 104 
66 138 
66 171 


66 204 
66 238 
66 271 
66 304 
66 337 


66 371 
66 404 
66 437 
66 470 
66 503 


66 537 
66 570 
66 603 
66 636 
66 669 
66 702 
66 735 
66 768 
66 801 
66 834 


66 867 
9 


log cot 


33 796 
33 762 
33 729 
33 696 
33 663 


33 629 
33 596 
33 563 
33 530 
Cea 
33 463 
33 430 
33 397 
33 364 
33/33: 


33 298 


96 011 
96 005 
96 000 
Shy ees 


95 988 
95 982 
95 977 

5 971 

5 965 
95 960 
95.954 
95 948 
95 942 
95 937 


D593 
95 925 
95 920 
eile: 
95 908 


95 902 
95 897 
95 891 
95 885 
95 879 


95 873 
95 868 
95 862 
95 856 
95 850 


95 844 
95 839 
95 833 
95 827 
95 821 


95 815 
95 810 
95 804 
95.798 
95 792 
95 786 
95 780 
95 775 
95 769 
95 763 


95 757 


9 Sol 


95 745 
95 739 
57199 
95 728 
9 


log sin 


~ Srernwa AITOOS 


i 
By 


40 25° 


log sin log tan 
9 9 
62595 66 867 
62 622 66900 
62 649 66933 
62676 66 966 
62703 66999 


62730 67032 
62757 67 065 
62 784 67 098 
62811 67131 
62 838 67 163 


, 

O 

ih 

2 

3 

4 

5 

6 

7 

8 

o 

10 | 62865 67196 
11 | 62.892 67 229 
12. | 62918 67 262 
13 | 62945 67295 
Ue 62 O72 67 32h 
15 | 62999 67 360 
16 | 63026 67 393 
17 | 63052 67426 
18 | 63079 67458 
19 | 63.106 67491 
20 
21 
22 
23 
24 


63133) 67 524 
63159 67 556 
63186 67589 
63 213 67 622 
63 239 67 654 


25 | 63 266 67 687 
26 | 63 292 67 719 
27 | 63319. 67 752 
28 | 63345 67 785 
29 | 63372 67817 


30 | 63398 67850 
31 | 63425 67 882 
32| 63451 67915 
33 | 63478 67947 
34 | 63504 67980 


35 | 63531 68 012 
36 | 63557 68044 
37 | 63583 68077 
38 | 63610 68109 
39 | 63636 68 142 


40 | 63662 68174 
41 | 63689 68 206 
42 | 63715 68 239 
43 | 63741 68 271 
44 | 63767 68303 

4.5 | 63794 68 336 
46 | 63820 68 368 
47 | 63846 68 400 
48 | 63872 68432 
49 | 63898 68 465 
50} 63924 68497 
51 | 63950 68 529 
52 | 63976 68 561 
53 | 64002 68593 
54 | 64028 68 626 
55 | 64.054 68 658 
56 | 64080 68690 
OW OH 106 68)722 
58 | 64132 68754 
59 | 64158 68 786 


60 eae 68 818 


log cot 


log cot 
10 
Sooo 
33 100 
33 067 
33 034 
33 001 


32 968 
32 935 
32 902 
32 869 
32 837 


32 804 
32 774 
32 738 
32 705 
32 673 
32 640 
32 607 
S250 
32 542 
32 509 


32 476 


32 444 
32411 
32 378 
32 346 


32313 
32 281 
32 248 
32 215 
32 183 
32 150 
32 118 
32 085 
32.053 
32 020 


31 988 


31956 


31923 
31891 
31 858 
31 826 
31.794 
31 761 
31 729 
31 697 
31 664 
31 632 
31 600 
31 568 
S535 
31 503 
31471 
31 439 
31 407 
31 374: 
ol 342 
31 310 
31 278 
31 246 
SU214 
31 182 
10 


log tan 


64° 


95 403 


log cos 


9 
95 728 
95 722 
95.716 
95 710 
95 704 


95 69 
95 69 
95 686 
95 680 
95 674 


95 668 
95 663 
95 657 
95 651 
95 645 


95 639 
95 633 
95 627 
95 621 
95 615 
95 609 
95 603 
95 597 
Lbreet 
SE) Seb) 


95 579 
95 573 
95 567 
95 561 
95 555 


Oh) ae) 
95 543 
95 537 
95 531 
95.525 


Ferd 
95 513 
95 507 
95 500 
95 494 
95 488 
95 482 
95 476 
95 470 
95 464 


95 458 
95 452 
95 446 
95 440 
95 434 
95427 
95 421 
95 415 
95 409 


95 397 
Shy sie) 
95 384 
95 378 
95 372 
95 366 
9 


log sin 


log sin 


9 
64 184 
64 210 
64 236 
64 262 
64 288 


64 313 
64 339 
64 365 
64 391 
64 417 


64-442 
64 468 
64 494 
64 519 
64 545 


64 571 
64 596 
64 622 
64 647 
64 673 
64 698 
64 724 
64 749 
64 775 
64 800 
64 $26 
64 851 
64 877 
64 902 
64 927 
64 953 
64.978 
65 003 
65 029 
65 054 
65 079 
65 104 
65 130 
65 155 
65 180 
65 205 
65 230 
65 255 
65 281 
65 306 


65 331 
65 356 
65 381 
65 406 
65 431 
65 456 
65 481 
65 506 
65 531 
65 556 
65 580 
65 605 
65 630 
65 655 
65 680 
65 705 
9 


log cos 


log tan 
9 
68 818 
68 850 
68 882 
68 914 
68 946 


68 978 
69 010 
69 042 
69 074 
69 106 
69 138 
69 170 
69 202 


OR SOT |, 


69234308 


69 266 


69 298 
69.329 
69 361 
69 393 
69 425 
69 457 
69 488 
69 520 
69 552 
69 584 


69 615 
69 647 
69 679 
69 710 
69 742 


69 774 
69 805 
69 837 
69 868 
69 900 
69 932 
69 963 
69 995 
70 026 
70 058 


70 089 
70 121 
70 152 
70 184 
79 215 
70 247 
70 278 
70 309 
70 341 
70 372 
70 404 
70 435 
70 466 
70 498 
70 529 


70 560 
70 592 
70 623 
70 654 
70 685 
70717 
9 


log cot 


30 702 
30 671 
30 639 
30 607 
30 575 


30145 
30 512 
30 480 
30 448 
30 416 


30 385 
30 353 
30 321 
30 290 
30 258 
30 226 
30 195 
30 163 
30 132 
30 100 
30 068 
30 037 
30 005 
29 974 
29 942 
29 91) 
29 879 
29 848 
29 816 
29 785 
LOGOS 
29 722 
29 691 
29 659 
29 628 
29 596 
29 565 
29 534 
29 502 
29471 


29 440 


~ log cos 


9 
95 366 
95 360 
OF Oe: 
95 348 
95 341 


95 335 
95 329 
95 323 
SGM 
95 310 


95 298 
95 292 
95 286 
95 279 


95 273 
95 267 
95 261 
95 254 
95 248 
95 242 
95 236 
95 229 
95 223 


O25 


95211 
95 20+ 
95 198 
S592 
95 185 
95 179 
ye Wie} 
95 167 
95 160 
58S 4+ 1. 
95 148 
95 141 
95 135 
95 129 
95 122 
95 116 
95 110 
95 103 
95 097 
95 090 
95 08+ 
95 078 
95 071 
95 065 
95 059 
95 052 
95 046 
95 039 
95 033 
95 027 
95 020 
95 O1+ 
95 007 
95 001 
94 995 


94 988 


log sin 


= 
FADHS COIDTM sume | ~ 


log sin 
9 
65 705 
65 729 
65 754 
65 779 
65 804 
65 828 
65 853 
65 878 
65 902 
65 927 
65 952 
65 976 
66 001 
66 025 
66 050 
66 O75 
66 099 
66 124 
66 148 
66 173 
66 197 
66 221 
66 246 
66 270 
66 295 
66 319 
66 343 
66 368 
66 392 
66 416 
66 441 
66 465 
66 489 
66 513 
66 537 
66 562 
66 586 
66 610 
66 634 
66 658 
66 682 
66 706 
66 731 
66 755 
66 779 
66 803 
66 827 
66 851 
66 875 
66 899 
66 922 
66 946 
66 970 
66 994 
67 018 
67 042 
67 066 
67 090 
67 113 
67 137 


67 161 
9 


log cos 


log tan 
9 
70 717 
70 748 
70 779 
79-810 
70 841 
70 873 
70 904 
70 935 
70 966 
70 997 
71 028 
71059 
71 090 
FAO WAL 
ie 55 
71 18+ 
a AAU) 
71 246 
71277 
71308 
71 339 
71370 
71401 
71431 
71 462 
71493 
71-524 
LE5o5 
71 586 
EL CLT 
71 648 
71 679 
71 709 
71 740 
BL TTL 
71 802 
71 833 
71 863 
71 894 
71 925 
71955 
71 986 
E207 
72 048 
72 078 
72 109 
72 140 
72,170 
72 201 
Teneo | 
72 262 
72 293 
F2NS2o 
72 354 
72 384 
72.415 
72 445 
72,476 
72 506 
T2530 


72 567 
9 
log cot 


28 972 
28 941 
28 910 
28 879 
28 847 
28 816 
28 785 
28 754 
28 723 
28 692 
28 661 
28 630 
28 599 
28 569 
28 538 
28 507 
28 +76 
28 445 
28 414 
28 383 
28 352 
28 321 
28 291 
28 260 
28 229 


28 198 
28 167 
28 137 
28 106 
28 075 
28 O45 
28 014 
27 983 
27 952 
27 922 
27 891 
27 860 
27 830 
27 799 
27 769 
27 738 
27 707 
27 677 
27 646 
27 616 


27 585 


log cos 
9 
94 988 
94 982 
94 975 
94 969 
94 962 
94 956 
94 949 
94 943 
94 936 
94 930 
94 923 
94 917 
94 911 
94 904 
94 898 


9+ 891 
9+ 885 
94 878 
9+ 871 
94 865 


94 858 
94 852 
94 845 
94 839 
94 832 
94 826 
94 819 
94.813 
94 806 
94799 
94 793 
94 786 
94 780 
94773 
94 767 
94 760 
94 753 
94 747 
94 740 
94 734 
94 727 
94 720 
94 714 
94 707 
94 700 
94 694 
94. 687 
94 680 
94 674 
94 667 
94 660 
94 654 
94 647 
94 640 
94 634 


94 627 
94 620 
94 614 
94 607 
94 600 


94 593 
9 


log sin 


OMIDEM sure | ~ 


log sin 
9 
67 161 
67 185 
67 208 
67 232 
67 256 
67 280 
67 303 
67 327 
67 350 
67 374 
67 398 
67 421 
67 445 
67 468 
67 492 


67.515 
67 539 
67 562 
67 586 
67 609 


67 633 
67 656 
67 680 
67 703 
67 726 
67 750 
67 773 
67 796 
67 820 
67 843 


67 866 
67 890 
67 913 
67 936 
67 959 
67 982 
68 006 
68 029 
68 052 
68 075 
68 098 
68 121 
68 144 
68 167 
68 190 
68 213 
68 237 
68 260 
68 283 
68 305 


68 328 
68 351 
68 374 
68 397 


| 68 420 


68 443 
68 466 
68 489 
68 512 
68 534 


68 557 
9 


log cos 


log tan 
9 
72 567 
72 598 
72 628 
72 659 
72 689 


72 720 
72 750 
72 780 
72 811 
72 841 
72 872 
72 902 
12.932 
72 963 
72.993 


73 023 
73 054 
73 084 
73 114 
ASE: 
13 VID 
73 205 
T3285 
73 265 
73 295 
73 326 
73 356 
73 386 
73 416 
73 446 
73 476 
73 507 
73 537 
73 567 
T3097 


73 627 
73 657 
73 687 
73717 
73 747 
73 777 
73 807 
73 837 
73 867 
73 897 
73 927 
73 957 
73 987 
74017 
74 047 
74.077 
74 107 
74137 
74 166 
74 196 
74 226 
74 256 
74 286 
74 316 
74 345 
74 375 
9 


log cot 


log cos 
9 
94 593 
94 587 
94 580 
94 573 
94 567 


94 560 
94 553 
Of 54.0 
94 540 
94 533 


94 526 
SEROUS) 
94 513 
94 506 
9+ 499 


SHG ie 
94 485 
94 479 
94 472 
94 465 


94 458 
OF 451 


SOF Aa) 


94 438 


By Sher yal 


94 424 
94 417 
94 410 
94 404 
94 397 


94+ 390 
94 383 
94 376 
94 369 
94 362 


Ot 300) 
94 349 
94 342 
94 335 
94 328 
94 321 
94 314 
94 307 
94 300 
94,293 
94 286 


94-279 | 


iy ais} 
94 266 
EPS) 


94 252 
4 259 
94 238 
94 231 
94 224 
OP 217. 
94 210 
94 203 
94 196 


5 OAs? 
5 94182 
9 


log sin 


= 
-| SrewwteAannos a aR 


~ 


OMOIDA PONE S 


log sin 
9 
68 557 
68 580 
68 603 
68 625 
68 648 


68 671 
68 694 
68 716 
68 739 
68 762 


68 784 
68 807 
68 829 
68 852 
68 875 


68 897 
68 920 
68 942 
68 965 
68 987 


69 010 
69 032 
69 055 
69 077 
69 100° 


69 122 
69 144 
69 167 
69 189 
69 212 


69 234 
69 256 
69 279 
69 301 
69 323 


69 345 
69 368 
69 390 
69 412 
69 434 


69 456 
69 479 
69 501 
69 523 
69 545 


69 567 
69589 
69 611 
69 633 
69 655 
69 577 
69 699 
69 721 
69 743 
69 765 
69 787 
69 809 
69 831 
69 853 
69 875 


69 897 
9 


log cos 


log tan 


9 
74 375 
74 405 
74 435 
74 465 
Tat 


74 524 
TOS 
74 583 
74 613 
74 643 


74 673 
74 702 
74 732 
74 762 
74 791 


74 821 
74 851 
74 880 
74 910 
ee Se) 


74 969 
74 998 
75 028 
75 058 
75 087 


US) MG 
75 146 
75 176 
75 205 
19 239 


75 264 
75 294 
715 323 
75 353 
75 382 


75 411 
75 441 
75 470 
75 500 
15 529 


75 558 
75 588 
75 617 
75 647 
75 676 
75 705 
T1395 
75 764 
TOS: 
75 822 
75 852 
75 881 
75 910 
75 939 
75 969 


75 998 
76 027 
76 056 
76 086 
76 115 
76 144 
9 
log cot 


log cos 
9 
94 182 
94 175 
94+ 168 
94 161 
94 154 


She Wasi 
94 140 
94 133 
94 126 
94119 


eis 
94 105 
94 098 
94 090 
94 083 
94 076 
94 069 
94 062 
94 055 
94 048 


94 041 
94 034 
94 027 
94 020 
9+ 012 


94 005 
93 998 
9399 
93 984 
93977 


93 970 
93 963 
93 955 
93 948 
93 941 
CBIVEG, 
93 927. 
93 920 
93 O12 
93 905 


93 898 
93 891 
93 884 
93 876 
95 869 


93 862 
93 855 
93 847 
93 840 
93 §33 
93 826 
93 819 
93 811 
93 804 
93 797 


93 789 
93 782 
93 775 
93 768 
93 760 


93 753 


log sin 


log sin 
9 
69 897 
69 919 
69 941 
69 963 
69 984 


70 006 
70 028 
70 050 
70 072 
70 093 


70 115 
70 137 
70 159 
70 180 
70 202 


70 224 
70 245 
70 267 
70 288 
70310 
70 332 
70 353 
70 375 
70 396 
70 418 


70 439 
70 461 
70 482 
70 504 
70 525 


70 547 
70 568 
70 590 
70 611 
70 633 
70 654 
70 675 
70 697 
70 718 
70 739 
70 761 
70 782 
70 803 
70 824 
70 846 
70 867 
70 888 
70 909 
70 931 
70 952 
70 973 
70 994 
71015 
71.036 
71 058 
71 079 
71 100 
71121 
42 
71163 
71 184 
9 


log cos 


log tan 
9 
76 144 
76.173 
76 202 
76 231 
76 261 


76 290 
76 319 
76 348 
76 377 
76 406 


76 435 
76 464 
76 493 
76 522 
76 551 


76 580 
76 609 
76 639 
76 668 
76 697 
76 725 
76 754 
76 783 
76 812 
76 841 


76 870 
76 899 
76 928 
76 957 
76 986 
77 015 
77 044 
77 073 
77 i01 
77 130 
fEASD 
77 188 
77 217 
77 246 
71 274 
77 303 
77 332 
77 361 
77 390 
77 418 


77 447 
77 476 
77 50S: 
77 533 
77 562 
77 591 
77 619 
77 648 
77 677 
77 706 
77 734 
77 763 
77791 
77 820 
77 849 


77 877 
9 
log cot 


log cot 
19 
23 856 
23 827 
23 798 
23 769 
23 139 


23 710 
23 681 
23 652 
23 623 
2394 


23 565 
23 536 
23 507 
23 478 
23 449 


23 420 
23 391 
23 361 
23 332 
23 303 
23 275 
23 246 
Zoe, 
23 188 
Zoo 
23 130 
23 101 
23 072 


23 043 , 


23 014 


22 985 
22 956 
22 927 
22 899 
22 870 
22 841 
22 812 
22 783 
22.754 
22 726 
22 697 
22 668 
22 639 
22 610 
22 582 
22 553 
22 524 
22 495 
22 467 
22 438 


22 409 
22-381 
22 352 
22 323 
22 294 
22 266 
22 237 
22 209 
22 180 
22 151 


22 123 
10 


log tan 


59° 


OS rrwwfe Qi anwvo 


OOIADTM pwWHHOS 


78 732 
78 760 
78 789 
78 817 
78 845 
78 874 
78 902 
78 930 
78 959 
78 987 
79 015 
79 043 
79 072 
79 100 
79 128 


79 156 
79 185 
79 213 
UNAS 
79 269 


79 297 
79 326 
79 354 
79 382 
79 410 
79 438 
79 466 
79 495 
79 523 
79 551 


79 579 
9 


log cot 


20 703 
20 674 
20 646 
20 618 
20 590 
20 562 
20 534 
20 505 
20 477 
20 449 
20 421 
10 


log tan 


98° 


log cos 
9 
93 307 
93 299 
93 291 
93 284 
93 276 
93 269 
93 261 
93 253 
93 246 
93 238 
93 230 
93 223 
93 215 
93 207 
93 200 


93 192 
93 184 
93 177 
93 169 
93 161 


93154 
93 146 
93 138 
93 131 
93 123 


935s 
93 108 
93 100 
93 092 
93 084 


93 077 
93 069 
93 061 
93 053 
93 046 


93 038 
93 030 
93 022 
93 014 
93 007 
92 999 
92 991 
92 983 
92 976 
92 968 
92 960 
92 952 
92 944 
92 936 
92.929 
92 921 
92 913 
92 905 
92 897 
92 889 
92 881 
22 874 
92 866 
92 858 
92 850 
92 842 
9 


log sin 


Senwa A anwoo 


OnMIAM ABwWNHHS 


log tan 
9 
79 579 
79 607 
79 635 
79 663 
79 691 


79719 
ew ed 
LOTS 
79 804 
79 832 


79 860 
79 888 
79 916 
79 944 
79 972 
80 000 
80 028 
80 056 
80 084 
80 112 


80 140 
80 168 
80 195 
80 223 
80 251 


80 279 
80 307 
80 335 
80 363 
80 391 


80 419 
80 447 
80 474 
80 502 
80 530 


80 558 
80 586 
80 614 
80 642 
80 669 


80 697 
80 725 
80 753 
80 781 
80 808 


80 836 
80 864 
80 892 
80 919 
80 947 


80 975 
81 003 
81 030 
81 058 
81 086 
81 113 
81 141 
81 169 
81 196 
81 224 


81 252 
9 


log cot 


= 
Cer 


a, SS Hnrnwad ano 


WOIDM AWNWHEOS 


log tan 
9 
81 252 
81 279 
81 307 
81 335 
81 362 


81 390 
81418 
81 445 
81473 
81 500 


81 528 
81 556 
$1 583 
$1611 
§1 638 


81 666 
81 693 
81 721 
81 748 
81776 
81 803 
81831 
81,858 
81 886 
81 913 


$1 941 
81 968 
81 996 
82 023 
82 051 


82 078 
82 106 
82: 133 
82 161 
82 188 


82215 
82 243 
82 270 
82 298 
82 325 
82 352 
82 380 
82 407 
82.435 
82 462 
82 489 
82.517 
82 544 
82571 
82 599 
82 626 
82 653 
82 681 
82 708 
82 735 
82 762 
82 790 
82 S17 
82 844 
82 871 


82 899 
9 


log cot 


17 675 
17 648 
17 620 
17 593 
17 565 
17 538 
yf Sal 
17 483 
17 456 
IPAS, 
17401 
17 374 
ASAT 
17 319 
17 292 
17 265 


17 238 


log cos 
9 
92 359 
92 351 
92 343 
92 335 
92 326 


92 318 
92 310 


5 92302 


92 293 
92 285 
92277 
92 269 
92 260 
92'252 
92 244. 
92235 
92 221 
OPA) 
92 211 
92 202 
92 194 
92 186 
92 177 
92 169 
92 161 


92 152 
92 144 
92 136 
92127 
92 119 
O20 
92 102 
92 094 
92 086 
92077 


92069 
92 060 
92 052 
92 044 
92 035 
92 027 
92 018 
92 010 
92 002 
91 993 
91985 
91 976 
91 968 
91 959 
91951 
91-042 
91 934 
911925 
91 917 
91 908 
91 900 
91 891 
91 883 
91 874 
91 866 


91 857 
9 


log sin 


~ 


SPnwse Manno 


75 769 
75 787 
75 805 
75 823 
75 841 
75 859 
9 


log cos 


3° 


log tan 


9 
82 899 
82 926 
82 953 
82 980 
83 008 
83 035 
83 062 
83 089 
33 TER 
83 144 


83.171 
83 198 
83 225 
83 252 
83 280 
83 307 
83 334 
83 361 
83 388 
83 415 
83 442 
83 470 
83 497 
83 524 
83 551 
83 578 
83 605 
83 632 
83 659 
83 686 
83 713 
83 740 
83 768 
83 795 
83 22 
83 849 
83 876 
83 903 
83 930 
83 957 
83 984 


| 84011 


84.038 
84 065 
84.092 
84119 
84 146 
84173 
84 200 
84 227 
84 254 
84 280 
84-307 
84 334 
84 361 
84 388 
84.415 
84-442 
84 469 
84 496 


84 523 
9 
log cot 


log cot 
10 
17 101 
17 074 
17 047 
17.020 
16 992 


16 965 
16 938 
16911 
16 883 
16 856 


16 829 
16 802 
16775 
16 748 
16 720 
16 693 
16 666 
16 639 
16 612 
16 585 
16 558 
16 530 
16 503 
16 476 
16 449 


16 422 
16 395 
16 368 
16 341 
16 314 
16 287 
16 260 
16 232 
16 205 
16178 
16151 
16 124 
16 097 
16 070 
16 043 
16 016 
15 989 
15 962 
15 935 
15 908 
15 88] 
15 854 
15 827 
15 800 
ES) 443 
15 746 
15 720 
15693 
15 666 
15 639 
15 612 


log cos 


9 
91 857 
91 849 
91 840 
91 832 
91 823 


91 815 
91 806 
91 798 
91 789 
91 781 


O72 
91 763 
91-755 
91 746 
91 738 
1729 
91 720 
Oleg 2 
91 703 
91 695 
91 686 
91 677 
91 669 
91 660 
91 651 


91 643 
91 634 
91 625 
91 617 
91 608 
91 599 
91 591 
91 582 
91 573 
9MS65 
SES56 
SHES a 
91 538 
91 530 
91 S2i 
91 512 
91 504 
91 495 
91 486 
S17. 


91 469 
91 460 
SEa451 
91-442 
91 433 
OI425 
91 416 
91 407 
91 398 
91 389 
91 381 
OL 372 
91363 
OSo4: 
91 345 


91 336 
9 


log sin 


10 


OP NYWA QT AIBWO 


CHIDHA BwOWWRS 


log sin 


9 
75 859 
75 877 
75 895 
75 913 
TSIS1 


75 949 
75 967 
75 985 
76 003 
76 021 


76 039 
76 057 
76 075 
76 093 
76 111 


76 129 
76 146 
76 164 
76 182 
76 200 


76 218 
76 236 
76 253 
76 271 
76 289 
76 307 
76.324 
76 342 
76 360 
76 378 
76 395 
76 413 
76 431 
76 448 
76 466 
76 484 
76 501 
76 519 
76 537 
76 554 
76 572 
76 590 
76 607 
76 625 
76 642 
76 660 
76 677 
76 695 
76 712 
76 730 
76 747 
76 765 


. 16 782 


76 800 
76 817 
76 835 
76 852 
76 870 
76 887 
76 904 
76 922 
9 


log cos 


log tan 
9 
84 523 
84 550 
84 576 
84 603 
84 630 


84 657 
84 684 
84 711 
84 738 
84 764 
84 791 
84 818 
84 845 
84 872 
84 899 


84 925 
84 952 
8&4 979 
85 006 
85 033 
85 059 
85 086 
85 113 
85 140 
85 166 


85 193 
85 220 
85 247 
85 273 
85 300 
85 327 
85 354 
85 380 
85 407 
85 434 
85 460 
85 487 
85 514 
85 540 
85 567 
85 594 
85 620 
85 647 
85 674 
&5 700 
85 727 
85 754 
85 780 
85 807 
85 834 


85 860 
85 887 
85 913 
85 940 
85 967 
85 993 
86 020 
86 046 
86 073 
86 100 


86 126 
9 


log cot 


SRrnrnwsa AM anowvw 


~ 


OnMDIADTM PWWHS 


log sin 
9 
76 922 
76 939 
76 957 
76 974 
76 991 
77 009 
77 026 
77 043 
77 061 
77078 
77 095 
Ge Ae 
TA 
77 147 
77 164 
77 181 
77 199 
77 216 
77 233 
77.250 


77 268 
77 285 
77 302 
UNE) 
77 336 


(ieee) 
77 370 
77 387 
77 405 
77 422 


Fil eras) 
77 456 
77 473 
77.490 
77 507 


‘77 524 


77 541 
977 558 
77 575 
77 592 
77 609 
77 626 
77 643 
77 660 
77 677 
77 694 
1 7A 
GT 728 
77 744 
77 761 
77 778 
77795 
77 Bv2 
77 829 
77 846 
77 862 
77 879 
77 896 
77 913 
77 930 


77 946 
9 


log cos 


36° 


log tan log cot 
9 10 
86126 13 874 
86153 13 847 
86179 13821 
86 206 13 794 
86 232 13 768 
86 259 13 741 
86 285 137158 
86312 13688 
86338 13 662 
86 365 13 635 


86 392 13 608 
86418 13 582 
SOTO MowGy ao) 
86471 13 529 
86498 13 502 


86 524 13476 
86551 13449 
86 577 13 423 
86 603 13 397 
86 630 13370 
86 656 13 344 
86 683 13317 
86 709 13 291 
86 736 13 264 
86 762 13 238 


86 789 13 211 
86815 13185 
86 842 13158 
86 868 13 132 
86 894 13 106 


86921 13079 
86 947 13053 
86974 13026 
87000 13 000 
87027 12973 
87053 12947 
87079 12921 
87106 12894 
87132 12 868 
87158 12842 


87185 12815 
87,211 -12 788 
87238 12762 
87 264 12736 
87290 12710 
87317 12683 
87 343 12.657 
87 369 12631 
87 396 12 604 
87422 12578 
87448 12552 
87475 12525 
87501 12499 
87527 12473 
87554 12446 
87580 12420 
87606 12394 
87 633 12367 
87 659 12341 
87685 12315 


87 711 
9 


log cot 


log cos 
9 
90 796 
90 787 
90 777 
90 768 
90 759 
90 750 
90 741 
90 731 
90 722 
90 713 


90 704 
90 694 
90 685 
90 676 
90 667 


90 657 
90 648 
90 639 
90 630 
90 620 


90 611 
90 602 
90 592 
90 583 
90 574 


90 565 
90 555 
90 546 
90 537 
90 527 


90 518 
90 509 
90 499 
90 490 
90 480 


90 471 
90 462 
90 452 
90 443 
90) 434 


90 424 
90 415 
90 405 
90 396 
90 386 
90 377 
90 368 
90 358 
90 349 
90 339 
90 330 
90 320 
90 311 
90 301 
90 292 
90 282 
90 273 
90 263 
90 254 
90 244 
90 235 
9 


log sin 


ek 
-| SPN ws Mannose ENHosg AIHNSO 


wet ae ; 


77 946 
77 963 
77 980 
77997 
78 013 


78 030 
78 047 
78 063 
78 080 
78 097 


78 113 
78 130 
78 147 
78 163 
78 180 


78 197 
78 213 
78 230 
78 246 
78 263 


78 280 
78 296 
78 313 
78 329 
78 346 


78 362 
78 379 
78395 
78 412 
78 428 


78 445 
78 461 
78 478 
78 494 
78 510 


78 527 
78 543 
78 560 
78 576 
78 592 


78 609 
78 625 
78 642 
78 658 
78 674 


78 691 
78 707 
78 723 
78 739 
78 756 
78 772 
78 788 
78 805 
78 821 
78 837 
78 853 
78 869 
78 886 
78 902 
78 918 


78 934 
9 


log cos 


log tan 
9 10 
87 711. 12 289 
87 738 12 262 
87 764 12.236 
87 790 12 210 
87817 12183 


87 843 12157 
87869 12131 
87 895 12105 
87922 12078 
87948 12052 


87974 12026 
88 000 12 000 
88 027 11973 
88.053 11947 
88079 11921 


88105 11895 
88131 11869 
88158 11842 
88 184 11816 
88 210 11790 


88 236 11 764 
88 262 11738 
88 289 11711 
88315 11 685 
88 341 11659 
88 367 11633 
88 393 11607 
88420 11580 
88446 11554 
88472 11528 


88 498, 11 502 
88 524 11476 
88 550 11450 
88 577 —11 423 
88 603 11397 


88 629 11371 
88 655 11345 
88 681 11319 
88 707 11293 
88 733 11 267 


88 759 11241 
88 786 11214 
88812 11188 
88 838 11 162 
88 864 11136 


88 890 11110 
88916 11 084 
88 942 11058 
88968 11032 
88 994 11006 
89020 10980 
89 046 10954 
89073 10.927 
89099 10901 
89125 10875 
89151 10849 
89177 10823 
89 203 10797 
89 229 10771 
89 255 10745 


89 281 10719 
9 10 


log cot. log tan 


d2° 


9 
90 235 
90 225 
90 216 
90 206 
90 197 


90 187 
90 178 
90 168 
90 159 
90 149 
90 139 
90 130 
90 120 
90 111 
90 101 


90 091 
90 082 
90 072 
90 063 
90 053 


90 043 
90 034 
90 024 
90 014 
90 005 


89 995 
89 985 
89 976 
89 966 
89 956 


89 947 
89 937 
89 927 
89 918 
89 908 


89 898 
89888 
89 879 
89 869 
89 859 


89 849 
89 840 
89 830 
89 820 
89 810 
89 801 
89 791 
89 781 
89 771 
89 761 
89 752 
89 742 
89 732 
89 722 
89 712 
89 702 
89 693 
89 683 
89 673 
89 663 


89 653 
9 


~| OS rPrwwtWmanneo 


log sin 
9 
78 934 
78 950 
78 967 
78 983 
78 999 


79 O15 
79 031 
79 047 
79 063 
79 079 
79 095 
AO 
79 128 
ffs} ee 
79 160 


79 176 
79 192 
79 208 
Pea: 
79 240 


79 256 
79 272 
79 288 
79 304 
Say, 


79 335 
79 351 
79 367 
79 383 
79 399 
79 415 
79 431 
79 447 
79 463 
79 478 
79 494 
79 510 
79 526 
79 542 
79 558 
79 573 
79 589 
79 605 
79 621 
79 636 
79 652 
79 668 
79 684 
79 699 
79 715 
79 731 
79 746 
79 762 
79 778 
79 793 
79 809 
79 825 
79 840 
79 856 
79 872 


79 887 
9 


log cos 


log tan — log cot 


9 
89 281 
89 307 
89 333 
89 359 
89 385 


89 411 
89 437 
89 463 
89 489 
89 515 


89 541 
89 567 
89 593 
89 619 
89 645 


89 671 
89 697 
89 723 
89 749 
89 775 
89 801 
89 827 
89 853 
89 879 
89 905 


89 931 
89 957 
89.983 
90 009 
90 035 
90 061 
90 086 
90 112 
90 138 
90 164 


90 190 
90 216 
90 242 
90 268 
90 294 


90 320 
90 346 
90 371 
90 397 
90 423 
90 449 
90 475 
90 501 
90 527 
90 553 
90 578 
90 604 
90 630 
90 656 
90 682 
90 708 
90 734 
90 759 
90.785 
90 811 


90 837 
9 


log cot 


09 810 


09 784 


09 758. 


09 732 
09 706 
09 680 
09 654 
09 629 
09 603 
09 577 
09 551 
09 525 
09 499 
09 473 
09 447 
09 422 
09 396 
09 370 
09 344 
09 318 


09 292 


OPNWAQAUHO 


log sin 
es 
79 887 
79 903 
79 918 
79 934 
79.950 
79 965 
79 981 
79 996 
80 012 
80 027 


80 043 
80 058 
80 074 
80 089 
80 105 


80 120 
80 136 
80151 
80 166 
80 182 


80 197 
80 213 
80 228 
80 244 
80 259 


80 274 
80 290 
80 305 
80 320 
80 336 
80 351 
80 366 
80 382 
80 397 
80 412 
80 428 
80 443 
80 458 
80 473 
80 489 
80 504 
80 519 
80 534 
80 550 
80 565 
80 580 
80 595 
80 610 
80 625 
80 641 


80 656 
80 671 
80 686 
80 701 
80 716 


80 731 
80 746 
80 762 
80 777 
80 792 


80 807 
9 


16g cos 


39° 


log tan 


9 
90 837 
90 863 
90 889 
90 914 
90 940 


90 966 
90 992 
91018 
91 043 
91 069 


91 095 
O12 
91 147 
91172 
91 198 


15725, 
91 250 
G1 276 
91 301 
91 327 
91-353 
91 379 
91 404 
91 430 
91 456 
91 482 
91 507 
LAR es 
Ol 09 
91 585 


91 610 
91 636 
91 662 
91 688 
OVS 
OT 739 
91 765 
91 791 
91 816 
91 842 


91 868 
91 893 
91919 
O94 Ss 
91971 
91 996 
92 022 
92 048 
92 073 
92 099 
92125 
92 150 
92 176 
92 202 
92227 
92 253 
92 279 
92 304 


O73 S0N 


92 356 
92 381 
9 


log cot 


leg cot 
10 
09 163 
09 137 
09 111 
09 086 
09 060 


09 034 
09 008 
08 982 
08 957 
08 931 


08 905 
08 879 
08 853 
08 828 
08 $02 
08 776 
08 750 
08 724 
08 699 
08 673 
08 647 
08 621 
08 596 
08 570 
08 544 
08 518 
08 493 
08 467 
08 441 
08 415 
08 390 
08 36+ 
08 338 
08 312 
08 287 


08 261 
08 235 
08 209 
08 184 
08 158 
08 132 
08 107 
08 081 
08 055 
08 029 


08 004 
07 978 
07 952 
07 927 
07 901 
07 875 
07 850 
07 824 
07 798 
07 773 


log cos 
9 
89 050 
89 040 
89 030 
89 020 
89 009 


88 999 
88 989 
88 978 
88 968 
88 958 


88 948 
88 937 
88 927 
88 917 
88 906 
88 896 
88 886 
88 875 
88 865 
88 855 
88 844 
88 834 
88 824 
88 813 
88 803 


88 793 
88 782 
88 772 
88 761 
88 751 


88 741 
88 730 
88 720 
88 709 
88 699 


88 688 
88 678 
88 668 
88 657 
88 647 


88 636 
88 626 
88.615 
88 605 
88 594 
88 584 
88 573 
88 563 
88 552 
88 542 


88 531 
88 521 
88 510 
88 499 
88 489 
88 478 
88 468 
88 457 
88 447 
88 436 


388 425 
9 


log sin 


SenrnwpaWdannovo 


WOOIATM AwWNEOS 


log sin 
9 
80 807 
80 822 
80 837 
80 852 
80 867 


80 882 
80 897 
80 912 
80 927 
80 942 


80 957 
80 972 
80 987 
81 002 
81 017 


81 032 
81 047 
$1 061 
81 076 
81 091 


81 106 
81121 
81 136 
81 151 
81 166 


$1 180 
81 195 
81 210 
81 225 
81 240 
81 254 
81 269 
81 284 
81 299 
81 314 


81 328 
81 343 
81 358 
81 372 
81 387 


81 402 
81 417 
81 431 
81 446 
81 461 
81 475 
81 490 
81 505 
81519 
81 534 


81 549 
81 563 
81578 
81 592 
81 607 
81 622 
81 636 
81 651 
81 665 
81 680 


81 694 
9 


log cos 


log tan 


9 
92 381 
92 407 
92 433 
92 458 
92 484 


92 510 
92 535 
92 561 
92 587 
92 612 
92 638 
92 663 
92 689 
92'715 
92 740 
92 766 
92.792 
92 817 
92 843 
92 868 


92 894 
92 920 
92 945 
92971 
92 996 


93 022 
93 048 
93 073 
93 099 
93 124 


93 150 
O35 
93 201 
93 227 
93 252 


93 278 
93 303 
93 329 
93 354 
93 380 


93 406 
93 431 
93 457 
93 482 
93 508 
93 533 
93 559 
93 584 
93 610 
93 636 


93 661 
93 687 
93 712 
93 738 
93 763 
93 789 
93 814 
93 840 
93 865 
93 891 


93 916 
9 


log cot 


9 88351 


88 137° 


log cos ’ 
9 See: 
88 425 | 6O 
88 415 . 
88 404 
88 394 
88 383 


88 372 
88 362 


88 340 
88 330 


88 319 
88 308 
88 298 
88 287 
88 276 


88 266 
88 255 
88 244 
88 234 
88 223 


88 212 
88 201 
88 191 
88 180 
88 169 


88 158 
88 148 


88 126 
88 115 


88 105 
88 094 
88 083 
88 072 
88 061 


88 051 
88 040 
88 029 
88 018 
88 007 


87 996 
87 985 
87 975 
87 964 
87 953 


87 942 
87 931 
87 920 
87 909 
87 898 
87 887 
87 877 
87 866 
87 855 
87 844 
87 833 
87 822 
87 811 
87 800 
87 789 


87 778 
9 


log sin 


> at 


log sin 
9 
81 694 
81 709 
81 723 
81 738 
81 752 


81 767 
81 781 
81 796 
81 810 
$1 825 
81 839 
81 854 
81 868 
81 882 
81 897 


81911 
81 926 
81 940 
81955 
81 969 


81 983 
81998 
82 012 
82 026 
82 041 
82 055 
82 069 
82 084 
82 098 
82 112 


82 126 
82 141 
82 155 
82 169 
82 184 


82 198 
82 212 
82 226 
82 240 
82 255 
82 269 
82 283 
82 297 
82 311 
82 326 
82 340 
82 354 
82 368 
82 382 
82 396 
82410 
82 424 
82 439 
82.453 
82 467 
82 481 
82.495 
82 509 
82 523 
82 537 
82 551 
9 


log cos 


log tan 
9 
93 916 
93 942 
93 967 
93 993 
94018 


94 044 
94 069 
94 095 
94 120 
94 146 


Che yl 
94 197 
94 222 
94 248 
94 273 


94 299 
94 324 
94 350 
94 375 
94 401 


94 426 
94 452 
OFA Ti 
94 503 
94 528 


94 554 
Pe SUS 
94 604 
94 630 
94 655 


94 681 
94 706 
OF 32 
94-757 
94 783 
94 808 
94 834 
94 859 
94 884 
94 910 


94 935 
94 961 
94 986 
95 012 
95 037 
95 062 
95 08S 
OMAN: 
Chale’: 
95 16+ 
95 190 
95 215 
95 240 
95 266 
95 291 
95 317 
Oy hive 
95 368 
95 393 
95 418 


95 444 
9 
log cot 


05 701 
05 676 
05 650 
05 625 
05 599 


05 574 
05.548 
05 523 
05 497 
05 472 


05 446 
05 421 
05 396 
05 370 
05 345 
05 319 
05 294 
05 268 
05 243 
05 217 


05 192 
Q5 166 
05 141 
05 116 
05 090 


05 065 
05 039 
05 014 
04 988 
04-963 
04-938 
04912 
04 887 
04 861 
04 836 
04 810 
04-785 
04 760 
04 734 
04 709 
04 683 


ORPnwse Wl annwo 


a OONIAYN sone | ~ 


log sin 
9 
82551 
82 565 
82 579 
82 593 
82 607 


82 621 
82 635 
$2 649 
82 663 
82 677 


82 691 
82 705 
82 719 
82 733 
82 747 


82 761 
82 775 
82 788 
82 802 
82 816 


82 830 
82 844 
82 858 
82 872 
82 885 
82 899 
82.913 
82 927 
82.941 
82.955 
82.968 
82 982 
82.996 
83 010 
83 023 
83 037 
83 051 
83 065 
83 078 
83 092 
83 106 
83 120 
83 133 
83 147 
83 161 
83 174 
83 188 
83 202 
83 215 
83 229 
83.242 
83 256 
83 270 
83 283 
83 297 
83 310 
83 324 
83 338 
83 351 
83 365 
83 378 
9 


log cos 


log cos 
9 
87 107 
87 096 
87 085 
87 073 
87 062 


87 050 
87 039 
87 028 
87 016 
87 005 


86 993 
86 982 
86 970 
86 959 
86 947 


86 936 
86 924 
86 913 
86 902 
86 890 


86 879 
86 867 
86 855 
86 844 
86 832 


86 821 
86 809 
86 798 
86 786 
86 775 
86 763 
86 752 
86 740 
86 728 
86 717 
86 705 
86 694 
86 682 
86 670 
86 659 
86 647 
86 635 
86 624 
86 612 
86 600 
86 589 
86 577 
86 565 
86 554 
86 542 


86 530 
86 518 
86 507 
86 495 
86 483 
86 472 
86 460 
86 448 
86 436 
86 425 


86 413 
9 


log sin 


SPN WAQMAIBDO 


~ 
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6S 


Neko ois Men) 


log tan 


9 
96 966 
96 991 
97 016 
97 042 
97 067 
97 092 
97 118 
97 143 
97 168 
97 193 
97 219 
97 244 
97 269 
97 295 
97 320 


OTs 
97 371 
97 396 
97 421 
OT447 
OTRAIZ 
SI GBS 
97 523 
97 548 
Oasis 


97 598 
97 624 
97 649 
97 674 
97 700 
97 725 
97 750 
97 776 
97 801 
97 826 
97 851 
97 877 
97 902 
97 927 
97 953 
97 978 
98 003 
98 029 
98 054 
98 079 
98 104 
98 130 
98 155 
98 180 
98 206 


98 231 
98 256 
98 281 
98 307 
98 332 
98 357 
98 383 
98 408 
98 433 
98 458 


98 484 
9 


log cot 


02 300 
02 275 
02 250 
02 224 
02 199 
02 174 


02 149 
02 123 
02 098 
02 073 
02 047 
02 022 
01 997 
01971 
01 946 
01 921 
O1 896 
01 870 
01 845 
01 820 
01 794 
01 769 
Ol 744 
01719 
01 693 
01 668 
01 643 
Ol 617 
01 592 
01 567 
Ol 542 
01 516 
10 


log tan 


46° 


log cos 
9 
86 413 
86 401 
86 389 
86 377 
86 366 


86 354 
86 342 
$6 330 
86 318 
86 306 


86 295 
86 283 
86 271 
86 259 
86 247 
86 235 
86 223 
86 211 
86 200 
86 188 
86 176 
86 164 
86 152 
86 140 


7 86128 


86 116 
86 104 
86 092 
86 0SO 
86 068 
86 056 
86 044 
86 032 
86 020 
86 008 


85 996 
85 984 
85 972 
85 960 
85 948 
85 936 
85 924 
85 912 
85 900 
85 888 
85 876 
85 864 
85 851 
85 839 
85 827 


85-815 
85 803 
85 791 
85 779 
85 766 
85 754 
85 742 
85 730 
85 718 
85 706 


85 693 
9 


log sin 
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~ 
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log sin 
9 
84177 
84 190 
84 203 
84 216 
84 229 


84 242 
84 255 
84 269 
84+ 282 
84 295 
84 308 
$4 321 
$4 334 
84 347 
84 360 


84 373 
84 385 
84 398 
84411 
84 424 


84 437 
84 450 
$4 463 
84 476 
84 489 


$4 502 
$4 515 
84 528 
84 540 
84 553 


84 566 
SH Oe) 
84 592 
$4 605 
$4 618 


84 630 
$4 643 
84 656 
84 669 
84 682 


84 694 
84 707 
84 720 
84 733 
84 745 
84758 
84771 
84 784 
84 796 
84 809 
84 822 
84 835 
84 847 
84 860 
84 873 
84 885 
84 898 
84 911 
84 923 
84 936 


4ae 


log tan 


9 
98 484 
98 509 
98 534 
98 560 
98 585 
98 610 
98 635 
98 661 
98 686 
98 711 


98 737 
98 762 
98 787 
98 812 
98 838 


98 863 
98 888 
98 913 
98 939 
98 964 


98 989 
99 015 
99 040 
99 065 
99 090 


99 116 
99141 
99 166 
Cong 
99217 


99242, 
99 267 
99 293 
99 318 
991343 


99 368 
99 394 
99 419 
99 444 
99 469 
99 495 
99 520 
99 545 
99 570 
99 596 
99 621 
99 646 
99 672 
99 697 
99 722 


COAT 
OTs: 
99 798 
99 $23 
99 848 


99 874 


log cot 
10 
01 516 
01 491 
O01 466 
01 440 
01 415 


01 390 
01 365 
01 339 
01 314 
Ol 289 


01 263 
01 238 
01 213 
01 188 
01 162 


01 137 
01 112 
01 087 
01 061 
01 036 


01011 


00 985 
00 960 
00 935 
00 910 


00 884 
00 859 
00 834 
00 809 
00 783 


00 758 
00 733 
00 707 
00 682 
00 657 


00 632. 


00 606 
00 581 
00 556 
00 531 


00 505 
00 480 


00455 > 


00 430 
00 404 


00 379 
00 354 
00 328 
00 303 
00 278 


00 253 
00 227 
00 202 
00177 
00 152 
00 126 
00 101 
00 076 
00 051 
00.025 


50000 00.000 
10 


log tan 


50 


TABLE IV. 


—¢-— 


For DETERMINING WITH GREATER ACCURACY THAN CAN BE DONE BY 
MEANS OF TABLE IIL: 


1. log sin, log tan, and log cot, when the angle is between 0° and 2°; 

2. log cos, log tan, and log cot, when the angle is between 88° and 90° ; 
8. The value of the angle when the logarithm of the function does not 
lie between the limits 8, 54 684 and 11. 45 316. 


—— 


FORMULAS FOR THE USE OF. THE NUMBERS S AND T. 


I. When the angle « is between 0° and 2°: 


log sin a=logal’/4 S. 
log tan a = log a// + T. 
log cot a = colog tan a. 


log a!’ = log sin a — 8, 


= log tan a — T, 
= colog cot a — T. 


II. When the angle « is between 88° and 90°: 


log cos a = log (909 — a)! + 8. 
log cot a = log (90° — a)" 4 T, 


log tan a = colog cot a. 


log (90° — a)" = log cos a ee 


= log cot a— T, 
= colog tan a — T, 
and a = 90° — (90° — a). 


—.0595 co _—. 
VALUES oF § ann T., 
8 log sinu- al! de log tan a a ak log tana 
— ‘7 Fy Oo — 5 146 8.39713 | 
4.68 557 4. 68 557 4. 68 567 i 
8. 06 740 200 6.98 660 | 5424 8. 41 999 
4. 68 556 f 4. 68 558 4. 68 568 
8. 21 920 1726 7.92 263 | 5 689 8. 44 072 
4,68 555 4.68 559 4. 68 569 
8. 26 795 2432 8.07156 | 5941 8. 45 955 
4, 68 555 4. 68 560 4. 68 570 
8. 30 776 2976 815.924 | 6184 8. 47 697 J 
4. 68 554 4. 68 561 4. 68 571 
8. 37 038 3 434 8. 22 142 | 6417 8. 49 305 | 
4. 68 553 4. 68 562 4. 68 572 
8. 41 904 3 838 8. 26973 | 6642 8. 50 802 
4.68 552 ect OS: 500 4. 68 573 
8. 45 872 4 204 8.30930 | 6859 8. 52 200 
4. 68 551 4. 68 564 4. 68 574 
8491223 4 540 8. 34 270 | 7070 8. 53 516 
4. 68 550 4. 68 565 4. 68 575 
8. 50 721 4 699 Oido 760) |i. Lis 8.54145 
4. 68 550 a. 4. 68 565 4. 68 575 | 
8. 52 125 4853 8.37167 | 7274 8104753 
4, 68 549 } 4, 68 566 é 
8. 54 684 § 5 146 OOS GES 
8 log sina a! Lh log tan a a aE 


log tana 


TABLE V.—CIRCUMFERENCES AND AREAS OF CIRCLES, 51 


If V = the radius of the circle, the circumference = 2 7 N. 
If NV = the radius of the circle, the area =m 


If NV = the circumference of the circle, the radius = s N. 
Tv 


If V = the circumference of the circle, the area = re AS 
T 


tt 
N meet! 
oO 0. 00 0) 0. 000 0. 00 7.96 
1 6. 28 3 0. 159 0. 08 8. 12 
2 WAR SY | 12 0. 318 0. 32 8. 28 
3 18. 85 28 0.477 OB 8. 44 
4 2513 50 0. 637 e277 8. 59 
5 31.42 78 0. 796 1.99 8.75 
6 Sea 113 0.955 2.86 ! 8.91 
a 43.98 E53 114 3.90 9.07 
8 50. 27 201 273 5. 09 9, 23 
9 56955 254 432 6.45 9. 39 
10 62. 83 314 592 7.96 9.55 
od 9. 63 os At 
3 .910 11. 46 9. 87 


SO ANM HOWON BIND UIA INO A HON DAOUDA HOON DOPED NEORU WHWAHO 


314. 16 


27N 


a TABLE VI.—NATURAL FUNCTIONS. | 


ake 20 
sin cos sin cos 
0175 0349 
0177 0352 
0180 0355 
0183 0358 
0186 0361 
0189 0364 
0192 0366 
0195 0369 
0198 : 0372 
0201 0375 
0204 0378 
0207 0381 
0209 0384 
0212 : 0387 
0215 0390 
0218 0393 
0221 0396 
0224 0398 
0227 0401 
0230 0404 
0233 0407 
0236 0410 
0239 0413 
0241 0416 
0244 0419 
0247 0422 
0250 0425 
0253 0427 
0256 0430 
0259 0433 
0262 0436 
0265 0439 
0268 0442 
0270 0445 
0273 0448 
0276 0451 
0279 998 0454 
0282 0457 
0285 0459 
0288 0462 
0291 0465 
0294 0468 
0297 0471 
0300 0474 
0302 0477 
0305 0480 
0308 0483 
0311 ‘ 0486 
0314 5 0488 
0317 0491 
0320 9995 0494 
0323 9995... 0497 
0326 9995 0500 
0329 9995 0503 
0332 9995 0506 
0334 9994 0509 
0337 9994 0512 
0340 9994 0515 
0343 9994 0518 
0346 9994 0520 
0349 9994 0523 


cos” sin cos” sin 


88° 87° 


CHONIAHT AWONHS | 


OrPNHWA Manno 


~ 
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NATURAL SINES AND COSINES. 


OMIAY PWNHHS 


sin 


cos 
9962 
9962 
9961 
9961 
9961 
9961 


cos 


9879 
9879 
9878 
9878 
9877 


9877 


sin 


81° 


SrPnwtQWanwo 


54 


~ 


10° 


NATURAL SINES AND COSINES. 


12° 


WOONIAGM AWN S 


sin cos 
1736 9848 
1739 9848 
1742 9847 
1745 9847 
1748 9846 
1751 9846 
1754 9845 
1757 9845 
1759 9844 
1762 9843 
1765 9843 
1768 9842 
1771 9842 
1774 9841 
1777 9841 
1779 9840 
1782 9840 
1785 9839 
1788 9839 
1791 9838 
1794 9838 
1797 9837 
1799 9837 
1802 9836 
1805 9836 
1808 9835 
1811 9835 
1814 9834 
1817 9834 
1819 9833 
1822 9833 
1825 9832 
1828 9831 
1831 983] 
1834 9830 


1837 9830 


1840 9829 
1842 9829 
1845 9828 
1848 9828 
1851 9827 
1854 9827 
1857 9826 
1860 9826 
1862 9825 


1865 9825 
1868 9824 
1871 9823 
1874 9823 
1877 9822 
1880* 9822 
1882 9821 
1885 9821 
1888 9820 
1891 9820 
1894 9819 
1897 9818 
1900 9818 
1902 9817 
1905 9817 
1908 9816 
cos sin 


sin 
2079 
2082 
2085 
2088 
2090 
2093 
2096 
2099 
2102 
2105 
2108 
2110 
SPARS 
2116 
2119 
2122 
2125 
2127 
2130 
2133 
2136 
2139 
2142 
2145 
2147 
2150 
2153 
2156 
2159 
2162 
2164 
2167 
2170 
2173 
2176 
2179 
2181 
2184 
2187 
2190 
2193 
2196 
2198 
2201 
2204 
2207 
2210 
2213 
2215 
2218 
2221 
2224 
2227 
2230 
2236 
2235 
2238 
2241 
2244 
2247 
2250 
cos 


79° 
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NATURAL SINES AND COSINES. 55 
! 15° 16° alee 18° 19° , 
: sin cos sin cos sin cos sin cos sin cos 
0) 2588 9659 2756 9613 2924 9563 3090 9511 3256 9455 60 
1 2591 9659 2759 9612 2926 9562 3093 9510 3258 9454 59 
2 2594 9658 2762 9611 2929 9561 3096 9509 3261 9453 58 
ze. 2597 9657 2165 9610 2932 9560 3098 9508 3264 9452 57 
4 2599 9656 2768 9609 2935 9560 3101 9507 3267 9451 56 
5 2602 9655 2770 9609 2938 9559 3104 9506 3269 9450 55 
6 2605 9655 2773 9608 2940 9558 3107 9505 3272 9449 54 
7 2608 9654 2776 9607 2943 9557 3110 9504 3275. 9449 5S) 
8 2611 9653 2779 9606 2946 9556 3112 9503 3278 9448 52) 
9 2613 9652 . 2782 9605 2949 9555 3115 9502 3280 9447 Sak 
10 2616 9652 2784 9605 2952 9555 3118 9502 3283 9446 50 
11 2619 9651 2787 9604 2954 9554 3121 9501 3286 9445 49 
12 2622 9650 2790 9603 2957 9553 3123 9500 3289 9444 48 
13 2625 9649 2793 9602 2960 9552 3126 9499 3291 9443 47 
14 2628 9649 2795 9601 2963 9551 3129 9498 3294 9442 46 
15 2630 9648 2798 9600 2965 9550 3132 9497 3297 9441 45 
16 2633 9647 2801 9600 2968 9549 3134 9496 3300 9440 44 
1%) 2636 9646 2804 9599 2971 9548 3137 9495 3302 9439 43 
18 2639 9646 2807 9598 2974 9548 3140 9494 3305 9438 42 
19 2642 9645 2809 9597 2977 9547 3143 9493 3308 9437 41 
20 2644 9644 2812 9596 2979 9546 3145 9492 3311 9436 40 
21 2647 9643 2815 9596 2982 9545 3148 9492 3313 9435 39 
22 2650 9642 2818 9595 2985 9544 3151 9491 3316 9434 38 
23 2653 9642 2821 9594 2988 9543 3154 9490 3319 9433 Si, 
24 2656 9641 2823 9593 2990 9542 3156 9489 3322 9432 36 
25 2658 9640 2826 9592 2993 9542 3159 9488 3324 9431 35 
26 2661 9639 2829 9591 2996 9541 3162 9487 3327 9430 34 
27 2664 9639 2832 9591 2999 9540 3165 9486 3330 9429 33 
28 2667 9638 2835 9590 3002 9539 3168 9485 3333 9428 32 
29 2670 9637 2837 9589 3004 9538 3170 9484 3335 9427 Sul 
. 30 2672 9636 2840 9588 3007 9537 3173 9483 3338 9426 30 
31 2675 9636 2843 9587 3010 9536 3176 9482 3341 9425 29 
32 2678 9635 2846 9587 3013 9535 3179 9481 3344 9424 28 
33 2681 9634 2849 9586 3015 9535 3181 9480 3346 9423 PME 
34 2684 9633 2851 9585 3018 9534 3184 9480 3349 9423 26 
35 2686 9632 2854 9584 3021 9533 3187 9479 3352 9422 25 
36 2689 9632 2857 9583 3024 9532 3190 9478 3355. 9421 24 
37 2692 9631 2860 9582 3026 9531 3192 9477 3357 9420 23 
38 2695 9630 2862 9582 3029 9530 3195 9476 3360 9419 22 
39 2698 9629 2865 9581 3032 9529 3198 9475 3363 9418 21 
40 2700 9628 2868 9580 3035 9528 3201 9474 3365 9417 20 
41 2703 9628 2871 9579 3038 9527 3203 9473 3368 9416 19 
42 2706 9627 2874 9578 3040 9527 3206 9472 3371 9415 18 
43 2709 9626 2876 9577 3043 9526 3209 9471 3374 9414 17 
44 Bile: 925 2879 9577 + 3046 9525 3212 9470 3376 9413 16 
45 2714 9625 2882 9576 3049 9524 3214 9469 3379 9412 15 
46 2717 9624 2885 9575 3051 9523 3217 9468 2382 9411 14 
47 2720 9623 2888 9574 3054 9522 3220 9467 3385 9410 13) 
48 2723 9622 2890 9573 3057 9521 3223 9466 3387 9409 12 
49 2726 9621 2893 9572 3060 9520 3225 9466 3390 9408 11 
50 2728 9621 2896 9572 3062 9520 3228 9465 3393 9407 10 
ul 2731 9620 2899 9571 3065 9519 3231 9464 3396 9406 9 
52 2734 9619 2901 9570 3068 9518 3234 9463 3398 9405 8 
55 2737 9618 2904 9569 3071 9517 3236 9462 3401 9404 7 
54 2740 9617 2907 9568 3074 9516 3239 9461 3404 9403 6 
55 2742 9617 2910 9567 3076 9515 3242 9460 3407 9402 5 
56 2745 9616 2913 9566 3079 9514 3245 9459 3409 9401 4 
57 2748 9615 2915 9566 3082 9513 3247 9458 3412 9400 3 
58 2751 9614 2918 9565 3085 9512 3250 9457 3415 9399 2 
59 2754 9613 2921 9564 3087 9511 3253 9456 3417 9398 I 
60 2756 9613 2924 9563 3090 9511 3256 9455 3420 9397 oO 
cos sin cos sin cos sin cos sin cos. sin 
, G4° 73° T2° 71° JTO° ( 


56 


20° 


S 
sin cos 
oO 3420 9397 
] 3423 9396 
2 3426 9395 
2B 3428 9394 
4 3431 9393 
5 3434 9392 
6 3437 9391 
7 3439 9390 
8 3442 9389 
9 3445 9388 
10 3448 9387 
i 3450 9386 
12 3453 9385 
13 3456 9384 
14 3458 9383 
15 3461 9382 
16 3464 9381 
17 3467 9380 
18 3469 9379 
19 3472 9378 
20 3475 9377 
21 3478 9376 
22 3480 9375 
23 3483 9374 
24 3486 9373 
25 3488 9372 
26 3491 9371 
27 3494 9370 
28 3497 9369 
29 3499 9368 
30 3502 9367 
31 3505 9366 
32 3508 9365 
33 3510 9364 
34 3513 9363 
| 35 3516 9362 
36 3518 9361 
37 3521 9360 
38 3524 9359 
39 3527 9358 
40 3529 9356 
41 3532 9355 
42 3535 9354 
43 SOOT MOSOS 
44 3540 9352 
45 3543 9351 
46 3546 9350 
A 3548 9349 
48 3551 9348 
i 49 3554 9347 
50 3557 9346 
51 3559 9345 
52 3562 9344 
53 3565 9343 
54 3567 9342 
55 3570 9341 
56 3573 9340 
Sef 3576 9339 
58 3578 9338 
59 3581 9337 
6O 3584 9336 
cos” sin 

i 69° 


NATURAL SINES AND COSINES. 


21° 22° 23° 24° ¢ 
sin cos sin cos sin cos sin cos 
3584 9336 3746 9272 3907 9205 4067 9135 » 60 
3586 9335 3749 9271 3910 9204 4070 9134 59 
3589 9334 3751 9270 3913 9203 4073 9133 58 
3592 9333 3754 9269 3915 9202 4075 9132 57 
3595 9332 3757 9267 3918 9200 4078 9131 36 
3597 9331 3760 9266 3921 9199 4081 9130 55 4 
3600 9330 3762 9265 3923 9198 4083 9128 54 
3603 9328 3765 9264 3926 9197 4086 9127 53 
3605 9327 3768 9263 3929 9196 4089 9126 52 
3608 9326 3770 9262 3931 9195 4091 9125 oD 
3611 9325 3773 9261 3934 9194 4094 9124 50 
3614 9324 3776 9260 3937 9192 4097 9122 49 
3616 9323 3778 9259 3939 9191 4099 9121 48 
3619 9322 3781 9258 3942 9190 4102 9120 47 
3622 9321 3784 9257 3945 9189" 4105 9119 -| 46 
3624 9320 3786 9255 3947 9188 4107 9115 45 
3627 9319 3789 9254 3950 9187 4110 9116 44 
3630 9318 3792 9253 3953 9186 4112 9115 43 
3633 9317 3795 9252 3955 9184 4115 9114 42 
3635 9316 3797 9251 3958 9183 4118 9113 41 
3638 9315 3800 9250 3961 9182 4120 9112 40 
3641 9314 3803 9249 3963 9181 4123 9110 =f) 
3643. 9313 3805 9248 3966 9180 4126 9109 38 
3646 9312 3808 9247 3969 9179 4128 9108 37 
3649 9311 3811 9245 3971 9178 4131 9107 36 
3651 9309 3813 9244 3974 9176 4134 9106 35D 
3654 9308 3816 9243 3977 9175 4136 9104 34 
3657 9307 3819 9242 3979 9174 4139 9103 33 
3660 9306 3821 9241 3982 9173 4142 9102 oe 
3662 9305 3824 9240 3985 9172 4144 9101 Sims 
3665 9304 3827 9239 3987 9171 4147 9100 | 3O 
3668 9303 3830 9238 3990 9169 4150 9098 29 
3670 9302 3832 9237 3993 9168 4152 9097 28 
3673 9301 3835 9235 3995 9167 4155 9096 27 
3676 9300 3838 9234 3998 9166 4158 9095 26 
3679 9299 3840 9233 4001 9165 4160 9094 25 
3681 9298 3843 9232 4003 9164 4163 9092 24 
~ 3684 9297 3846 9231 4006 9162 4165 9091 23 
3687 9296 3848 9230 4009 9161] 4168 9090 22 
3689 9295 3851 9229 4011 9160 4171 9088 21 
3692 9293 3854 9228 4014 9159 4173 9088 20 
3695 9292 3856 9227 4017 9158 4176 9086 19 
3697 9291 3859 9225 4019 9157 4179 9085 1S 
3700 9290 3862 9224 4022 9155 4181 9084 17 
3703 9289 3864 9223 4025 9154 4184 9083 16 
3706 9288 3867 9222 4027 9153 4187 9081 15 
3708 9287 3870 9221 4030 9152 4189 9080 14 
3711 9286 3872 9220 4033 9151 4192 9079 13 
3714 9285 3875 9219 4035 9150 4195 9078 12 
3716 9284 3878 9218 4038 9148 4197 9077 AG 
3719 9283 3881 9216 4041 9147 4200 9075 10 
3722 9282 3883 9215 4043 9146 4202 9074 9 
3724 9281 3886 9214 4046 9145 . 4205 9073 8 
3727 9279 3889 9213 4049 9144 4208 9072 a 
3730 9278 3891 9212 4051 9143 4210 9070 6 
3733 9277 3894 9211 4054 9141 4213 9069 5 
3735 9276 3897 9210 4057 9140 4216 9068 4 
3738 9275 3899 9208 4059 9139 4218 9067 3 
3741 9274 3902 9207 4062 9138 4221 9066 2 
3743 9273 3905 9206 4065 9137 4224 9064 1 
3746 9272 3907 9205 4067 9135 4226 9063 ct) 
cos” sin cos” sin cos sin cos” sin 
68° 67° 66° 65° ’ 
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NATURAL SINES AND COSINES. 


28° 


sin 
4540 
4542 
4545 
4548 
4550 
4553 
4555 
4558 
4561 
4563 
4566 
4568 
4571 
4574 
4576 
4579 
4581 
4584 
4586 
4589 
4592 
4594 
4597 
4599 
4602 
4605 
4607 
4610 
4612 
4615 


cos 


sin 
4695 
4697 
4700 
4702 
4705 
4708 
4710 
4713 
4715 
4718 
4720 
4123 
4726 
4728 
4731 
4733 
4736 
4738 
4741 
4743 
4746 
4749 
4751 
4754 
4756 
4759 
4761 
4764 
4766 
4769 
4772 
4774 
4777 
4779 
4782 
4784 
4787 
4789 
4792 
4795 
4797 
4800 
4802 
4805 
4807 
4810 
4812 
4815 
4818 
4820 
4823 
4825 
4828 
4830 
4833 
4835 
4838 
4840 
4843 
4846 


4848 
cos 


cos 
8829 
8828 
8827 


8825 . 


8824 
8823 
8821 
8820 
8819 
8817 
8816 
8814 
8813 
8812 
8810 
8809 
8808 
8806 
8805 
8803 
$802 
8801 
8799 
8798 
8796 
8795 
8794 
8792 
8791 
8790 
8788 
8787 
8785 
8784 
8783 
8781 
8780 
8778 
8777 
8776 
8774 
8773 
8771 
8770 
8769 
8767 
8766 
8764 
8763 
8762 
8760 
8759 
8757 
8756 
8755 
8753 
8752 
8750 
8749 
8748 
8746 


sin 
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NATURAL SINES AND COSINES. 
33° 


31° 


8596 
8594 
8593 
8591 
8590 
8588 
8587 
8585 
858+ 
8582 
8581 
8579 
8578 
8576 
8575 
8573 


8572 
cos sin 


sin 
5150 
5153 
5155 
5158 
5160 
5163 
5165 
5168 
5170 
yh) 
5175 
5178 
5180 
5183 
5185 
5188 
5190 
5193 
5195 
5198 
5200 
5203 
5205 
5208 
5210 
523 
5215 
5218 
5220 
5223 
5225 


Saal 


5230 
5232 
5235 
5237 
5240 


. 5242 


By aa) 
5247 
5250 
5252 
5255 
3257 
5260 
5262 
5265 
5267 
5270 
5272 
5275 
5277 
5279 
5282 
5284 
5287 
5289 
5292 
5294 
5297 
5299 
cos 


cos 
8572 
8570 
8569 
8567 
8566 
8564 
8563 
8561 
8560 
8558 
8557 
8555 
8554 
8552 
8551 
8549 
8548 
8546 
8545 
8543 
8542 
8540 
8539 
8537 
8536 
8534 
8532 
8531 
8529 
8528 
8526 
8525 
8523 
8522 
$520 
8519 
8517 
8516 
8514 
8513 


8511 


8510 
8508 
8507 
8505 
8504 
8502 
8500 
8499 
8497 
8496 
8494 
8493 
8491 
8490 
8488 
8487 
8485 
8484 
8482 
8480 
sin 


32° 


34° 


sin 
5299 
5302 
5304 
§307 
5309 
5312 
5314 
5316 
5319 
eval 
5324 
5326 
5329 
5331 
5334 
5336 
$339 
5341 
5344 
5346 
5348 
5351 
5353 
5356 
5358 
5361 
5363 
5366 
5368 
5371 
5373 
5375 
5378 
5380 
5383 
5385 
5388 
5390 
5393 
5395 
5398 
5400 
5402 
5405 
5407 
5410 
5412 
5415 
5417 
5420 
5422 
5424 
5427 
5429 
5432 
5434 
5437 
5439 
5442 
5444 


5446 
cos 


cos 
8480 
8479 
8477 
8476 
8474 
8473 
8471 
8470 
8468 
8467 
8465 
8463 
8462 
8460 
8459 
8457 
8456 
8454 
8453 
8451 
8450 
8448 


8401 
8399 
8398 
8396 
8395 
8393 
8391 
8390 
$388 
8387 


sin 


59° 


58° 


57° 


sin 

5446 
5449 
5451 
5454 
5456 
5459 
5461 
5463 
5466 
5468 
5471 
5473 
5476 
5478 
5480. 
5483 
5485 
5488 
5490 
5493 
5495 
5498 
5500 
5502 
§505 
5507 
5510 
§512 
$515 
5517 
5519 
§522 
5524 
§527 
5529 
5531 
5534 
5536 
5539 
$541 
5544 
5546 
5548 
5551 
5553 
5556 
5558 
5561 
$563 
5565 
$568 
5570 
5573 
5575 
5577 
5580 
§582 
$585 
5587 
5590 
§592 
COs 


cos 
8387 
8385 
8384 
8382 
8380 


8379 
8377 
8376 
8374 
8372 
8371 
$369 
§368 
8366 


8364, 


8363 
8361 
8360 
8358 
8356 
8355 
8353 
8352 
8350 
8348 
8347 
8345 
8344 
8342 
8340 
8339 
8337 
8336 
8334 
8332 
8331 
8329 
8328 
8326 
8324 
8323 
8321 
8320 
$8318 
8316 
8315 
8313 
8311 
8310 
8308 
8307 
8305 
8303 
8302 
8300 
8299 
8297 
8295 
8294 
8292 
8290 
sin 


sin 
5592 
5594 
5597 
5599 
5602 


5604 
5606 
5609 
5611 
5614 
5616 
5618 
5621 
5623 
5626 
5628 
5630 
5633 
5635 
5638 
5640 
5642 
5645 
5647 
5650 
5652 
5654 
5657 
5659 
5662 
5664 
5666 
5669 
5671 
5674 
5676 
5678 
5681 
5683 
5686 
5688 
5690 
5693 
5695 
5698 
5700 
5702 
5705 
5707 
5710 
5712 
Syke 
5717 
5719 
5721 
5724 
5726 
5729 
5731 
5733 
5736 
cos 


cos 
8290 
8289 
8287 
8285 
8284 
8282 
8281 
8279 
8277 
8276 
8274 
8272 
8271 
8269 
8268 
8266 
8264 
8263 
8261 
8259 
8258 
8256 
8254 
8253 
8251 
8249 
8248 
8246 
8245 
$243 
8241 
8240 
8238 
8236 
8235 
8233 
8231 
8230 
8228 
8226 
8225 
8223 
8221 
8220 
8218 
8216 
8215 
8213 
8211 
8210 
8208 
8207 
$205 
8203 
8202 
8200 
8198 
8197 
8195 
8193 
8192 
sin 


56° 


55° 
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NATURAL SINES AND COSINES. 


39° 


6104 
6106 
6108 
6111 
6113 
6115 
6118 
6120 
6122 
6124 
6127 
6129 
Aol silk 
6134 
6136 
6138 
6141 
6143 
6145 
6147 
6150 


6152. 


6154 


6157 
cos 


7905 
7903 
7902 
7900 


7898: 


7896 
7894 
7893 
7891 
7889 
7887 
7885 
7884 
7882 
7880 
‘sine, 


6273 
6275 
6277 
6280 
6282 
6284 
6286 
6289 
6291 
6293 
cos 


7788 
7786 
7784 
7782 
7781 
7779 
77177 
7775 
7773 
7771 


sin 


sin 
6293 
6295 
6298 
6300 
6302 
6305 
6307 
6309 
6311 
6314 
6316 
6318 
6320 
6323 
6325 
6327 
6329 
6332 
6334 
6336 
6338 
6341 
6343 
6345 
6347 
6350 
6352 
6354 
6356 
6359 
6361 
6363 
6365 
6368 
6370 
6372 
6374 
9376 
6379 
6381 
6383 
6385 
6388 
6390 
6392 
6394 
6397 
6399 
6401 
6403 
6406 
6408 
6410 
6412 
6414 
6417 
6419 
6421 
6423 
6426 
6428 
cos 


cos” 
Tht hepal 
7770 
7768 
7766 
7764 
7762 
7760 
7759 
HST! 
7755 
7753 
7751 
7749 
7748 
7746 
7744 
7742 
7740 
7738 
77137 
7735 
7733 
7731 
7729 
7727 
7725 
7724 
7722 
7720 
7718 
7716 
7714 
WINS 
7711 
7709 
7707 
7705 
7703 
7701 
7700 
7698 
7696 
7694 
7692 
7690 
7688 
7687 
7685 
7683 
7681 
7679 
7677 
7675 
7674 
7672 
7670 
7668 
7666 
7664 
7662 
7660 
sin 
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51° 


50° 


~ 
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43° 


42° 
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cos sin 


sin 
6691 
6693 
6696 
6698 
6700 
6702 
6704 
6706 
6709 
6711 
6713 
6715 
6717 
6719 
6722 
6724 
6726 
6728 
6730 
6732 
6734 
6737 
6739 
6741 
6743 
6745 
6747 
6749 
6752 
6754 
6756 
6758 
6760 
6762 
6764 
6767 
6769 
6771 
6773 
6775 
6777 
6779 
6782 
6784 
6786 
6788 
6790 
6792 
6794 
6797 
6799 
6801 
6803 
6805 
6807 
6809 
6811 
6814 
6816 
6818 


6820 


cos 


cos 
7431 
7430 
7428 
7426 
7424 
7422 
7420 
7418 
7416 
7414 
7412 
7410 
7408 
7406 
7404 
7402 
7400 
7398 
7396 
1394 
7392 
7390 
7388 
7387 
7385 
7383 
7381 
7379 
7377 
7375 
4343 
7371 
7369 
7367 
7365 
7363 
7361 
7359 
7357 
(ES 
7253 
7351 
7349 
7347 
7345 
7343 
7341 
7339 
7337 
7335 
7333 
F3ou 
7329 
7327 
7325 
7323 
7321 
7319 
7318 
7316 
7314 
sin 


49° 


sin 
6820 
6822 
6824 
6826 
6828 
6831 
6833 
6835 
6837 
6839 
6841 
6843 
6845 
6848 
6850 
6852 
6854 
6856 
6858 
6860 
6862 
6865 
6867 
6869 
6871 
6873 
6875 
6877 
6879 
6881 
6884 
6886 
6888 
6890 
6892 
6894 
6896 
6898 
6900 
6903 
6905 
6907 
6909 
6911 
6913 
6915 
6917 
6919 
6921 
6924 
6926 
6928 
6930 
6932 
6934 
6936 
6938 
6940 
6942 
6944 
6947 

cos 


cos 

7314 
7312 
7310 
7308 
7306 
7304 
7302 
7300 
7298 
7296 
7294 
7292 
7290 
7288 
7286 
7284 
7282 
7280 
7278 
7276 
7274 
7272 
7270 
7268 
7266 
7264 
7262 
7260 
7258 
7256 
7254 
7252 
7250 
7248 
7246 
7244 
7242 
7240 
7238 
7236 
7234 
7232 
7230 
7228 
7226 
7224 
7222 
7220 
7218 
7216 
7214 
7212 
7210 
7208 
7206 
7203 
7201 
7199 
7197 
7195 


7193 
sin 


7193 
7191 
7189 
7187 
7185 
7183 
7181 
7179 
TAT 
TTS 
aes 
7171 
7169 
7167 
7165 
7163 
7161 
7159 
7157 
7155 
7153 
750 
7149 
7147 
7145 
7143 
7141 
7139 
7137 
7135 
7133 
7130 
7128 
5 7126 
7124 
22) 
7120 
7118 
7116 
7114 
7112 
7110 
7108 
7106 
7104 
7102 
7100 
7098 
7096 
7094 
7092 
7090 
7088 
7085 
7083 
7081 
7079 
7077 
7075 
7073 
7071 
sin 


46° 


45° 
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NATURAL TANGENTS AND COTANGENTS. 61 


0° pk Le) 3° 
cot tan cot tan cot tan . cot tan cot 
Infinite 0175 57.2900 0349 28.6363 0524 19.0811 0699 14.3007 
3437.75 0177 56.3506 0352 28.3994 0527 18.9755 0702 14.2411 
1718.87 0180 55.4415 0355 28.1664 0530 188711 0705 14.1821 
1145.92 0183 54.5613 0358 27.9372 0533 18.7678 0708 14.1235 
859.436 0186 53.7086 0361 27.7117 0536 18.6656 0711 14.0655 
687.549 0189 52.8821 0364 27.4899 0539 18.5645 0714 14.0079 
572.957 0192 52.0807 0367 27.2715 0542 18.4645 0717 13.9507 
491.106 0195 51.3032 0370 27.0566 0544 18.3655 0720 13.8940 
429.718 0198 50.5485 0373 26.8450 0547 18.2677 0723 13.8378 
381.971 0201 49.8157 0375 26.6367 0550 18.1708 0726 13.7821 
343.774 0204 49.1039 0378 26.4316 0553 18.0750 0729 13.7267 
312.521 0207 48.4121 0381 26.2296 0556 17.9802 0731 13.6719 
286.478 0209 47.7395 0384 26.0307 0559 17.8863 0734 13.6174 
264.441 0212 47.0853 0387 25.8348 0562 17.7934 0737 13.5634 
245.552 0215 46.4489 0390 25.6418 0565 17.7015 0740 13.5098 
229.182 0218 45.8294 0393 25.4517 17.6106 0743 13.4566 
214.858 0221 45.2261 0396 25.2644 17.5205 0746 13.4039 
202.219. 0224 44.6386 0399 25.0798 0574 17.4314 0749 13.3515 
190.984 0227 44.0661 0402 24.8978 17.3432 0752 13.2996 
5 180.932 0230 43.5081 0405 24.7185 k 17.2558 0755 13.2480 
171.885 0233 42.9641 0407 24.5418 05 17.1693 0758 13.1969 
163.700 0236 42.4335 0410 24.3675 5 17.0837 0761 13.1461 
156.259 0239 41.9158 0413 24.1957 5 16.9990 0764 13.0958 
149.465 0241 41.4106 0416 24.0263 16.9150 0767 13.0458 
143.237 0244 40.9174 0419 23.8593 16.8319 0769 12.9962 
137.507 0247 40.4358 0422 23.6945 16.7496 0772 12.9469 
132.219 0250 39.9655 0425 23.5321 16.6681 0775 12.8981 
127.321 0253 39.5059 0428 23.3718 16.5874 0778 12.8496 
122.774 0256 39.0568 0431 23.2137 16,5075 0781 12.8014 
118.540 0259 38.6177 0434 23.0577 4283 0784 12.7536 
114.589 0262 38.1885 0437 22.9038 16 3499 0787 12.7062 
110.892 0265 37.7686 0440 22.7519 S 16.2722 0790 12.6591 
107.426 0268 37.3579 0442 22.6020 16.1952 0793 12.6124 
104.171 0271 36.9560 0445 22454 16.1190 0796 12.5660 
101.107 0274 36.5627 0448 22.30, 16.0435 0799 12.5199 
98.2179 0276 361776 0451 22.1640 15.9687 0802 12.4742 
5 95.4895 0279 358006 0454 22.0217 15.8945 0805 12.4288 
92.9085 0282 35.4313 0457 21.8813 15.8211 O808 12.3838 
90.4633 0285 35.0695 0460 21.7426 15.7483 0810 12.3390 
88.1436 0288 34.7151 0463 21.6056 15.6762 0813 12.2946 
85.9398 0291 34.3678 0466 21.4704 15.6048 0816 12.2505 
83.8435 0294 34.0273 0469 21.3369 15.5340 0819 12.2067 
81.8470 0297 33.6935 0472 21.2049 @ 15.4638. 0822 12.1632 
79,9434 0300 33.3662 0475 21.0747 50 15.3943 0825 12.1201 
78.1263 0303 33.0452 0477 20.9460 15.3254 0828 12.0772 
76.3900 0306 32.7303 0480 20.8188 5 15.2571 .O8375 112:0346 
74.7292 0308 32.4213 0483 20.6932 58 15.1893 0834 11.9923 
73.1390 0311 32.1181 0486 20.5691 15.1222 0837 11.9504 
71.6151 0314 31.8205 0489 20.4465 15.0557 0840 11.9087 
70.1533 0317 31.5284 0492 20.3253 14.9898 0843 11.8673 
68.7501 0320 31.2416 0495 20.2056 14.9244 0846 11.8262 
- 67.4019 0323 30.9599 0498 20.0872 3 14.8596 0849 11.7853 
66.1055 0326 30.6833 0501 19.9702 14.7954 0851 11.7448 
64.8580 0329 30.4116 0504 19.8546 14.7317 0854 11.7045 
63.6567 0332 30.1446 0507 19.7403 14.6685 0857 11.6645 
62.4992 0335 29.8823 0509 19.6273 5 14.6059 0860 11.6248 
61.3829 0338 29.6245 0512 19.5156 14.5438 0863 11.5853 
60.3058 0340 29.3711 0515 19.4051 14.4823 0866 11.5461 
59.2659 0343 29.1220 0518 19.2959 14.4212 0869 11.5072 
58.2612 0346 288771 0521 19.1879 14.3607 0872 11.4685 
57.2900 0349 28.6363 0524 19.0811 14.3007 0875 11.4301 
tan cot tan cot tan tan cot tan 


88° 87° 86° 85° 


an 
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NATURAL TANGENTS AND COTANGENTS. 


2° 


5° . 6° Wie s° 

tan cot tan cot tan cot tan cot tan cot 

0875 11.4301 1051 9.5144 1228 8.1443 1405 7.1154 1584 6.3138 
0878 11.3919 1054 9.4878 1231 8.1248 1408 7.1004 1587 6.3019 
O881 11.3540 1057 9.4614 1234 8.1054 1411 7.0855 1590 6.2901. 
0884 11.3163 1060 9.4352 1237 8.0860 1414 7.0706 1593 6.2783 
0887 11.2789 1063 9.4090 1240 8.0667 1417 7.0558 1596 6.2666 
0890 11.2417 1066 9.3831 1243 8.0476 1420 7.0410 1599 6.2549 
0892 11.2048 1069 9.3572 1246 8.0285 1423 7.0264 1602 6.2432 
0895 11.1681 1072 9.3315 1249 8.0095 1426 7.0117 1605 6.2316 
0898 11.1316 1075 9.3060 1251 7.9906 1429 6.9972 1608 6.2200 
0901 11.0954 1078 9.2806 1254 7.9718 1432 6.9827 1611 6.2085 
0904 11.0594 1080 9.2553 1257 7.9530 . 1435 6.9682 1614 6.1970” 
0907 11.0237 1083 9.2302 1260 7.9344 1438 6.9538 1617 6.1856 
0910 10.9882 1086 9.2052 1263 7.9158 1441 6.9395 1620 6.1742 
0913 10.9529 1089 9.1803 1266 7.8973 1444 6.9252 1623 6.1628 
0916 10.9178 1092 9.1555 1269 7.8789 1447.6.9110 1626 6.1515. 
0919 10.8829 1095 9.1309 1272 7.8606 1450 6.8969 1629 6.1402 
0922 10.8483 1098 9.1065. 1275 7.8424 1453 6.8828 1632 6.1290 
0925 10.8139 1101 9.0821 1278 7.8243 1456 68687 1635 6.1178 
0928 10.7797 1104 9.0579 1281 7.8062 1459 6.8548 1638 6.1066 
0931 10.7457 1107 9.0338 1284 7.73883 1462 6.8408 1641 6.0955 
0934 10.7119 1110 9.0098 1287 7.7704 1465 6.8269 1644 6.0844 
0936 10.6783 1113 8.9860 1290 7.7525 1468 6.8131 1647 6.0734 
0939 10.6450 1116 8.9623 1293 7.7348 1471 6.7994 1650 6.0624 
0942 10.6118 1119°8.9387 1296 7.7171 1474 6.7856 1653 6.0514 
0945 10.5789° 1122 8.9152 1299 7.6996 1477 6.7720 1655 6.0405 
0948 10.5462 1125 88919 1302 7.6821 1480 6.7584 1658 6.0296 
0951 10.5136 1128 8.8686 1305 7.6647 1483 6.7448 1661 6.0188 
0954 10.4813 1131 88455 1308 7.6473 1486 6.7313 1664 6.0080 
0957 10.4491 1134 88225 1311 7.6301 1489 6.7179 1667 5.9972 
0960 10.4172 1136 8.7996 1314 7.6129 1492 6.7045 1670 5.9865 
0963 10.3854 1139 8.7769 1317 7.5958 1495 66912 1673 5.9758 
0966 10.3538° 1142 8.7542 1319 7.5787 1497 6.6779 1676 5.9651 
0969 10.3224 1145 8.7317 1322 7.5618 1500 6.6646 1679 5.9545 
0972 10.2913 1148 8.7093 | 1325 7.5449 1503 6:6514 1682 5.9439 
0975 10.2602, 1151 8.6870 1328 7.5281 1506 6.6383 1685 5.9333 
0978 10.2294 1Ff54 86648 1331 7.5113 1509 6.6252° 1688 5.9228 
0981 10.1988 1157 8.6427 1334 7.4947 1512 °6.6122 1691 5.9124 
0983 10.1683 .1160 8.6208 1337 7.4781 —1515 6.5992 1694 5.9019 
0986 10.1381 1163 8.5989 1340 7.4615* (1518 6.5863° 1697 5.8915 
0989 10.1080 1166 8.5772 1343 7.4451 1521 6.5734 1700 5.8811 
0992 10.0780 1169 8.5555 1346 7.4287 1524 6.5606 1703 5.8708 
0995 10.0483 1172 8.5340 1349 7.4124 1527 6.5478 1706 5.8605 
0998 10.0187 1175 8.5126 1352 7.3962 1530 6.5350 1709 5.8502 
1001° 9.9893 1178-84913 1355 7.3800 1533 6.5223 14712 5.8400 
1004 9.9601 1181 84701 1358 7.3639 1536 6.5097 1715 5.8298 
1007 9.9310 1184 84490 1361 7.3479 1539 64971 1718 5.8197 
1010 9.9021 1187 84280 1364 7.3319 1542 6.4846 1721 5.8095 
1013. 9.8734 1189 84071 1367 7.3160 1545 64721 1724 5.7994 
1016 9.8448 1192 8.3863 1370 7.3002 1548 64596 1727 5.7894 
1019 9.8164 1195 8.3656 1373 7.2844 1551 64472 1730 5.7794 
1022 9.7882 1198 8.3450 1376 7.2687 1554 6.4348 1733 5.7694 
1025 9.7601 -1201 8.3245 “1379 7.2531 155764225" 1736 5.759% 
1028 9.7322 1204 8.3041 1382 7.2375 1560 6.4103 1739 5.7495 
1030 9.7044 1207 8.2838 1385 7.2220 1563 63980 1742 5.7396 
1033 9.6768 1210 8.2636 1388 7.2066 1566 6.3859 1745 5.7297 
1036 9.6499 1213 8.2434 1391 7.1912 1569 6.3737 1748 5.7199 
1039 96220 1216 8.2234 1394 7.1759 1572 6.3617 1751 5.7101 
1042 9.5949 1219 8.2035 1397 7.1607: 1575 6.3496 1754 5.7004 
1045 9.5679 1222 8.1837 1399 7.1455 1578 6.3376 1757 5.6906 
1048 9.5411 1225 8.1640 1402 7.1304 1581 6.3257. 1760 5.6809 
1051 9.5144 1228 8.1443 1405 7.1154 1584 6:3138° 1763 5.6713 
cot tan cot tan cot tan cot tan cot tan 


$2° 


81° 


80° 
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NATURAL TANGENTS AND COTANGENTS. 
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10° 11° 
tan cot tan cot tan cot tan cot tan cot 
1763 5.6713 1944 5.1446 2126 4.7046 2309 4.3315 2493 4.0108 
1766 5.6617 1947 5.1366 2129 4.6979 2312 4.3257 2496 4.0058 
1769 5.6521 1950 5.1286 2132 4.6912 2315 4.3200 2499 4.0009 
1772 5.6425 1953 5.1207 2135 4.6845 2318 4.3143 2503 3.9959 
1775 5.6330 1956 5.1128 2138 4.6779 2321 4.3086 2506 3.9910 
1778 5.6234 1959 5.1049 2141 4.6712 2324 4.3029 2509 3.9861 
1781 5.6140 1962 5.0970 2144 4.6646 2327 4.2972 2512 3.9812 
1784 5.6045 1965 5.0892 2147. 4.6580 2330 4.2916 2515 3.9763 
1787 5.5951 1968 5.0814 2150 4.6514 2333 4.2859 2518 3.9714 
1790 5.5857 1971 5.0736 2153 4.6448 2336 4.2803 2521. 3.9665 
1793 5.5764 1974 5.0658 2156 4.6382 2339 4.2747 2524 3.9617 
1796 5.5671 1977 5.0581 ¢ 2159 4.6317 2342 4.2691 2527 3.9568 
1799 5.5578 1980 5.0504 2162 4.6252 2345 4.2635 2530 3.9520 
1802 5.5485 1983 5.0427 2165 4.6187 2349 4.2580 2533 3.9471 
1805 5.5393 1986 5.0350 2168 4.6122 2352 4.2524 2537 3.9423 
1808 5.5301 1989’ 5.0273 2171 4.6057 2355 4.2468 2540 3.9375 
1811 5.5209 1992 5.0197 2174 4.5993 2358 4.2413 2543 3.9327 
1814 5.5118 1995 5.0121 2177 4.5928 2361 4.2358 2546 3.9279 
1817 5.5026 1998 5.0045 2180 4.5864 2364 4.2303 2549 3.9232 
1820 5.4936 2001- 4.9969 2183 4.5800 2367 4.2248 2552 3.9184 
1823 5.4845 2004 4.9894 2186 4.5736 2370 4.2193 2555 3.9136 
1826 5.4755 2007 4.9819 2189 4.5673 2373 4.2139 2558 3.9089 
1829 5.4665 2010 4.9744 2193 4.5609 2376 4.2084 2561 3.9042 
1832 5.4575 2013 4.9669 2196 4.5546 2379 4.2030 2564 3.8995 
1835 5.4486 2016 4.9594 2199 4.5483 2382 4.1976 2568 3.8947 
1838 5.4397 2019 4.9520 2202 4.5420 2385 4.1922 2571 3.8900 
1841 5.4308 2022 4.9446 2205 4.5357 2388 4.1868 2574 3.8854 
1844 5.4219 2025 4.9372 2208 4.5294 2392 4.1814 2577 3.8807 
1847 5.4131 2028 4.9298 2211 4.5232 2395 4.1760 2580 3.8760 
1850 5.4043 2031 4.9225 2214 4.5169 2398 4.1706 2583 3.8714 
1853 5.3955 2035 4.9152 2217 4.5107 2401 4.1653 2586 3.8667 
1856 5.3868 2038 4.9078 2220 4.5045 2404 4.1600 2589 3.8621 
1859 5.3781 2941 4.9006 2223 4.4983 2407 4.1547 2592 3.8575 
1862 5.3694 2044 4.8933 2226. 4.4922 2410 4.1493 2595 3.8528 
1865 5.3607 2047 4.8860 2229 4.4860 2413 4.1441 2599 3.8482 
1868 5.3521 2050 4.8788 2232 4.4799 2416 4.1388 2602 3.8436 
1871 5.3435 2053 4.8716 2235 4.4737 2419 4.1335 2605 3.8391 
1874 5.3349 2056 4.8644 2238 4.4676 2422 4.1282 2608 3.8345 
1877 5.3263 2059 4.8573 2241 4.4615 2425 4.1230 2611 3.8299 
1880 5.3178 2062 4.8501 2244 4.4555 2428 4.1178 2614 3.8254 
1883 5.3093 2065 4.8430 2247 4.4494 2432 4.1126 2617 3.8208 
1887 5.3008 2068 4.8359 2251 4.4434 2435 4.1074 2620 3.8163 
1890 5.2924 2071 4.8288 2254 4.4374 2438 4.1022 2623 3.8118 
1893 5.2839 2074 4.8218 2257 4.4313 2441 4.0970 2627 3.8073 
1896 5.2755 2077 4.8147 2260 4.4253 2444 4.0918 2630 3.8028 
1899 5.2672 2080 4.8077 2263 4.4194 2447 4.0867 2633 3.7983 
1902 5.2588 2083 4.8007 2266 4.4134 2450 4.0815 2636 3.7938 
1905 5.2505 2086 4.7937 2269 4.4075 2453 4.0764 2639 3.7893 
1908 5.2422 2089 4.7867 2272 4.4015 2456 4.0713 2642 3.7848 
1911 5.2339 2092 4.7798 2275 4.3956 2459 4.0662 2645 3.7804 
1914 5.2257 2095 4.7729 2278 4.3897 2462 4.0611 2648 3.7760 
1917 5.2174 2098 4.7659 2281 4.3838 2465 4.0560 2651 3.7715 
1920 5.2092 2101 4.7591 2284 4.3779 2469 4.0509 2655 3.7671 
1923 5.2011 2104 4.7522 2287 4.3721 2472 4.0459 2658 3.7627 
1926 5.1929 2107 4.7453 2290 4.3662 2475 4.0408 2661 3.7583 
1929 5.1848 2110 4.7385 2293 4.3604 2478 4.0358 266+ 3.7539 
1932 5.1767 2113 4.7317 2296 4.3546 2481 4.0308 2667 3.7495 
1935 5.1686 2116 4.7249 2299 4.3488 2484 4.0257 2670 3.7451 
1938 5.1606 2119 4.7181 2303 4.3430 2487 4.0207 2673 3.7408 
1940 5.1526 . 2123 4.7114 2306 4.3372 2490 4.0158 2676 3.7364 
1944 5.1446 2126 4.7046 2309 4.3315 2493 4.0108 2679 3.7321 
cot tan cot tan cot tan cot tan cot tan 
ire 76° 75° 


79° 


78° 
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NATURAL TANGENTS AND COTANGENTS. 


15° 16° 17° 18° 19° 

tan cot tan cot tan cot tan cot tan cot 
2679 3.7321 2867 3.4874 3057 3.2709 3249 3.0777 3443 . 2.9042 
2683 3.7277 2871 3.4836 3060 3.2675 3252 3.0746 3447 2.9015 
2686 3.7234 2874 3.4798 3064 3.2641 3256 3.0716 3450 2.8987 
2689 3.7191 2877 3.4760 3067 3.2607 3259 3.0686 3453 2.8960 
2692 3.7148 2880 3.4722 SOROS 2573 3262 3.0655 3456 2.8933 
2695 3.7105 2883 3.4684 3073 3.2539 3265 3.0625 3460 2.8905 
2698 3.7062 2886 3.4646 3076 3.2506 3269 3.0595 3463 2.8878 
2701 3.7019 2890 3.4608 3080 3.2472 3272 3.0565 3466 2.8851 
2704+ 3.6976 2893 3.4570 3083 3.2438 3275 3.0535 3469 2.8824 
2708 3.6933 2896 3.4533 3086 3.2405 3278 3.0505 3473 2.8797 
2711 3.6891 2899 3.4495 3089 3.2371 3281 3.0475 3476 2.8770 
2714 3.6848 2902 3.4458 3092 3.2338 3285 3.0445 3479 2.8743 
2717 3.6806 2905 3.4420 3096 3.2305 3288 3.0415 3482 2.8716 
2720 3.6764 2908 3.4383 3099 3.2272 3291 3.0385, 3486 2.8689 
HPS) GLOED 2912 3.4346 3102 3.2238 3294 3.0356 3489 2.8662 
2726 3.6680 2915 3.4308 3105 3.2205 3298 3.0326 3492 2.8636 
2729 3.6638 2918 3.4271 3108 3.2172 3301 3.0296 3495 2.8609 
2733 3.6596 2921 3.4234 3111 3.2139 3304 3.0267 3499 2.8582 
2736 3.6554 2924 3.4197 3115 3.2106 3307 3.0237 3502 2.8556 
2739 3.6512 2927 3.4160 3118 3.2073 3310 3.0208 3505 2.8529 
2742 3.6470 2931 3.4124 3121 3.2041 3314 3.0178 3508 2.8502 
2745: 3.6429 2934 3.4087 3124 3.2008 3317 30149 3512 2.8476 
2748 3.6387 2937 3.4050 3127 3.1975 3320 3.0120 3515 2.8449 
2751 3.6346 2940 3.4014 3131 3.1943 3323 3.0090 3518 2.8423 
2754 3.6305 2943 3.3977 3134 3.1910 3327 3.0061 3522 2.8397 
2758 3.6264 2946 3.3941 3137 3.1878 3330 3.0032 3525 2.8370 
2761 3 6222 2949 3.3904 3140 3.1845 3333 3.0003 3528 2.8344 
276+ 3.6181 2953 3.3868 3143 3.1813 3336 2.9974 3531 2.8318 
2767 3.6140 2956 3.3832 3147 3.1780 3339 2.9945 3535 2.8291 
2770 3.6100 2959 3.3796 3150 3.1748 3343 29916 3538 2.8265 
2773 3.6059 2962 3.3759 3153 3.1716 3346 2.9887 3541 2.8239 
2776 3.6018 2965 3.3723 3156 3.1684 3349 2.9858 3544 2.8213 
2780 3.5978 2968 3.3687 3159 3.1652 3352 2.9829 3548 2.8187 
2783 3.5937 2972 3.3652 3163 3.1620 3356 2.9800 3551 2.8161 
2786 3.5897 2975. 3.3616 3166 3.1588 3359 2.9772 3554 2.8135 
2789 3.5856 2978 3.3580 3169 3.1556 3362 2.9743 3558 2.8109 
2792 3.5816 2981 3.3544 3172 3.1524 3365 2.9714 3561 2.8083 
2795 3.5776 2984 3.3509 3175 3.1492 3369 2.9686 3564 2.8057 
2798 3.5736 2987 3.3473 3179 3.1460 3372 2.9657 3567 2.8032 
2801 3.5696 2991 3.3438 3182 3.1429 3375 2.9629 3571 2.8006 
2805 3.5656 2994 3.3402 3185 3.1397 3378 2.9600 3574 2.7980 
2808 3.5616 2997 3.3367 3188 3.1366 3382 2.9572 3577 2.7955 
2811 3.5576 3000 8.3332 3191 3.1334 3385 2.9544 3581 2.7929 
2814 3.5536 3003 3.3297 319553.1508 3388 2.9515 3584 2.7903 
2817 3.5497 3006 3.3261 3198 3.1271 3391 2.9487 3587 2.7878 
2820 3.5457 3010 3.3226 3201 3.1240 3395 2.945 3590 2.7852 
2823 3.5418 3013 3.3191 3204 - 3.1209 3398 2.9431 3594 2.7827 
2827 3.5379 3016 3.3156 3207 3.1178 3401 2.9403 3597 2.7801 
2830 3.5339 3019 3.3122 3211 3.1146 3404 2.9375 3600 2.7776 
2833 3.5300 3022 3.3087 3214 3.1115 3408 2.9347 3604 2.7751 
2836 3.5261 3026 3.3052 3217 3.1084 3411 2.9319 3607 2.7725 
2839 3.5222 3029 3.3017 3220 3.1053 3414 2.9291 3610 2.7700 
2842 3.5183 3032 3.2983 3225 6o L022 3417 2.9263 3613 2.7675 
2845 3.5144 3035 3.2948 3227 3.0991 3421 2.9235 3617 2.7650 
2849 3.5105 3038 3.2914 3230 3.0961 3424 2.9208 3620 2.7625 
2852 3.5067 3041 3.2880 3233 3.0930 3427 2.9180 3623 2.7600 
2855 3.5028 3045 3.2845 3236 3.0899 3430 2.9152 3627 2.7575 
2858 3.4989 -3048 3.2811 3240 3.0868 3434 2.9125 3630. 2.7550 
2861 3.4951 SOS eoeeniin 3243 3.0838 3437 2.9097 3633 2.7525 
286+ 3.4912 3054 3.2743 3246 3.0807 3440 2.9070 3636 2.7500 
2867 3.4874 3057 3.2709 3249 3.0777 3443 2.9042 3640 2.7475 
cot tan cot tan cot tan cot é 


T2° 


NATURAL TANGENTS AND COTANGENTS. 


24° 


cot 
2.7475 
2.7450 
2.7425 
2.7400 
2.7376 
2.7351 
2.7326 
2.7302 

Me ir 
2.7253 
2.7228 
2.7204 
2.7179 
ZA AVS 
2.7130 
2.7106 
2.7082 
2.7058 
2.7034 
2.7009 
2.6985 
2.6961 
2.6937 
2.6913 
2.6889 
2.6865 
2.6841 
2.6818 
2.6794 
2 6770 
2.6746 
2.6723 
2.6699 
2.6675 
2.6652 
2.6628 
2.6605 
2.6581 
2.6558 
2.6534 
2.6511 
2.6488 
2.6464 
2.6441 
2.6418 
2.6395 
2.6371 
2.6348 
2.6325 
2.6302 
2.6279 
2.6256 
2.6233 
2.6210 
2.6187 
2.6165 
3825 26142 
3829 2.6119 
3832 2.6096 
3835 2.6074 
3839 2.6051 
cot tan 


69° 


tan 
3839 
3842 
3845 
3849 
3852 
3855 
3859 
3862 
3865 
3869 
3872 
3875 
3879 
3882 
3885 
3889 
3892 
3895 
3899 
3902 
3906 
3909 
3912 
3916 
3919 
3922 
3926 
3929 
3932 
3936 
3939 
3942 
3946 
3949 
3953 
3956 
3959 
3963 
3966 
3969 
3973 
3976 
3979 
3983 
3986 
3990 
3993 
3996 
4000 
4003 
4006 
4010 
4013 
4017 
4020 
4023 
4027 
4030 
4033 
4037 
4040 
cot 


cot 
2.6051 
2.6028 
2.6006 
2.5983 
2.5961 
2.5938 
2.5916 
2.5893 
2.5871 
2.5848 
2.5826 
2.5804 
2.5782 
2.5759 
Z2oi3t 
apostles 
2.5693 
2.5671 
2.5649 
2.5627 
2.5605 
2.5533. 
2.5561 
2.5539 
2.5517 
2.5495 
2.5473 
2.5452 
2.5430 
2.5408 
2.5386 
2.5365 
2.5343 
2.5322 
2.5300 
2.5279 
PR VAM 
2:5236 
2.5214 
2.5193 
2.5172 
2.5150 
2.5129 
25108 
2.5086 
2.5065 
2.5044 
2.5023 
2.5002 
2.4981 
2.4960 
2.4939 
2.4918 
2.4897 
2.4876 
2.4855 
2.4834 
2.4813 
2.4792 
2.4772 
2.4751 
tan 


2.4668 
2.4648 
2.4627 
2.4606 
2.4586 
2.4566 
2.4545 
2.4525 
2.4504 
2.4484 
2.4464 
2.4443 
2.4423 
2.4403 
2.4383 
5 2.4362 
2.4342 
2.4322 
2.4302 
2.4282 
2.4262 
5 2.4242 
2.4222 
2.4202 
2.4182 
2.4162 
2.4142 
2.4122 
2.4102 
2.4083 
2.4063 
2.4043 
2.4023 
2.4004 
2.3984 
2.3964 
2.3945 
2.3925 
2.3906 
2.3886 
2.3867 
2.3847 
2.3828 
2.3808 
2 3789 
2.3770 
2.3750 
Doo 
QaoMle; 
2.3693 
2.3673 
2.3654 
2.3635 
2.3616 
2.0597 
2.3578 
2.3559 
cot tan 


tan 

4245 
4248 
4252 
4255 
4258 
4262 
4265 
4269 
4272 
4276 
4279 
4283 
4286 
4289 
4293 
4296 
4300 
4303 
4307 
4310 
4314 
4317 
4320 
4324 
4327 
4331 
4334 
4338 
4341 
4345 
4348 
4352 
4355 
4359 
4362 
4365 
4369 
4372 
4376 
4379 
4383 
4386 
4390 
4393 
4397 
4400 
4404 
4407 
4411 
4414 
4417 
4421 
4424 
4428 
4431 
4435 
4438 
4442 
4445 
4449 
4452 

cot 


cot 
2.3559 
2.3539 
2.3520 
2.3501 
2.3483 
2.3464 
2.3445 
2.3426 
2.3407 
2.3388 
2.3369 
25K: 
2.3332 
23305 
2.3294 
2.3276 
Pasovrss)| 
2.3238 
2.3220 
2.3201 
2.3183 
2.3164 
2.3146 
Qo 
2.3109 
2.3090 
2.3072 
2.3053 
2.3035 
2.3017 
2.2998 
2.2980 
2.2962 
2.2944 
2.2925 
2.2907 
2.2889 
2.2871 
2.2853 
2.2835 
220Nd 
2.2199 
2.2781 
2.2763 
2.2745 
QZ21oU 
2.2709 
2.2691 
2.2673 
2.2655 
2.2637 
2.2620 
2 2602 
2.2584 
2.2566 
2.2549 
22530 
2253 
2.2496 
2.2478 
2.2460 
tan 


tan 

4452 
4456 
4459 
4463 
4466 
4470 
4473 
4477 
4480 
4484 
4487 
4491 
4494 
4498 
4501 
4505 
4508 
4512 
4515 
4519 
4522 
4526 
4529 
4533 
4536 
4540 
4543 
4547 
4550 
4554 
4557 
4561 
4564 
4568 
4571 
4575 
4578 
4582 
4585 
4589 
4592 
4596 
4599 
4603 
4607 
4610 
4614 
4617 
4621 
4624 
4628 
4631 
4635 
4638 
4642 
4645 
4649 
4652 
4656 
4660 


4663 
cot 


cot 
2.2460 
2.2443 
2.2425 
2.2408 
2.2390 
2.2373 
2.2355 
2.2338 
2.2320 
2.2303 
2.2286 
2.2268 
2.2251 
2.2234 
2.2216 
2.2199 
2.2182 
2.2165 
2.2148 
2.2130 
PRS) 
2.2096 
2.2079 
2.2062 
2.2045 
2.2028 
2.2011 
2.1994 
2.1977 
2.1960 
2.1943 
2.1926 
2.1909 
2.1892 
2.1876 
2.1859 
2.1842 
2.1825 
2.1808 
2.1792 
21775 
2758 
2.1742 
2.1725 
2.1708 
2.1692 
2.1675 
2.1659 
2.1642 
2.1625 
2.1609 
2.1592 
2.1576 
2.1560 
2.1543 
2.1527 
2.1510 
2.1494 
2.1478 
2.1461 
2.1445 
tan 


SHrnwaM anno 


OSs 


67° 


66° 


65° 


66 NATURAL TANGENTS AND COTANGENTS. 


25° 26° 27° 28° 29° 

tan cot tan cot tan cot tan cot tan cot 

4603 2.1445 4877 2.0503 5095 1.9626 5317 1.8807 5543 + 1.8040 
46067 2.1429 4881 2.0488 5099 1.9612 5321 1.8794 5547 1.8028 
4670 2.1413 4885 2.0473 5103 1.9598 5325 1.8781 5551 1.8016 
4674 2.1396 4888 2.0458 5106 1.9584 5328 1.8768 5555 1.8003 
4677 2.1380 4892 2.0443 5110 1.9570 5332 1.8755 5558 1.7991 
4681 2.1364 4895 2.0428 5114 1.9556 5336 1.8741 5562 1.7979 
4684 2.1348 4899 2.0413 5117 1.9542 5340 1.8728 5566 1.7966 
4688 2.1332 4903 2.0398 5121 1.9528 5343 1.8715 -5570) 17-7954 
4691 2.1315 4906 2.0383 5125 1.9514 5347 1.8702 5574 1.7942 
4695 2.1299 4910 2.0368 5128 1.9500 5351 1.8689 5577 1.7930 
4699 2.1283 4913 2.0353 5132 1.9486 5354 1.8676 5581 1.7917 
4702 2.1267 4917 2.0338 §136 1.9472 5358 1.8663 5585 1.7905 
4706 2.1251 4921 2.0323 5139 1.9458 5362 1.8650 5589 1.7893 
4709 2.1235 4924 2.0308 goits 1.9444 5366 1.8637. 5593 1.7881 - 
4713 2.1219 4928 2.0293 5147 1.9430 5369 1.8624 5596 1.7868 
4716 2.1203 4931 2.0278 5150 1.9416 Sots 1, SOLE 5600 1.7856 
4720 2.1187 4935 2.0263 5154 1.9402 5377 1.8598 5604 1.7844 
4723 2.1171 4939 2.0248 5158 1.9388 5381 1.8585 5608 1.7832 
4727 2.1155 4942 2.0233 5161 1.9375 5384 1.8572 5612 1.7820 
4734 2.1139 4946 2.0219 5165 1.9361 5388 1.8559 5616 1.7808 
4734 2.1123 4950 2.0204 5169 1.9347 5392 1.8546 5619 1.7796 
4738 2.1107 4953 2.0189 5172 1.9333 5396 1.8533 5623 1.7783 
4741 2.1092 4957 2.0174 5176 1.9319 5399 1.8520 5627— 0.7771 

4745 2.1076 4960 2.0160 5180 1.9306 5403 1.8507 5631 1.7759 
4748 2.1060 4964 2.0145 5184 1.9292 5407 1.8495 5635 1.7747 
4752 2.1044 4968 2.0130 5187 1.9278 5411 1.8482 5639’ 1.7735 

4755 2.1028 4971 2.0115 §191 1.9265 5415 1.8469 5642 1.7723 
4759 2.1013 4975 2.0101 §195° 1.9251 5418 1.8456 5646 1.7711 

4763 2.0997 4979 2.0086 5198 1.9237 5422 1.8443 5650 1.7699 
4766 2.0981 4982 2.0072 5202 1.9223 5426 1.8430 5654 1.7687 
4770 2.0965 4986 2.0057 5206 1.9210 5430 1.8418 5658 1.7675 
4773 2.0950 4989 2.0042 5209 1.9196 5433 1.8405 5662 1.7663 
4777 2.0934 4993 2.0028 5213 1.9183 5437 1.8392 5665 1.7651 
4780 2.0918 4997 2.0Q13 5217 1.9169 5441 1.8379 5669 1.7639 
4784 2.0903 5000 1.9999 5220. 1.9155 5445 1.8367 5673 1.7627 
4788 2.0887 5004 1.9984 5224 1.9142 5448 1.8354 50¢7 Lefols 
4791 2.0872 5008 1.9970 §228 1.9128 5452 1.8341 5681 1.7603 
4795 2.0856 5011 1.9955 5232" FOUTS 5456 1.8329 $685 1.7591 
4798 2.0840 5015 1.9941 5235 1.9101 5460 1.8316 5688 1.7579 
4802 2.0825 5019 1.9926 5239 1.9088 5464 1.8303 5692 1.7567 
4806 2.0809 5022 1.9912 5243 1.9074 5467 1.8291 5696 1.7556 
4809 2.0794 5026 1.9897 5246 1.9061 5471 1.8278 5700 1.7544 
4813 2.0778 5029 1.9883 5250 1.9047 5475 1.8265 5704 1.7532 
4816 2.0763 5033 1.9868 5254 1.9034 5479 1.8253 §708 1.7520 
4820 2.0748 5037 1.9854 #6258 1.9020 5482 1.8240 §712 1.7508 
4823 2.0732 5040 1.9840 5261 1.9007 5486 1.8228 5715 1.7496 
4827 2.0717 5044 1.9825 5265 1.8993 5490 1.8215 5719 1.7485 
4831 2.0701 5048 1.9811 5269 1.89804 5494 1.8202 5723 1.7473 
4834 2.0686 5051 1.9797 5272 1.8967 5498 1.8190 5727 1.7461 
4838 2.0671 5055 1.9782 5276 1.8953 §501 1.8177 5731 1.7449 
4841 2.0655 5059 1.9768 5280 1.8940 5505 1.8165 5735 1.7437 
4845 2.0640 5062 1.9754 ~ 5284 1.8927 509 1.8152 5739 1.7426 
4849 2.0625 5066 1.9740 5287 1.8913 §513 1.8140 $743. 1.7414 
4852 2.0609 5070 1.9725 5291 1.8900 SYouligs URS Tee4 5746 1.7402 
4856 2.0594 5073 1.9711 5295 1.8887 §520 1.8115 §750 1.7391 
4859 2.0579 5077 1.9697 §298 1.8873 §524 1.8103 5754 1.7379 
4863 20564 5081 1.9683 5302 1.8860 5528 1.8090 5/SS2 7307 
4867 2.0549 5084 1.9669 5306 1.8847 5532 1.8078 §762 1.7355 
4870 2.0533 5088 1.9654 5310 1.8834 §535 1.8065 5766 1.7344 
4874 2.0518 5092 1.9640 5313 1.8820 5539 1.8053 5770 1.7332 
4877 2.0503 5095 1.9626 $317 1.8807 5543 1.8040 $774 1.7321 
cot tan cot tan cot tan cot tan cot tan 


64° 63° 62°" 61° 60° 


ee 


58° 


NATURAL TANGENTS AND COTANGENTS. 67 
f 30° eal1° 32° 33° 34° f 
tan cot tan cot tan cot tan cot tan cot 
O| 5774 1.7321 6009 1.6643 6249 1.6003 6494 1.5399 6745 1.48296 |60 
1 5777 1.7309 6013 1.6632 6253 1.5993 6498 1.5389 6749 1.4816 | 59 
2) 5781 1.7297 6017 16621 6257 1.5983 6502 1.5379 6754 1.4807 .| 58 
3 5785 1.7286 6020 1.6610 6261 1.5972 6506 1.5369 6758 1.4798 | 57 
4 5789 1.7274 6024 1.6599 6265 1.5962 6511 1.5359 6762 14788 | 56]. 
5 5793 1.7262 6028 1.6588 6269 1.5952 6515 1.5350 6766 1.4779 |5S} 
6 | 5797 1.7251 6032 1.6577 6273 1.5941 6519 1.5340 6771 14770 | 54 
7 5801 1.7239 6036 1.6566 6277 1.5931 6523 1:5330 6775 1.4761 53 
i s 5805 1.7228 6040 1.6555 6281 1.5921 6527 1.5320 6779 14751 52 
9 5808 1.7216 6044 1.6545 6285 1.5911 6531 1.5311 6783 1.4742 | 51 
10/ 5812 1.7205 6048 1.6534 6289 1.5900 6536 1.5301 6787 1.4733 |5Ol| 
ll 5816 1.7193 6052 1.6523 ~ 6293 1.5890 6540 1.5291 6792 1.4724 | 49 
12 5820 1.7182 6056 1.6512 6297 1.5880 6544 1.5282 6796 1.4715 | 48 
13 5824 1.7170 6060 1.6501 6301 1.5869 6548 1.5272 6800. 1.4705 | 47 
14 5828 1.7159 6064 1.6490 6305 1.5859 - 6552 1.5262 6805 1.4696 | 46 
15| 5832 1.7147 6068 1.6479 6310 1.5849 6556 1.5253 6809 1.4687 [45 
16 5836 1.7136 6072 1.6469 6314 1.5839 6560 1.5243 6813 14678 | 44 
17 5840 1.7124 6076 1.6458 6318 1.5829 6565 1.5233 6817 1.4669 | 43 
18 5844 1.7113 6080 1.6447 6322 1.5818 6569 1.5224 6822 1.4659 | 42 
19 5847 1.7102 6084 1.6436 6326 1.5808 6573 1.5214 6826 1.4650 | 41 
20;| 5851 1.7090 . 6088 1.6426 6330 1.5798 6577 1.5204 6830 1.4641 |40 
y 21 5855 1.7079 6092 1.6415 6334 1.5788 6581 1.5195 6834 1.4632 | 39 
22 5859 1.7067 6096 1.6404 6338 1.5778 6585 1.5185 6839 1.4623 | 38 f 
23 5863 1.7056 6100 1.6393 6342 1.5768 6590 1.5175 6843 1.4614 | 37 
24 | 5867 1.7045 6104 1.6383 6346 1.5757 6594 1.5166 6847 1.4605 | 36 
25; 5871 1.7033 6108 1.6372 6350 1.5747 6598 1.5156 6851 1.4596 |35 
26 5875 1.7022 6112 1.6361 6354 1.5737 6602 1.5147 6856 1.4586 | 34 
27 5879 1.7011 6116 1.6351 6358 1.5727 6606 1.5137 6860 1.4577 | 33 
28 5883 1.6999 6120 1.6340 6363 1.5717 6610 1.5127 6864 1.4568 | 32 
29 5887 1.6988 6124 1.6329 6367 1.5707 6615 1.5118 6869 1.4559 | 31 
30| 5890 1.6977 6128 16319 6371 1.5697 6619 1.5108 6873 1.4550 |380 
31 5894 1.6965 6132 1.6308 6375 1.5687 6623 1.5099 6877 1.4541 | 29 
32 5898 1.6954 6136 1.6297 6379 1.5677 6627 1.5089 6881 1.4532 | 28 
33 5902 1.6943 6140 1.6287 6383 1.5667 6631 1.5080 6886 1.4523 | 27 
34 5906 1.6932 6144 1.6276 6387 1.5657 6636 1.5070 6890 1.4514 | 26 
35) 5910 1.6920 6148 1.6265 6391 1.5647 6640 1.5061 6894 14505 |25 
36 5914 1.6909 6152 16255 6395 1.5637 6644 1.5051 6899 1.4496 24 § 
37 5918 1.6898 6156 1.6244 6399 1.5627 6648 1.5042 6903 1.4487 23 
38 5922 1.6887 6160 1.6234 6403 1.5617 6652 1.5032 6907 1.4478 | 22 
, | 39 5926 1.6875 6164 1.6223 6408 1.5607 6657 1.5023 6911 1.4469 | 21 
440| 5930 1.6864 6168 1.6212 6412 1.5597 6661 1.5013 6916 1.4460 |20 
41 5934 1.6853 6172 1.6202 6416 1.5587 6665 1.5004 6920 1.4451 19 
42 5938 1.6842 6176 1.6191 6420 1.5577 6669 1.4994 6924 1.4442 18 | 
43 5942 1.6831 6180 1.6181 6424 1.5567 6673 1.4985 6929 1.4433 17 
cine 5945 1.6820 6184 1.6170 6428 1.5557 6678 1.4975 6933 1.4424 16 
145] 5049 1.6808 6188 1.6160 6432 1.5547 6682 14966 6937 14415 |15 
46 5953 1.6797 6192 1.6149 6436 1.5537 6686 1.4957 6942 1.4406 Ile; 
47 5957 1.6786 6196 1.6139 6440 1.5527 6690 1.4947 6946 1.4397 13 } 
48 5961 1.6775 6200 1.6128 6445 1.5517 6694 1.4938 6950 1.4388 - | 12 
49 5965 1.6764 6204 1.6118 6449 1.5507 6699 1.4928 6954 1.4379 ll 
5O| 5969 1.6753 6208 1.6107 6453 1.5497 6703 1.4919 6959 1.4370 |10 
51 5973 1.6742 6212 1.6097 6457 1.5487 6707 1.4910 6963 1.4361 9 
52 5977 1.6731 6216 1.6087 6461 1.5477 6711 1.4900 . 6967 1.4352 8 
53 5981 1.6720 6220 1.6076 6465 1.5468 6716 14891 6972 1.4344 7 
‘154 | .5985 1.6709 6224 1.6066 6469 1.5458 6720 1.4882 6976 1.4335 6 
55} 5989 1.6698 6228 1.6055 6473 1.5448 6724 1.4872 6980 1.4326 5 
156} 5993 1.6687 6233 1.6045 6478 1.5438 6728 1.4863 6985 1.4317 4 
oh 5997 1.6676 6237 1.6034 6482 1.5428 6732 1.4854 6989 1.4308 3 
58 | 6001 1.6665 6241 1.6024 6486 1.5418 6737 1.4844 6993 1.4299 2 
59 | 6005 1.6654 6245 1.6014 6490 1.5408 6741 14835 6998 1.4290 i 
6O} 6009 1.6643 6249 1.6003 6494 1.5399 6745 1.4826 7002 1.4281 oO; 
cot tan eot tan cot tan cot tan cot tan a al 
’ 59° 67° 56° 55° 


68 NATURAL TANGENTS AND COTANGENTS. 


35° 36° 37° 38° 
cot tan cot - tan cot tan cot 
1.4281 7265 1.3764 7536 1.3270 7813 1.2799 
1.4273 MOM one 7540: 1.3262 7818 1.2792 
1.4264 7274 1.3747 7545 1.3254 7822 1.2784 
1.4255 7279 1.3739 7549 - 1.3246 7827 1.2776 
1.4246 7283 1.3730 7554 1.3238 7832 1.2769 
1.4237 7288 1.3722 7558 1.3230 7836 1.2761 
1.4229 OMe AN BITS} 7563 1.3222 7841 1.2753 
1.4220 7297 1.3705 7568 1.3214 7846 1.2746 
1.4211 7301 1.3697 7572 1.3206 7850 1.2738 
1.4202 7306 1.3688 7577 + 1.3198 7355 LeZ73t 
1.4193. 7310 1.3680 7581 1.3190 7860 1.2723 
1.4185 7314 1.3672 7586 1.3182 7865 1.2715 
1.4176 7319 1.3663 7590 1.3175 7869 1.2708 
1.4167 7323) 1.3055 7595. 1.3167 7874 1.2700 
1.4158 7328 1.3647. 7600 1.3159 7879 1.2693 
1.4150 7332 1.3638 7604 1.3151 7883 1.2685 
1.4141 7337 1.3630 7609 1.3143 7888 1.2677 
1.4132 7341 1.3622 4613 A335 7893 1.2670 
1.4124 7346 1.3613 7618 1.3127 7898 1.2662 
1.4115 7350 1.3605 7623 1.3119 7902 1.2655 
1.4106 7355 1.3597 162 0Cee OLE 7907 1.2647 
1.4097 7359 1.3588 7632 1.3103 7912 1.2640 
1.4089 7364 1.3580 7636 1.3095 7916 1.2632 
1.4080 7368 1.3572 7641 1.3087 7921 1.2624 
1.4071 7373 1.3564 7646 1.3079 7926 1.2617 
1.4063 TESTE MSS) 7650 1.3072 7931 1.2609 
1.4054 7382 1.3547 7655 1.3064 7935 1.2602 
1.4045 7386 1.3539 7659 1:3056 7940 1.2594 
1.4037 a9, 3531 7664 1.3048 7945 1.2587 
1.4028 1S Ae yy 7669 1.3040 7950 1.2579 
1.4019 7400 1.3514 HSTiey Meee 7954 1.2572 


14011 . 7404 1.3506 7678 1.3024 7959 1.2564 
E400 2256 7409 S13 49S.8" 168d USO 7 = a7 G04 el coon 
1.3994 ~ 7413 1.3490 7687 1.3009 7969 1.2549 
13985) -— 7403) LStSk= 7692 1-3001 7973 41.2562 


1.3976 7422 1.3473 7696 1.2993 7978 1.2534 
1.3968 7427 1.3465 7701 1.2985 7983 1.2527 
1.3959 7431 1.3457 7706 1.2977 7988 1.2519 
1.3951 7436 1.3449 7710 1.2970 7992 1.2512 
1.3942 7440 1.3440 7715 1.2962 7997 1.2504 
1.3934 7445 1.3432 7720 1.2954 8002 1.2497 
1.3925 7449 1.3424 7724 1.2946 8007 1.2489 
1.3916 7454 1.3416 7729 1.2938 8012 1.2482 
1.3908 7458 1.3408 7734 1.2931 8016 1.2475 
1.3899 7463 1.3400 7738 1.2923 802] 1.2467 
1.3891 7467 1.3392: 7743 1.2915 8026 1.2460 
1.3882 7472 1.3384 7747 1.2907 8031 1.2452 
1.3874 7476 1.3375 7752 1.2900 8035 1.2445 
1.3865 7481 1.3367 7757 1.2892 8040 1.2437 
1.3857 7485 1.3359 7761 1.2884 8045 1.2430 
1.3848 7490 1.3351 7766 1.2876 8050 1.2423 
1.3840 7495 1.3343 7771 1.2869 8055 1.2415 
1.3831 7499 1.3335 7775 1.2861 8059 1.2408 
1.3823 7504 1.3327 7780 1.2853 8064 1.2401 
1.3814 7508 1.3319 7785 1.2846 8069 1.2393 
1.3806 bodes eyea Me 7789 1.2838 8074 1.2386 
1.3798 APSE AehS10} 7794 1.2830 8079 1.2378 
1.3789 7522 1.3295 7799 1,2822 8083 1.2371 
1.3781 7526 1.3287 7803 1.2815 8088 1.2364 
1.3772 7531 1.3278 7808 1.2807 8093 1.2356 
1.3764 7536 1.3270 7813 1.2799 8098 1.2349 
tan cot tan cot tan cot tan 


52° 51° 


SenmwaMaaws 


NATURAL TANGENTS AND COTANGENTS. - 5 63 


44° 
tan cot tan cot tan cot tan cot tan cot 
8391 1.1918 8693 1.1504 9004 1.1106 9325 1.0724 9657 1.0355 60 
8396 1.1910 8698 1.1497 9009 1.1100 O33) 7 L077 9663 1.0349 59 
8401 1.1903 8703 1.1490 9015 1.1093 9336) ORL 9668 1.0343 | 58 
8406 1.1896 8708 1.1483 9020 1.1087 9341 1.0705 9674 1.0337 bY] 


: 41° 42° 43° 
0 
1 
2 
3 
“is 8411 1.1889 8713 1.1477 9025 1.1080 9347 1.0699 9679 1.0331 56 | 
5 
6 
4 
8 
9 


8416 1.1882 8718 1.1470 9030 1.1074 9352 1.0692 9685 1.0325 IBS) 
8421 1.1875 8724 1.1463 9036 1.1067 9358 1.0686 9691 1.0319 | 54 
8426 1.1868 8729 1.1456 9041 1.1061 9363 1.0680 9696 1.0313 | 53} 
8431 1.1861 8734 1.1450 9046 1.105; 9369 1.0674 9702 1.0307. | 528 
8436 1.1854 8739 1.1443 9052 1.1048 9374 1.0668 9708 1.0301 51 | 
10| 8441 1.1847 8744 1.1436 9057 1.1041 9380 1.0661 9713 1.0295. |50 
11 | 8446 1.1840 8749 1.1430 9062 1.1035 9385 1.0655 9719 1.0289 | 49 
12} 8451 1.1833 8754 1.1423 9067 1.1028 9391 1.0649 9725 1.0283 | 48 
13 | 8456 1.1826 8759 1.1416 9073 1.1022  9396'1.0643 9730 1.0277. | 47 
14 | 8461 1.1819 8765 1.1410 9078 1.1016 9402 1.0637 9736 1.0271° | 46 
15| 8466 1.1812 8770 1.1403 9083 1.1009 9407 1.0630 9742 1.0265 |45 
16} 8471 1.1896 8775 1.1396 9089 1.1003 9413 1.0624 9747 1.0259 | 44 
17 | 8476 1.1799 8780 1.1389 9094 1.0996 9418 1.0618 9753 1.0253 | 43 | 
18 | 8481 1.1792 8785 1:1383 9099 1.0990 9424 1.0612 9759 1.0247 | 42 
19} 8486 1.1785 8790 1.1376 9105 1.0983 9429 1.0606 9764 1.0241 | 41 
20/ 8491 1.1778 8796 1.1369 9110 1.0977 9435 1.0599 9770 1.0235 |40 
21} 8496 1.1771 8801 1.1363 9115 1.0971 9440 1.0593 9776 1.0230 | 39 | 
22} 8501 1.1764 8806 1.1356 9121 1.0964 9446 1.0587 9781 1.0224 | 38 
23 | 8506 1.1757 8811 1.1349 9126 1.0958 9451 1.0581 9787 1.0218 | 37 
24 | 8511 1.1750 8816 1.1343 9131 1.0951 9457 1.0575 9793 1.0212 | 36 
25)| 8516 1.1743 8821 1.1336 9137 1.0945 9462 1.0569 9798 1.0206 |86 
26} 8521 1.1736 8827 1.1329 9142 1.0939 9468 1.0562 9804 1.0200 | 34 
27 | 8526 1.1729 8832 1.1323 9147 1.0932 9473 1.0556 9810 1.0194 | 33 
28 | 8531 1.1722 8837 1.1316 9153 1.0926 9479 1.0550 9816 1.0188 | 32 
29) 8536 1.1715 8842 1.1310 9158 1.0919 9484 1.0544 9821 1.0182 | 31 
80| 8541 1.1708 8847 1.1303 9163 1.0913 9490 1.0538 9827 1.0176 |30 
SL 8546 1.1702 8852 1.1296 9169 1.0907 9495 1.0532 9833 1.0170 29 
32 | $551 1.1695 8858 1.1290 9174 1.0900 9501 1.0526 9838 1.0164 | 28. 
33 | 8556 1.1688 8863 1.1283 9179 1.0894 9506 1.0519 9844 1.0158 | 27 
34 | 8561 1.1681 8868 1.1276 9185 1.0888 9512 1.0513 9850 1.0152 | 26} 
35| 8566 1.1674 8873 1.1270 9190 1.0881 9517 1.0507 9856 1.0147 |25 
361 8571 1.1667 8878 1.1263 9195 1.0875 9523 1.0501 9861 1.0141 | 24 
37 | 8576 1.1660 8884 1.1257 9201 1.0869 9528 1.0495 9867 1.0135 | 23 
38} 8581 1.1653 8889 1.1250 9206 1.0862 9534 1.0489 9873 1.0129 | 22 
39} 8586 1.1647 8894 1.1243 9212 1.0856 9540 1.0483 9879 1.0123 | 21 
40] 8591 1.1640 8899 1.1237 9217 1.0850 9545 1.0477 9884 1.0117 |20 
41 | 8596 1.1633 8904 1.1230 9222 1.0843 9551 1.0470 9890 1.0111 | 19 
42! 8601 1.1626 8910 1.1224 9228 1.0837 9556 1.0464 9896 1.0105 | 18 
43 | 3606 1.1619 8915 1.1217 9233°1.0831 9562 1.0458 9902 1.0099 | 17 
44} 961] 1.1612 8920 1.1211 9239 1.0824 9567 1.0452 9907 1.0094 | 16 
451 8617 1.1606 8925 1.1204 9244 1.0818 9573 1.0446 9913 1.0088 |15 
461 3622 1.1599 8931 1.1197 9249 1.0812 9578 1.0440 9919 1.0082 | 14 
47 | $627-1.1592 8936 1.1191 9255 1.0805 9584 1.0434 9925 1.0076 |.13 
48 | 9632 1.1585 8941 1.1184 9260 1.0799 9590 1.0428 9930 1.0070 12 
49 | 9637 1.1578 8946 1.1178 9266 1.0793 9595 1.0422 9936 1.0064 | ll. 
5O! 3642 1.1571 8952 1.1171 9271 1.0786 9601 1.0416 9942 1.0058 |10 
51 | 8647 1.1565 8957 1.1165 9276 1.0780 9606 1.0410 9948 1.0052 

52} 9652 1.1558 8962 1.1158 9282 1.0774 9612 1.0404 9954 1.0047 
53 | 8657 1.1551 8967 1.1152 9287 1.0768 9618 1.0398 9959 1.0041 
54 | 3662 1.1544 8972 1.1145 9293 1.0761 9623 1.0392 9965 1.0035 
55 67 1.1538 8978 1.1139 9298 1.0755 9629 1.0385 9971 1.0029 
56 og 1.1531 8983 1.1132 9303 1.0749 9634 1.0379 9977 1.0023 
57 | 8678 1.1524 8988 1.1126 9309 1.0742 9640 1.0373 9983 1.0017 
58 | 8683 1.1517 8994 1.1119 9314 1.0736 9646 1.0367 9988 1.0012 , 
59 | 688 1.1510 . 8999 1.1113 9320 1.0730 9651 1.0361 9994 1.0006 
GO| 3693 1.1504 9004 1.1106 9325 1.0724 9657 1.0355 1.000 1.0000 
cot tan cot tan cot tan cot tan cot tan 
46° 45° 


Srrnwa AM arnmvo 


= 


TABLE VII.—TRAVERSE TABLE, 


70 
Bearing.| Distance 1. 
Oa iF Lat. Dep. 
‘0.15 | 1.000 0.004 
30 | 1.000 0.009 
45 | 1.000. 0.013 
1 0} 1.000 0.017 
15 | 1.000 0.022 
30 | 1.000 0.026 
45 | 1.000 0.031 
2 0] 0.999 0.035 
15 | 0.999 0.039 
30 | 0.999: 0.044 
45 | 0.999 0.048 
3 0 0.999 0.052 
15 | 0.998 0.057 
30 | 0.998 0.061 
45 | 0.998 0.065 
4 0} 0.998 0.070 
15 | 0.997 0.074 
30 | 0.997 0.078 
45 |. 0.997 0.083 
 & 0] 0.996 0.087 
15 | 0.996 0.092 
30 |} 0.995 0.096 
45 | 0.995 0.100 
6 0} 0.995 0.105 
15 | 0.994 0.109 
30 | 0.994 0.113 
45 |. 0.993 0.118 
7 0} 0.993 0.122 
15°} 0.992: 0.126 
30'| 0.991 0.131 
45 |} 0.991 0.135 
8 0} 0.990 0.139 
15 | 0.990 0.143 
30] 0.989 0.148 
45 | 0.988 0.152 
9 0} 0.988. 0.156 
15. | 0.987 0.161 
30 | 0.986 0.165 
45 | 0.986 0.169 
10 0} 0.985 0.174 
15 | 0.984 0.178 
30 | 0.983. 0.182 
45| 0.982 0.187 
11 0} 0.982 0.191 
15} 0.981 0.195 
30 | 0.980 0.199 
45 | 0.979 0.204 
12 0} 0.978 0.208 
15:| 0.977 0.212 
30 | 0.976 0.216 
45 | 0.975. 0.221 
13 0]! 0.974 0.225 
15 | 0.973 0.229 
SO 1eO:9725 02638 
45 | 0.971 0.238 
14 0} 0.970 0.242 
15 | 0.969 0.246 
30 | 0.968 0.250 
45 | 0.967 0.255 
15 0} 0.966 0.259 
Del Dep. Lat. 
Bearing. | Distance 1. 


79 —90° 


Distance 2. Distance 3. Distance 4. Distance 5.) Bearing 
Lat. Dep. Lat. Dep. Lat. Dep. Lat. ° Dep. pcFeoe il! 
2.000 0.009 3.000 0.013 4.000 0.017 5.000 0.022 | $9 45 
2.000 0.017 3.000 0.026 4.000 0.035 5.000 0.044 » 30 
2.000 0.026 3.000 0.039 4.000 0.052 5.000 0.065 15 
2.000 0.035 3.000 0.052 3.999 0.070 4.999 0.087 | 89 0 
2.000 0.044 2.999 0.065 3.999 0.087 4.999 0.109 45 
1.999 0.052 2.999 0.079 3.999 0.105 4.998 0.131 30 
1.999 0.061 - 2.999 0,092 3.998 0.122 4.998 0.153 15 
1.999 0.070 2.998 0.105 3.998 0.140 4.997 0.174 | 88 0 
1.998.0.079 2.998 0.118 3.997 0.157 4.996 0.196 45 
1.998 0.087 2.997 0.131 3.996 0.174 ~4.995 0.218 .30 
1.998. 0.096 2.997 0.144 3.995 0.192 4.994 0.240 15 
1.997 0.105 2.996 0.157 3.995 0.209 4.993 0.262 | 87 0 
1.997 0.113 2.995 0.170 3.994 0.227% 4.992 0.285 45 
1096) O22 92.994" OSS 32995 50 Cte OOO se 30 
1.996 0.131 2.994 0.196 3.991 0.262 .4.989. 0.327 15 
1.995 0.140 2.993 0.209 3.990 0.279 4.988 0349 | 86 0 
1.995) O48) 2992 01222" 3.9898 0:296)" 4 986ml 70 45 
1.994--0:157 —2.991 0.235 3.988 0.314. 4.985 _0'392 30 
1993" 01166" —2:9900:248, 93.986) 0331) 428s n Oss 15 
1.992 0.174 2.989 0.261 3.985 0349 4.981 0436 | S5.20 
1992. 0.183" 2.987 0:275 3,983. 0366) 4.979058 45 
MO9170:192— “2.986 0288) 3.982 0SS3me 4.9ieeO io 30 
M990) 0:200'9* 2.9850 3015 3980 10410 Re Son O SUE IS 
1.989 0.209 2.984 0.314 3.978 0.418 4.973 0.523 | 84 0Of§ 
1988 0:218" 2.9820327 3.976 \OA35 5 erorOn Os es 49 
1987, 0.226" “2.9815 01340) 3.974 10:4550 o4-G00n O-souma| 30 
1.986 0.235 2.979 0.353 3.972 0.470 4.965 0.588 15 
1.985 0.244 2.978 0.366 3.970 0.487 4.963 0.609 | 83 0 
1.984 0.252 2.976 0.379 3.968 0.505 4.960 0.631 45 
19337 01261 °2.974" 0:392, “3'96605225 4-957 s0iGaa 30 
V98230:270° “2.973, 0405) 3963" 0.539 4.954 10:674 15 
1.981 0.278 2.971 .0418 3.961 0.557 4.951 0.696 | 8$2 0 
1979:20'287 > =2:969" 0430) 3959 (OS 74 eto tomo mea 45 
97820.296, 2:967 0443 3.956 0:59] 4.945 10:739 30 
1:977°0.304 2.965 0456 3.953 0:608 4.942 0.761 15 
_ L975 0313-%2.963 0469— 3951 01626 4.938 017822) Sie 
1.974 0.321 2.961 O482> 3.948 :01643 4.935 01804 45 
1.973 -0.330 2.959 0495  3.945-0660 4.931 0.825 30 
1.971 -0.339 2.957 0.508 3.942 0677 4.928 0.847 25 
1.970 0.347 2.954 0.521 3.939 0.695 4.924, 0.868 | SO 0 
1.968 0.356 2.952 0.534 3.936 0712 4.920 0.890 15 
1.967 -0.364 *2.950 0.547 3.933 0729° 4.916 9.911 30 
1.965 0.373 2.947 0560 3.930 0.746 4.912 0.933 15 
1.963 0.382 2.945 0.572 3.927 0.763 4.908 0.954 | 79 0 
1.962 0.390 2.942 0.585 3.923 0.780 4.904 0.975 aie 
1.960 0.399 2.940 0.598 3.920 0.797 4.900 0.997 ee) 
1.958 0.407 2.937 0611 3916 0815 4.895 1.018 15 
1.956 0.416 .2.934 0624 3.913 0832 4.891 1040 | 78 0 
1.954 0.424 2.932 0.637 3.909 0.849 4886 1.061. 45 
1.953 0.433 2.929 0.649 3.905 0.866 4.881 1.082 30 
1.951 0441 2.926 0662 3.901 0883 4.877 1.103 1S 
1.949 0450 2.923 0.675 3.897 0.900 4.872 1.125, | 77 @G 
1.947 0.458 2.920 0.688 3.894 0.917 4.867 1.146 45 
1.945 0.467 2.917 0.700 3.889 0.934 4.862 1.167. 30 
1.943 0.475 2.914 0.713 3.885 0.951 4.857 1.188 15 
1.941 0.484 2.911 0.726 3.881 0.968 4.851 1.210 | 76-0 
1.938 0.492 2.908 0.738 3.877 0.985 4.846 1.231 45 
1.936 0.501 2.904 0.751 3.873 1.002 4.841 1.252 30 
1.934 0.509 2.901 0,764 3.868 1.018 4.835 1.273 15 
1.932 0.518 2.898 0.776 3.864 1.035 4.830 1.294 | 75-0 
Dep. Lat. Dep. Lat, Dep. Lat. Dep. Lat, Ofek 
Distance 2. Distance 3. Distance 4. Distance 5. Bearing, 


Os 1b. 5 as) 


Distance 6. Distance 7. Distance 8. Distance 9. Distance 10. 


Lat. Dep. Lat. Dep. Lat, Dep. Lat. Dep. Lat. Dep. 


6.000: 0.026 7.000 0.031 8.000 0.035 9.000 0.039 10.000 0.044 
6.000 0.052 7.000 0.061 8.000 0.070 9.000 0.079 10.000 0.087 
5.999 0.079 6.999 0.092 7.999 0.105 8.999 0.118 9.999 0.131 
5.999 0.105 6.999 0.122 7.999 0.140 8.999 0.157 9.999 0.175 
5.999 0.131 6.998 0.153 A 0.175 8.998 0.196 9.998 0.218 
5.998 0.157 6.998 0.183 : 0.209 8.997 0.236 9.997 0.262 
5.997 0.183 6.997 0.214 : 0.244 8.996 0.275 9.995 0.305 
5.996 0.209 6.996 0.244 995 0.279 8.995 0.314 9.994 0.349 
0.236 6.995 0.275 . 0.314 8.993 0.353 9.992 0.393 
0.262 6.993 0.305 4 0.349 8.991 0.393 9.991 0.436 
0.288 6.992 0.336 ° 7. 0.384 8.990 0.432 9.989 0.480 

OST.  -G990 036659 7. 0.419 8.988 0.471 9.986 0.523 

6.989 0.397 : 0.454 8.986 0.510 9.984 0.567 

6.987 0.427 ; 0.488 8.983 0.549 9.981 0.611 

6.985, O453 geen. 0.523 8.981 0.589 9.979 0.654 

6.983 0.488 : 0.558 8.978 0.628 9.976 0.698 

6.981 0.519 : 0.593 8.975 0.667 9.973 0.741 

6.978 0.549 : 0.628 8.972 0.706 9.969 0.785 

6.976 0.580 973 0.662 8.969 0.745 9.966 0.828 


6.973 0.610 : 0.697 8.966 0.784 9.962 0.872 
6.971 0.641 ; 0:732) 8.962, 0.824 9.958" 0.915 
6.968 0.671 ‘ OF OTe 0.25 90.0050 99540959 
6.965 0.701 : 0.802 8.955 0.902 9.950 1.002 
6.962 0.732 956 0:836- 8.951 0941 9.:945'71.045 
6.958 0.762 : 0.871 8.947 0.980 9.941 1.089 
6.955 0.792 949 O06) 31942) 1019") 9 936R1 132) 
6.951 0. Ot OOT0M S950 e L056. 993s 175 
0975" (3.933) M097, ~ 9:926" 1.219 
1.010 3.928° 1.136 9.920 1.262 
Uta teeeek tS, SASMICS Alek 
OPO E SONS eZ = OOOO S49 
PS SOU Zeal 25 9.0 Se 1397 
148. 83907" 1:29). 9.897" 1-435 
PA32Z). 8-901 330 91890 MLAs 
2 8.595" 1369 DSS4e oe 
V25k 8.889" 1.408" 9.877, L564 
1.286 8.883 1447 9.870 1.607 
W320) S:8777 435, 993863865 
W355") 3.8107 52455 2856) 1005; 


1.389 8.863 1.563 9.848 1.737 
1.424 8.856 1.601 9.840 1.779 
1458" 98.849 1640) 983smelne22 
1492, | 8.842) 1.679. OS 25mel S65 
17526, 8:835 1-717" 9Sl6e 1908 
V56l 8:827 1756 9808 = V951 
ECR evel behe Sie) iter: 
1629 SS Sl e555 95 Ole 2,056 
5 1.663 8.803 1.871 9.782 2.079 
1697 8.795" 1.910 O72" 2.122, 
E732. Soliton o- 10a. clon 
1.766 8.778 1.986 9.753 2.207 
1.800 8.769 2.025 9.744 2.250 
1.834 8.760 2.063 9.734 2.292 
1.868 8.751. 2.101 9.724 2.335 
1.902 8.742 2.139 9.713 2.377 
NGOS 5 8.783. 02.177: OUOB ee eal gD) 
1.969 8.723 2.215 9.692 2.462 
2.003 8.713 2.253 - 9.682 2.504 
2037 8.103 2.291, O67) 92.546 
PROVAL  MeHeshy (evAe) “Oowsys) estes) 


Lat, Dep. Lat. Dep. Lat, 


Distance 6. Distance 7. Distance 8. Distance 9. Distance 10. 


12 15°— 30° 


Distance 1. Distance 2. Distance 3. Distance 4. Distance 5. 


Lat. Dep. Lat. Dep. Lat. Dep. Lat. Dep. Lat, Dep. 


0.965 0.263 1.930 0.526 2.894 0.789 3.859 1.052 4.824 1.315 
0.964 0.267 1.927 0.534 2.891 0.802 3.855 1.069 
0.962 0.271 1.925 0.543 2.887 0.814 3.850 1.086 
0.961 0.276 1.923 0.551 2.884° 0.827 3.845 1.103 
0.960 0.280 1.920 0.560 2.880 0.839 3.840 1.119 
0.959 0.284 1.918 0.568 2.876 0.852 835 1.136 
0.958 0.288 1.915 0.576 2.873 0.865 : 1.153 
0.956 0.292 1.913 0.585 2.869 0.877 E 1.169 
0.955 0.297 1.910 0.593 2.865 0.890 : 1.186 
0.954 0.301 1.907 0.601 2.861 0.902 : 1.203 
0.952 0.305 1.905 0.610 2.857 0.915 : 1.220 
0.951 0.309 1.902 0.618 2.853 0.927 ; 1.236 
0.950 0.313 1.899 0.626 2.849 0.939 : 1.253 
0.948 0.317: 1.897 0.635 2.845 0.952 : 1.269 
0.947 0.321 1.894 0.643 2.841 0.964 1.286 
0.946 0.326 1.891 0.651 2.837 0.977 ; 1.302 
0.944 0.330 1.888 0.659 2.832 0.989 ‘ 1.319 
0.943 0.334 1.885 0.668 2.828 1.001 , 1.335 
0.941 0.338 1.882 0.676 2.824 1.014 765 1.352 


0.940 0.342 1.879 0.684 2.819 1.026 759 1.368 
0.938 0.346 1.876 0692 2.815 1.038 : 1.384 
0.937 0350 1.873 0.700 2.810 1.051 : 1.401 
0.935 0.354 1.870 0709 2.805 1.063 : 1s diy 
0.934 0.358 1.867 0.717 2.801 1.075 ; 1.433 
0.932 0.362 1.864 0.725 2.796 1.087 : 1.450 
0.930 0.367 1.861 0.733 2.791 1.100 
0929) OST sss O74) 2.7865 V2 
OlOZ7. OS 15S W854 O49) 25782 1 ee 
0392601579 Sal OMSi 2.707 1136 
01924, 0383, 848 0.765 2.772, 148 
01922, -0:387.~ 1.844 O73 9 2:767- L160 
OS2MOSOUS et OMmSlen 2 1G2e leu 2 
0.919 0.395 1.838 0.789 2.756 1.184 
O17 503997 NSS4 0797 257/51 Lob 
0.915 0403 I83i50;805 25746 1.208 
0914 0407 1827 O:813 2.741 U220 
O9L2- O41 1824 08218 25735) W238 
0.910 0.415 1.820 0.829 2.730 1.244 
0:908 (O:419 F816 O:837- 22724" 1256 


0:906" 0/4235 18135 0845) 2:719) 1268 
O427 =. 8090853 92715 ese 
0.431 1.805 0.861 2.708 1.292 
0.434 1.801 0.869 2.702 1.303 
0.438 1.798 0.877 2.696 1.315 
O442 9 1.794. 0885 2.691 327 
0.446 1.790 0892 2.685 1.339 
0.450 1.786 0.900 2679 1.350 
0.454 1.782 0.908 2.673 1.362 
0.458 1.778 0.916 2.667 1.374 
0.462 1.774 0.923 — 2.661 15385 
0466 1.770 0.931 2.655 1.397 
0.469 1.766 0.939 2649 1.408 
0.473 1.762 0.947 2643 1.420 
OF Mee (58 0.954) 2.036. 143i 
0.481 1.753 0.962 2.630 1.443 

5 0.485 1.749 0.970 2.624 1.454 
0.489 1.745 0.977 2.617 1.466 
0.492 1:741 0.985 2.611 1.477 
0.496 1.736 0,992 2.605 1.489 
0.500 1.732 1.000 2.598 1.500 


Lat, Dep. Lat. Dep, Lat, 


‘Distance 1. Distance 2. Distance 8. Distance 4. Distance 5. 


60°75) 


15°— 30° | 


Distance 6. Distance 7. Distance 8: Distance 9. Distance 10. 


Lat. Dep, Lat. Dep. Lat. Dep. Lat. Dep. Lat, Dep. 


5.789 1.578 6.754 1.841 7.718 2.104 8.683 2.367 9.648 2.630 
5.782 1.603 6.745 1.871 7.709 2.138 8.673 2.405 9.636 2.672 
5.775 1.629 6.737 1.900 7.700 2.172 8.662 2.443 9.625 2.714 
5.768 1.654 6.729 1.929 7.690 2.205 8.651 2.481 9.613 2.756 
5.760 1.679 6.720 1.959 7.680 2.239 8.640 2.518 9.601 2.798 
5.753 1.704 6.712 1.988 7.671 2.272 8.629 2.556 9.588 2.840 
5.745 1.729 6.703 2.017 7.661 2.306 8.618 2.594 9.576 2.882 
5.738 1.754 6.694 2.047 7.650 2.339 8.607 2.631 9.563 2.924 
5.730 1.779 6.685 2.076 7.640 2.372 8.595 2.669 9.550 2.965 
5.722 1.804 6.676 2.105 7.630 2.406 8.583 2.706 9.537 3.007 
5.714 1.829 6.667 2.134 7.619 2.439 8.572 2.744 9.524 3.049 
5.706 1.854 6.657 2.163 7.608 2.472 8.560 2.781 9.511 3.090 
5.698 1.879 6.648 2.192 7.598 2.505 8.547 2.818 9.497 3.132 
5.690 1.904 6.638 2.221 7.587 2.538 8.535 2.856 9.483 3.173 
5.682 1.929 6.629 2.250 7.575 2.572 8.522 2.893 9.469 3.214 
5.673 1.953 6.619 2.279 7.564 2.605 8.510 2.930 9.455 3.256 
5.665 1.978 6.609 2.308 7.553 2.638 8497 2.967. 9.441 3.297 
5.656 2.003 6.598 2.337 7.541 2.670 8.484 3.004 9.426 3.338 
5.647 2.028 6.588 2.365 7.529 2.703. 8.471 3.041 9.412 3.379 


5.638 2.052 6.578 2.394 7.518 2.736 8.457 3.078 9.397 3.420 
5.629 2.077 6.567 2.423 7.506 2.769 8.444 3.115 9.382 3.461 
5.620 2.101 6.557 2.451 7.493 2.802 8.430 3.152 9.367 3.502 
5.611 2.126 6.546 2.480 7.481 2.834 8.416 3.189 9.351 3.543 
5.601 2.150 6.535 2:5509 7.469 2.867 8.402 3.225 9.336 3.584 
5.592 2.175 6.524 2.537 7.456 2.900 8.388 3:262 9.320 3.624 
5.582 2.199 6.513 2.566 7.443 2.932 8.374 3.299 9.304 3.665 
5-513 2.223 6.502 2.594 7430 2.964 8.359 3.335 9.288 3.706 
B-N00 att = O-490) 21022, 7-417 2:997) 8:345\ 3.371 191272) 3.740 
5.093 2.272 “6479 2.651 - 7.404 3.029 8.330 3408 9:255. 32787 
Sto 2.290 6467 2.679) 7-391 3.061) 8315 “3444 (9:239)3:8271 
5235 2320. 6455 2.707 - 7:378 3.094  8:300' 3.480. 9.222 3/867 
DSZOEL OTe Od 2155) | hSOb ioe) 20y  O:285, 3.0 en 9-205) 63.900 
Bild 2.508) (6:432 2/63 7.350 38.1582. .8:269) 3.553, 9188) 3.947, 
B02) 2.392 6 6419 2791) 1.530 3190 8:254_3:589 ~ SA 3988 
D492 Z416 6407 2.819 7.322 3.222 8.238 3.625  9:153' 4.028 
O40L 2440 6395 2.847 ~ 7.308 3.254 8.222 3.661 9.136 4.067 
5.471 2.464 6.382 2.875 7.294 3.286 8.206 3.696 9.118 4.107 
5.460 2.488 6.370 2.903. 7.280 3.318 8.190 3.732 9.100 4.147 
BAD 2512-6357 2.931 7-265 3:349 8.173. °3.768 “908 2187 


5.438 2.536 6344 2.958 7.250 3.381 8.157 3.804 9.063 4.226 
5.427 2.559 6.331 2.986 7.236 3.413 8.140 3.839 9.045 4.266 
5AIG 2.583 6.518 3.014 7.221 3.444" . 81123) 3-875 — 91026 43305 
5404 2.607 6.305 3.041 7.206 3.476 8.106 3.910 9.007 4.345 
5.393 2.630 6.292 3.069 7.190 3.507 8.089 3.945 8.988 4.384 
5.381 2.654 6.278 3.096 7.175 3.538 8.072 3.981 8.969 4.423 
5370 2.011. 6.2651 5.123 7.160 3.570 8.054 4.016. 78.949 4.462 
Oe Ole O.2oleowol \l44 =6.60L 8.037 40512. (85930 <4.50% 
5.346 2.724 6.237 3.178 7.128 3.632 8.019 4.086 8910 4.540 
5.334 2.747 6.223 3.205 7.112 3.663 8.001 4.121 8.890 4.579 
5.322 2.770 6.209 3.232 7.096 3.694 7.983 4.156 8.870 4.618 
5.310 2.794 6.195 3.259 7.080 3.725 7.965 4.190 8.850. 4.656 
5.298 2.817 6.181 3.286 7.064 3.756 7.947 4.225. 8.829 4.695 
5.285 2.840 6.166 3.313 7.047 3.787 7.928 4.260 38.809 4.733 
5.273 2.363 6.152 3.340 7.031 3.817 7.909 4.294 8.788 ae 17Z 
5.260 2.886 6.137 3.367 7.014 3.848 7.891 4.329 8.767 4.810 
5.248 2.909 6.122 3.394 6.997 3.878 7.872 4.363 8.746 4.848 
5.235 2.932 6.107 3.420 6.980 3.909 7.852 4.398 8.725 4.886 
5.222 2.955 6093 3.447 6.963 3.939 7.833 4.432 8.704 4.924 
5.209 2.977 6.077 3.474 6.946 3.970 7.814 4.466 8.682 4.962 
5.196 3.000 6.062 3.500 6.928 4.000 7.794 4.500 8.660 5.000 


Dep. Lat. Dep. That. Dep. Lat. Dep. Lat, Dep, Lat, 


Distance 6. Distance 7. Distance 8. Distance 9. Distance 10. 


60° — 75° 


Bearing, 


14 30° — 45° 


Distance 1. Distance 2. Distance 3. Distance 4. Distance 5. 


Lat. Dep, Lat. Dep, Lat. Dep, Lat. Dep. Lat.” Dep. 


01864 0:504 1.728 1.008 289201511 (31455 2015) 473.19 52 59 
0.862 0:508 1.723 1.015 2:85 1523 3.447 2.030" 4308 2.535 
0:859 O)S01y 171981023" 2.578) 1.534" 3438720455 = 4.297 *2.556 
0:857 OVS 15" 9 12714.21080" 2572 1545) 3420) 2 0604286, wao7s 
0.855. 0.519 1-710 1.038 2.565 1.556 3420 2075 4.275 2594 
0.853 0.522 1.705 1.045 2.558 1.567. 3.411 2.090 4.263 2.612 
O:850) 01526) 1-701, 1:OS25 2:55 579 Res A0le 2A05e —4:Za2e Zo 
0.848 0.530 1.696 1.060 2.544 1:590 3.392 2.120 4.240 2:650 
0.846 0.534 1.691 1.067 2.537 1.601 3.383 2.134 4.229 2.668 
0.843. 0.537 1.687 1.075 2.530 1.612 .3.374 2514984217 2.686 
0.841 0.541 1.682 1.082 2.523 1.623 2 2.164 4.205 2.705 
0.839 0.545 1.677 1.089 2.516 1.634 F ZAd De ~FA93; 2.723 
0.836 0.548 1.673 1.097 2.509 1.645. : 2A9SP FaI8l 2,7 
0.834 0.552 1.668 1.104 2.502 1.656 : 2.208 4.169 2.760 
O83) O556~ 1-663, UV eats 1667 ; 2222: £5]. 2eKhe 
0.829 0.559. 1.658 1.118 2.487 1.678 “ Z2oh. FA450 2706 
0.827 0.563 1.653 1.126, _ 2480 1:688 : 22519 SAG SaaS an 
0:824 0.566 1.648) 1133.6" 2472 1699 . 2.266 4.121 2.832 
S22) OS ROME Ot ses 0) Z465) 1270 : 2.280 4.108 2.850 


OSIO O74 1638! W147 2457 L721 ; 2.294 4.096 2.868 
OSL MeOsi 7 e853, WIS 2-450) 173i : 2.309 4.083 2.886 
O:314 0.581 1.628 1.161 2442 1.742 2.323 4.071 
OISI2 > O84" 1623; 15163) 5 2435. Vas 2.337 4.058 
0.809 0.588 1.618 1.176 2.427 1.763 2:39) “4.045 
0806) 0591613: Ves, 2419 hie 2.305 4.032 
0.804 0.595 1.608 1.190 2412 1.784 5 2:31/9) “42019 
O:8017 0598" 1.603" 1.197- 2405 2795 5 2.393 4.006 
0.799 0.602 1.597 1.204 2.396 1.805 LAUT S998 
0.796 0.605 1.592 1.211 2.388 1.816 
0.793 0.609 1.587 1.218 2.380 1.826 
OMGlk-O:612  WS8l, 224 2372) 837 
0:788: 0.616 1.5%6 1:23) 2.364. 1.847 
OL785: O:.619N S71 1-238" 12.356 1.857 
0.783 0.623 1.565. 1.245 2.348 1.868 
0.780 0.626 1.560 1.252 2.340 1.878 
F077 0:629 554 2592-351) 88h 
OF(45 06333549) 265." 92.3237 1898 
O:772) O16360 1.543 1272) 2°315~ 1.908 
0.769 0:639' “41.538 1.279° 2:307 1.918 


0.766 0.643 1.532 1.286 2.298 1.928 
0.763 0.646 1.526 1.292 2.290 1.938 
(0.760: 0.649 1.521. 1:299 2.281 1.948 
0.758 0:653 1.515 1306 2.273 1.958 
O:755",0.656" 1-509) 1312 2:264 1.968 
M752" 0.659" 1504 1319" 2256; 1.978 
0.749 0.663 1.498 1325 2.247 1.988 
OV746: (0.666, 1492-1332" 27238. 1.998 
0.743 0.669 1.486 1.338 2.229 2.007 
0.740 0.672 1.480 1.345 2.221 2.017 
ON737 Ol676" 14-75 “L350 £21212 21027 
0.734 0.679 1.469 1458 2.203 2.036 
0.731 0682 1.463 °1.364 2.194 2.046 
0.728 0.685 1.457 1.370 2.185 2.056 
+ 0.725 0.688 1.451 1.377 2.176 2.065 
0.722 0.692 1445 1.383 2.167 2.075 
0.719 0.695 1.439 1.389 2.158 2.084 
0.716 0.698 1.433 1.396 2.149 2.093 
0.713 0.701 1.427 1.402 2.140° 2.103 
0:710 0.704 1.420 @.408 2.131 2.112 
QvO7 O07. RATS ee eee 


Dep. Lat. Dep. Lat. Dep. Lat. 
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il Distance 1. Distance 2. Distance 3. Distance 5. | 


‘ 


30° — 45° 75 

Bearing. ._ Distance 6. Distance 7. Distance 8. Distance 9. Distance 10. | Bearing, 
OFF Lat Dep. Lat. Dep. Lat. Dep. Lat. Dep. Lat. Dep. oa 
30 15 | 5.183 3.023 6.047 3.526 6.911 4.030 7.775 4.534 8.638 5.038 59 45 
30 | 5.170. 3.045. 6.031 3.553 6.893 4.060 7.755 4.568 8.616 5.075 30 

45 | 5.156 3.068 °6.016-3.579  6:875 4.090 7.735 4.602 8.594 5.113 |: 15 
31 0 | 5.143.3.090 6.000 3.605 6.857 4.120, 7.715 4.635 8.572 5.150 | BO 0 
15 | 5.129 3.113 5.984 3.631 6.839 4.150 7.694 4.669 8.549 5.188 45 

30 | 5.116 3.135 5.968 3.657 6.821 4.180 7.674 4.702 8.526 5.225 30 

45 | 5.102 3.157 5.952 3.683: 6.803 4.210 * 7.653 4.736 8.504 5.262 15 
32. 0 | 5.088 3.180 5.936 3.709 6.784 4.239 7.632 4.769. 8.481 5.299 | BS O 
15 |, 5.074 3.202 5.920 3.735. 6.766 4.269. 7.612 4.802 8.457 5.336 45 

30 |. 5.060 3.224 -°.5.904 3.761 6.747 4.298 7.591 4,836 - 8.434 5.373 30 
45_| 5.046 3.246. 5.887 3.787 6:728.4.328  7:569 4.869 8.410 5.410 ils) 
oe 0 | 5.032°3:268 5.871 3.812 6.709 4.357 7.548 4.902 8.387 5.446 | &7 0 
15 | 5.018 3.290 - 5.854 3.838 6.690 4.386 7.527 4.935 .. 8.363 5.483 45 

30 }: 5.003 3.312 5.837 3.864 6.671 4.416 | 7.505 4.967. 8.339 5.519 30 

45 | 4.989 3.333 5.820 3.889. 6:652 4.445 ~ 7.483 5.000 8.315 5.556 15 
34 0); 4.974 3.355 5.803 3.914 6.632 4.474 7.461 5.033 8.290 5.592 | 56 0 
15 | 4.960 3.377 5.786 3.940 6613 4.502 7.439 5.065 8.266. 5.628 45 

30 | 4.945 3.398 5.769 3.965. 6.593 4.531 » 7.417 5.098 8.241. 5.664 30 

459 94.930" 3.420) 52752 3.990) © 6.573 ©4560) - 7.:89525.130 *8.217> 5.700 15 
Se 20) 4.915 S44 © 5.734 4.015. ~ 655354589" °7.372 5.162 8.192 5.736 >| BS 0 
15 | 4.900 3.463 5.716 4.040 6.533 4.617 7.350 5.194 8.166 5.772 45 

30 | 4.885 3.484 5.699 4.065 6.513 4.646 7.327 5.226 8.141 5.807 30 

45 | 4.869 3.505 5.681 4.090 6.493 4.674 7.304 5.258 8.116 5.843 iS) 
36 0 | 4.854 3.527 5.663 4.115 6472 4.702 7.281 5.290 8.090 5.878 | 54 0 
U5554.839 3.548. 5:645 4.139 6452 4:730 7.258 5.322) - 8.064. 5.913 45 

30 | 4.823 3.569 5.627 4.164 6431 4.759 7.235 5.353 8.039 5.948 30 

45 | 4.808 3.590 5.609 4.188 6.410 4.787 7.211 5.385 8.013 5.983 15 
spe On) 4-292) 5-611) - 5590-4213 6.389" 4815, 7.188 5.416 7.986, 6.018 | 5390 
15 | 4.776: 3.632 5.572 4.237 ..6.368 4.842 7.164 5:448 7.960 6.053 45 

30 | 4.760 3.653 5.554 4.261 6.347 4.870 7.140 5.479 7.934 6.088 30 

45 | 4.744 3.673 5.535 4.286 6326 4.898 7.116 °5:510 . 7.907 6.122 15 
88 0 | 4:728: 3.694 5.516 4.310 6304 4.925 7.092 5.541 7.880 6.157 52 0 
15 | 4.712 3.715 5.497 4.334 6.283 4.953 7.068 5.572 7.853 6.191 45 

30 | 4.696 3.735 5.478 4.358 6.261 4.980 7.043 5.603 7.826 6.225 30 

45 | 4.679 3.756 5.459 4.381 6.239 5.007 7.019 5.633 7.799 6.259 nS 
839 0 | 4.663 3.776 5.440 4.405 6.217 5.035 6.994 5.664 7.772 6.293 | 51 0 
15 | 4.646 3.796 5.421 4.429 6.195 5.062 6.970 5.694 7.744 6.327 45 

30 | 4.630 3.816 5.401 4.453 6.173 5.089 6.945 5.725 7.716 6.361 30 

45 | 4.613 3.837 5.382 4.476 6.151 5.116 6.920 5.755 7.688 6.394 15 
596 3.857 5.362 4.500 6.128 5.142. 6.894 5.785 7.660 6.428 | 50 0 

we fe 4859 3.877 5.343 4.523 6.106 5.169 6.869 5.815 7.632 6.461 45 
30 | 4.562 3.897 5.323 4.546 6.083 5.196 (6.844 5.845 7.604 6.495 30 

45 | 4.545 3.917 5.303 4.569 6.061 5.222 6.818 5.875 7.576: 6.528 15 
AA 0 | 4528 3.936 5.283 4.592 6.038 5.248 6.792 5.905 7.547' 6561 | 49 0 
oes Sle 3-956) 5:263 4.615 6.015) 5.275. (6:767 5934 7.518) 659% 45 

30 | 4.494 3.976 5.243 4638 5.992 5.301 6.741 5.964 7.490 6.626 30 

45 | 4.476 3.995 5.222 4.661 5.968 5.327 6.715 5.993 7.461 6.659 1S : 
42 0| 4459 4.015 5.202 4.684 5.945 5.353 6.688 6.022 7.431 6.691 | 48 0 
15 | 4.441 4.034 5.182 4.707 5.922°5.379 6.662 6.051 7.402 6.724 45 

30 | 4.424°4.054 5.161 4.729 5.898 5.405 6.635 6.080 7.373 6.756 30 

45 |. 4.406 4.073 5.140 4.752 5.875 5.430 6.609 6.109 7.343 6.788 15 
43 0| 4.388 4.092 5.119 4.774. 5.851 5.456 6,582 6.138 7.314 poe 47 0 
15 | 4.370 4.111 5.099 4.796 5.827 5.481 6.555 6.167 7.284 6.852 45 

30 |: 4.352 4.130 5.078 4.818 5.803 5.507 6.528 6.195 7.254 — 30 

45 | 4.334.4.149 5.057 4.841 5.779 5.532 6.501 6.224 7.224 oe ; 15 
44. 0 | 4.316 4.168 5.035 4.863 5.755 5.557 6.474 6.252 7.193 etl 46 0 
15 | 4.298 4.187 5.014 4.885 5.730 5.582 6447 6.280 7.163 6, 78 45 

30 | 4.280 4.206 4.993 4.906 5.706 5.607 6.419 6.308 7.133 7.009 30 

45 4.261 4.224 4.971 4.928 5.681 5.632 6.392 6.336 7.102 ee 15 
45 0 | 4.243 4.243 4.950 4.950 5.657 5.657 6.364 6.364 7.071 7.07 45 0 
Cae! Dep, Lat. Dep, Lat. Dep. Lat, Dep. Lat. Dep. Lat. Oma, 
Bearing, | Distance 6. Distance 7. Distance 8. Distance 9. Distance 10. | Bearing. 
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